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In this paper, we present some historical notes and methodological observations about
the classic Hermite-Hadamard Inequality, which allows us to obtain new versions of this

inequality.
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Introduction

Convex functions play, in contemporary Mathematics, a very
prominent role, first of all, because they are especially easy to
minimize (for example, any minimum of a convex function is a global
minimum). For this reason, there is a very rich theory for solving
convex optimization problems that has many practical applications
(e.g. circuit design, controller design, modelling, etc.). On the other
hand, this concept is very useful for the development of many branches
of Mathematics itself, for example Functional Analysis, Complex
Analysis, Calculus of Variations, Differential Equations, Discrete
Mathematics, Algebraic Geometry, Probability, Code Theory, Graph
Theory and Crystallography, but it also finds important applications
in other areas such as Medicine, Economics, Physics, Chemistry,
Biology, Engineering, Architecture and many more.

Furthermore, inrecent years, various extensions and generalizations
of'the classical concept of convexity, both for sets and functions, have
been studied and there is a fairly significant production of works on
the subject (interested readers can consult,! where a fairly complete
panorama of the current development of this concept is presented).

In what follows, 1 is a real, closed and bounded interval. A function
f:I < R— R issaid to be convex on the Interval I, if the in equality

S+ (=0)y)<if (x)+(1-0) £ () M

holds for all x,y€l and t€[0,1]. We say that f is concave if -f is
convex.

This notion is usually attributed to the Danish mathematician Johan
Jensen (1859-1925), who showed that many classical inequalities
(Holder’s Inequality, Minkowski’s Inequality) follow from what is
now called Jensen’s Inequality. Jensen unified in a functional class,
those functions that verify certain properties studied by O. Holder, O.
Stolz, J. Hadamard and Ch. Hermite.>3

The classic text by Hardy,* Littlewood, and Pdlya was influential in
increasing research on the study of convex functions, their properties,
characterizations, and various inequalities associated with them
(inequalities of the Jensen type, of the Hermite-Hadamard type and of
Fejer that generalizes this last).

The Hermite-Hadamard Inequality, central to this Review, is
presented in this way.

The inequality

f(a;bJsbiaJ-if(x)dew o

is true for any convex function f'in [a,b].

The Hermite-Hadamard Inequality is one of the topics that attracts
the most attention in the Mathematical Sciences today (see®). This
relevance is because this inequality establishes a relationship between
the mean of a convex function and its value at the midpoint of an
interval. This interest lies for several reasons:

Optimization theory: The Hermite-Hadamard inequality is a
fundamental tool in optimization theory, as it provides sufficient and
necessary conditions for the convexity of a function. This is crucial
in convex optimization, where we seek to minimize or maximize
functions subject to constraints.

Functional analysis: In functional analysis, the Hermite-Hadamard
inequality is used to study properties of convex functions. This is
important in areas such as approximation theory and measure theory.

Economics: In economics, the Hermite-Hadamard inequality is
applied in general equilibrium theory and utility theory. It helps to
understand and model phenomena related to decision making and the
optimal allocation of resources in situations of inequality.

Statistics: In statistics, this inequality is used in estimation theory
and statistical inference. It allows establishing limits for the variance
of estimators and provides tools for evaluating the quality of the
estimators.

Insummary, the Hermite-Hadamard inequality is important because
it provides a powerful tool for the study of convex functions and their
properties, which has applications in a wide range of disciplines,
including mathematics, economics, statistics, and optimization.

The left side of the inequality was proven by Jaques Salomon
Hadamard in 1893, for the case in which the functions f with
increasing derivative on a closed interval of the real line. At that time
the notion of convex functions was in the process of construction.
Today this inequality is known as Hadamard’s inequality. While the
right side of the inequality is attributed to Charles Hermite in 1883.
Today the inequality is known as the Hermite-Hadamard inequality
(more historical details can be consulted at®). It gives an estimate of
the mean value of a convex function and notes that it also provides an
analysis of the inequality of Jensen.
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In the last 25 years, we have witnessed a great growth
in the number of researchers and their productions,
interested in the  Hermite-Hadamard Inequality.  These
productions have focused on the following work directions:

1) Using different notions of convexity (see”?").

2) Refinement of the mesh used (there is a crucial issue in this
direction of work, suppose we use instead of a and b, the ends of the
interval, the points a, (a+b)/2 and b, then we must ensure that at the
midpoint, the integral operator used, does not have a jump, since the
result would not be guaranteed in all [a,b]).

3) Improved estimates of the left and right members of (2) (see?').

4) Using new generalized and fractional integral operators (see**
52)‘

In the aforementioned works, there are enough references so that
the interested reader can form an important database.

In this paper we will present some historical details about the classic
Hermite-Hadamard Inequality. Some methodological observations
relative to a classic result are added, to illustrate the generalization
process that occurs in Mathematics and obtain new versions of this
inequality.

History

On 22 November 1881 Ch. Hermite (1822-1901) sent a letter to
the journal Mathesis. An extract from that letter was published in
Mathesis 3 (1883), p. 82. It reads: “Sur deux limites d’une integrale
definie. Soit f(x) une fonction qui varie toujours dans le m me sens de
x=a, a X=b. On aura les relations

(b—a)f(a”)j [*r(x)dx < (b~ @M 3)

ou bien

(b-a) (‘”b) jf )ebx > (b— @M o

Suivant que la courbe y=f(x) tourne sa convexité ou sa concavité
vers ’axe des abcisses. En faisant dans ces formules f(x)=1/(1+x),
a=0, b=x, il vient

X
x———<log(x+1)<x-— 5
2+x g( ) 2+2x ©)

Hermite’s note is not recorded in the referative journal Jahrbuch
fiber die Fortschritte der Mathematik, nor in Hermite’s collected papers
which were published “sous les auspices de I’ Académie des sciences
de Paris par Emile Picard, membre de I'Institut”. E. F. Beckenbach,
p. 441, writes that the first inequality in (2) was proved in 1893 by
J. Hadamard; see, in particular, pp. 174-176, 186. Beckenbach used
great skill in order to recognize that Hadamard obtained the first
inequality in (2), although it was explicitly published by Hermite ten
years earlier. Beckenbach, though undoubtedly an expert in the history
and theory of convex functions, was not aware of Hermite’s result.

Methodological remarks

A new way to define an integral operator, and take a first step in
generalizing a known result, is to consider a certain weight in the
definition of the operator integral, as follows:

Definition 1. (see [3]) Let €L, [a,b] and let w be a continuous
and positive function, w: / — R, with first derivative integrables on
1° . Then the weighted fractional integrals are defined by (right and
left respectively):
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Remark 2. The consideration of the first derivative of the weight
function w is given by the nature of the problema to be solved, it can
also be considered the second derivative.

](j)(t)dt, t<a, (7

Remark 3. To have a clearer idea of the amplitude of the Definition
1, let’s consider some particular cases of the weight w’:

a) Putting w’=1, we obtain the classical Riemann integral.

(a-1)
b) If w'(t)z

, then we obtain the Riemann-Liouville
fractional integral. a)

¢) With convenient weight choices w’ we can get the k-Riemann-
Liouville fractional integral right and left of,* the right-sided
fractional integrals of a function y with respect to another function h
on [a,b] (see*), the right and left integral operator of,** the right and
left sided generalized fractional integral operators of*® and the integral
operators of"” and,*® can also be obtained from above Definition by
imposing similar conditions to w’.

d) Of course there are other known integral operators, fractional or
not, that can be obtained as particular cases of the previous one, but
we leave it to interested readers (see *-%).

In the following result is presented:

Lemma 4. Let f:I°CR—R be a differentiable mapping on I°, a,b€
I°, with a<b. If f’€L[a,b], then the following equality holds:

fla)+r() 1 b-a

2 b-a

[,(1=20) p(ta+(1-1)b)a.
®)

This is probably the main result referred to the Hermite-Hadamard
Inequality in the last 30 years, it establishes a working method that has
been repeated in the vast majority of known results.

IZf(x)dx=

The idea is, from this equality, to be able to estimate the left
member of this equality (in the end an estimate of the right member of
(2) and the mean value of the function), using known inequalities such
as that of Holder, Young, mean power, etc.

Let’s look at a couple of details regarding (8). It is clear that
[1(1=20) f(ta+(1=e)b)dr = [\ (1=1) f(ta-+ (1-)b)de ~ [ af (ra-+(1-1)b)de
)

making the change of variables u=1-t in the first integral of the
right member, we have

1
[, (=) f(ta+(1-1)b)dt _j uf (1-u)a+ub)du,
so, essentially, (8) could be rewritten as

M—ﬁﬁf@c)dx - b;aﬁ)t[.f’(m+(1—t)b)—_f((1—t)a+tb)}dt.
(10)

Another version in which the equality (8) is presented.

If we take into account the Definition 1, we can provide a
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generalization of (8) in this form:

Lemma 5. Let f:I°€R—R be a differentiable mapping on I°, a,b€ I°, with a<b. If f’€L[a,b], and w has first derivative integrable on 1° then
the following equality holds:

L orow w
(wl1) = () () £ (@)~ [ 125 )+ 17 1 a)] .

= (b=a) [ow(O)[ (1= )a+1b)~ f(ta+(1-1)b)]dr.

Proof. It is easy to obtain from the integral of the second member that

1= JLW(’)[/”((I —t)a+b)- f(ta+(1-1)b)]at

. . (12)
= [ r((1=t)a+ib)di=[ w(t) fta+(1-1)b)de =1, ~ 1.
For I, we have, integrating by parts and changing the variables u=ta+(1-t)b
1 1 Voo |u—a
= D) ) w0) 1@ 5 [ 222wy "
- D00 @] (] 22 0)
Similarly for I, we have
1 1 Vo [b-u
1= ) 7@ w(0) 7015 o] 222 ) .
- D@ w001 (5] 2 1)

Subtracting 1, form I, we get
2
1 1 W w
()~ w(0)(7(a) + 7 (9) _[b ! aj (71 (@)+ 2.1 (8))
1 1

= [ () F((1=t)a+b)di = [ w(r) f(ta+(1-1)b)d.
After multiplying both members by b-a, we obtain the desired equality.
Remark 6. The interested reader can verify that putting w(t)=t and taking into account (10), we obtain (8) from the last result.
Putting w(t) L in (11) we obtain the following new result for Riemann-Liouville fractional integrals:

(o)

Corollary 7. Let :1IESR—R be a differentiable mapping on I°, a,b€ I°, with a<b. If f’€L[a,b], then the followng equality holds:

1 o . )
m(f(b)+f(a))—m[ﬁﬁf(b)wt]bff(a)}

- ﬁ(‘a")j:)t“[f(a—z)a+tb)—f(m+(1—t)b)]dt.
Proof. It is sufficient to substitute w in (11).

Obviously taking into account the Definition 1 and previous remark, we can provide a new version of Lemma 5 in the following form:

Lemma 8. Let f:I°€R—R be a differentiable mapping on I°, a,b€ 1°, with a<b. If f’€L[a,b], and w has first derivative integrable on r
then the following equality holds:

1

(w(D)=w(O)(/ (B)=f (@) + [ LS () + 11 (a)]
= (b—a)U;w(l — ) f(ta+(1-1)b) = [ w(t) f(ra +(1 —z)b)dz]

The second result of'” and which will serve as a basis for commenting on a second generalization is the following (see Theorem 2.2):
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Theorem 9. Let f:I°CR—R be a differentiable mapping on 1°, a,b€
I°, with a<b. If' |f’| is convex on [a,b], then the following inequality
holds:

|f(a)+f(b)_ 1 J-b
| 2 (lfg)a

In’® we presented the following definitions.

_O-a)(lr (@) +]re))

8

f(x)dx

a

Definition 10. Let h:/0,1]— R be a nonnegative function, h#0 and
w:A=[0,+0)— [0,+). If inequality

w(ré’;-r m(1- t)g) <h(t)y(&)+ m(l -h' (‘r))\u(g) (16)
is fulfilled for all £ and t€[0,1], where m€[0,1], s€[-1,1]. Then
the function is called a (h,m)-convex modified of the first type on 1.

Definition 11. Let h:[0,1]—R be a nonnegative function, h#0 and
:[A=[0,+0)— [0,+x). If inequality

w(zsm(1-)e) < (Y (&) +m(1-h(x)) w(s) (17)

is fulfilled for all £ and ©€[0,1], where m€[0,1], s€[-1,1]. Then
the function y is called a (h,m)-convex modified of the second type
on 1.

Remark 12. [nterested readers can verify that, under different
considerations about h, m and s, many notions of convexity known
from the literature can be derived from the previous definition.

Now, taking into account Lemma 5 we can generalize the previous
result in this form:

Theorem 13. Let f:I°CR—R be a differentiable mapping on 1°,
a,be I°, with a<b. If |f’| is (h,m)-convex modified of second type on
[a,b], then the following inequality holds:

() =(0)(7(2)- 1 (a)

1

_b—a

IA

(18)

Proof. Using I, I, and I, as in Lemma 5 we have by properties and
using the (h,m)-convexity of |f’|:

1| < j:)w(t)|f((1 —t)a+ tb)| dt
] LW(t)[MIf(a fm)|(1=h(e)) +[r(p)| (t)}lf
mlfa ) a) [ow(e)(1=h(0)) de+| £(0) [ow(e) e (1)t

IN

Analogously for I, we have:

1| <\ 7(@)| [ o) (1)t + m| £ () m) ‘Ow(t)(1 —h(1)) a.
From where we have

7] < (\f(a)\ + \f(b)\)j;w(t)hﬁ (¢)d +m(\f(a/m)\ + ‘f(b/m)‘)ﬁw(t)(l —h(1)) dr.

After multiplying by (b-a) the previous result, the inequality (18)
is obtained. This completes the proof.

Remark 14. Under assumptions w(t)=t, m=s=1 and h(t)=t from
Theorem 13 we obtain the Theorem 9.

A last step in the generalization process is to consider the argument
of the function, dependent on a parameter, so instead of working with

(127 (0)+ 1 (a)]

(b=a){(| () + 7)) lo)" ()
" m(((a )+ £(6 ) [o(e) (1= A(0)) dt}.

Copyright:
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-t

( )a N (n + t)b
n+1 n+l1

we have the final result, the proof of which is left to the reader.

(1-t)a+tb we would work with

, for example. So,

Lemma 15. Let f:I°CR—R be a differentiable mapping on 1°, a,b€
I°, with a<b. If fL[a,b], and w has first derivative integrable on 1° then
the following equality holds:

OO @) w0 [ £2 (2e22 |

n+1 n+1

_ [n+1J{JM+f(b)+J,‘;+,,f(a)}
n+l

N e

Remark 16. It can be seen that under the considerations w(t) =t
and n=0, this Lemma becomes the classic Lemma 5. Obviously the
rest of the results of the paper can be generalized following this same
idea.

An example

Following the generalizations of the original result of, we will
present an example of the importance of the results obtained.

The following means for positive real numbers m, n, m#n are
known (arithmetic and generalized log-mean, respectively):

A(m,n)=m+n

Lp(m,n)_{m}p.

So we can obtain the following result:

Theorem 17. Let m,n€R, m<n and pEN with p>2. Then, the following
inequaty holds:

|A(mp,np) -7 (m,n)| < @A(lmlw1 ,|n|p71).

Proof. Using Theorem 9 with the convex function f(x)=x?, XER
we obtain

|mp+n”

| 1 n”“—m‘”“|£(n—m)
2

p+l |8

(" ).

n—m

From where the desired inequality is obtained.

Obviously with other generalizations following the idea presented
here, new relationships will be obtained, not only between these
means.

Conclusion

In this work we have presented some methodological notes, which
we have illustrated with a well-known classic result (Lemma 2.1 of
the work® that has received more than a thousand citations, which
clearly speaks of its seminal importance). We have shown the four
fundamental steps that allow us to obtain new generalizations of the
aforementioned Lemma. First the underlying idea that two functions
can be used in said Lemma instead of just one, through a variable
change. The introduction of weighted integrals, which allows us to
give results for other integral operators, even fractional ones. The third
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step is the consideration of a new notion of convexity, the modified
(h,m) -convex functions of the second type, which encompass many
of the known definitions of convexity. And finally, the consideration
of a functional argument that depends on such a parameter, instead of
giving a new equality, we are giving “families” of equalities, which
shows the breadth of the last Lemma presented above.

Obviously this idea does not stop here, it can be used in new
directions of work for other integral inequalities. On this last point,
we can indicate that this methodology is applicable to the case of
Fractional Derivatives, in particular of the Caputo type (see®'), where
instead of the classic derivative, we use

Definition 18. Ler o >0, and a=1,23,.. n=[a]+1,
f € AC"[a,b], the space of functions that have the ™-th absolutely
continuous derivatives. The weighted Cay 1to derivatives of the right-
hand side and the lefi-hand side of order ™ are defined as follows:

(SD‘:"Jrf)(vz) =I:12w' et f(")(x)dx

Vo =V
L r+1 |

(Sox f)m)=] :w' 2200 (x) .

V=V

L r+1 |

One of the results obtained is the following (see Lemma 9, r is the
parameter, because n indicates the order of the derivative considered):

Lemma 19. Let f be a real function defined on the real Interval
[a,b] and differentiable on (a,b). IfIf fEL [a,b], and w(t) is a function
differentiable on (a,b), then we have the following equality:

{—w(l)(ﬂ")[“; e 1 o) 1)+ 1 (z»)}
= G R T
:’;1‘” w(t ){f(”“ (rilaJrr+17tb)7f("+])(ﬁb+ aﬂdt.

Another of the inequalities where this methodology can be applied
is the case of the Milne Inequality, an integral inequality involves
integrals of functions and provides bounds or inequalities for these
integrals based on conditions or assumptions on the certain integrands
and the integration domain. Thus, in®? we obtain new versions of this
inequality on fractal sets, using the weighted fractal derivative:

r+l-t

r+1 r+1

Definition 20. Letp be a local fractional continuous on [a,b]
and let w(x)eIl[a,b]. The right and left local fractional weighted
integral of ¢ of order J are given by

w 1 b 5)( L—a 5
Jas0(b) = (5+1)Iaw (b—aj(b(t)dt
and

. 1 b o bt
Ji-4a)= r(5+ 1)Iaw(8)(b —a](b(t)dts

and the following result is obtained (see Lemma 2):

Copyright:
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Lemma 21. Let ¢: [0,00) — R be alocal fractional differentiable
L[a,b], 0<a<b andlet w(x)e J?[a,b].
If f(ij € [a,b] , then we will have

m

5
(n+2j w(l) g(na+2bj (2a+nbj
b—a n+2 n+2
_W(O){g[(n+l)a+bj_® a+ n+1 }}
n+2 n+2

n+2 2 na+2b 2a + nb
(52 e o) o222

b-a + n+2 - n+2

n+2 n+2

=['w(0) QS(LHM L+t bj—@ﬁ('” a+LHbj dr°

0 n+2 n+2 n+2 n+2

From the point of view of concrete applications, in,** using this
methodology, we obtain two Propositions that present estimates
between the arithmetic mean and the logarithmic mean (see
Propositions 3.1 and 3.2).

function, with 4)(5) €

w rd
Ja+(n+ )b

To conclude, we want to point out that these generalizations can
be applied in new directions of work, linked to new notions of
convexity. For example, in® exponentially convex functions are
defined and new versions of the Hermite-Hadamard Inequality are
obtained in this framework. Obviously, we can state and prove,
using weighted integrals, new results for this new functional class.
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