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Study of periodic orbits around the triangular points
in the circular restricted three-body problem when
both the primaries are oblate spheroids and sources
of radiation

Abstract Volume 8 Issue 2 - 2024

This paper deals with the planar circular restricted three-body problem when both
the primaries are sources of radiation and oblate spheroids with their equatorial planes
coincident with the plane of motion. A new mean motion is utilized which includes the
secular effects of the oblateness of the primary on mean anomaly (M), the argument of
perigee (w), and right ascension of ascending node (Q2).! The value of the critical mass ratio
() is obtained in the series form. It is found that it further decreases with the increase in
oblateness of the primaries as well with their radiation effect. The angular frequencies of
the long-periodic orbits (s,) and short-periodic orbits (s,) around the triangular Lagrangian
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point (L,) are computed in series form. It is observed that (s,) increases with mass ratio p, Emil ramkrishansharma@gmail.com
oblateness, and radiation pressure of both the primaries, while (s,) decreases with mass
ratio, oblateness, and radiation pressure of both the primaries. The eccentricities are also Received: May 21,2024 | Published: June 17,2024

computed in the series form. It is observed that the eccentricity of long-periodic orbits
(e,) decreases with mass ratio, oblateness, and radiation pressure of both the primaries,
whereas the eccentricity of short-periodic orbits (e,) increases with mass ratio, oblateness,
and radiation pressure of both the primaries. These results are confirmed with the numerical
values. Comparisons of these solutions are made with the results of Singh and Ishwar?
Abouelmagd and El-Shaboury,? Arohan and Sharma,* and Jency et al.?

Keywords: Restricted Three Body Problem, Oblateness, Radiation Pressure,
Perturbations, Equilateral Points, Critical mass ratio, Periodic Orbits, Angular Frequencies,
Eccentricities, Time Periods

Introduction

From Newton to Lagrange, the restricted three-body problem caught the curiosity of many mathematicians and astronomers in the early
days of its development. The applications of the restricted three-body problem to celestial mechanics have formed the basis of certain lunar and
planetary theories in recent years, with the launch of artificial satellites in the Earth-Moon system and in the solar system. Euler was the first to
contribute to the restricted three-body problem in 1772. The theory of restricted three-body problem begins with Euler and Lagrange in 1772
and continues with Jacobi in 1836, Hill in 1878, Brown in 1896, Poincare in 1892, Levi-Civita in 1904, Birkoff in 1915, and many more current
mathematicians and astronomers.® Two bodies of masses m, and m,revolve around their centre of mass (barycentre) in circular orbits under
the influence of their mutual gravitational attraction and a third body of mass m, attracted by the previous two bodies moves in a plane defined
by the two revolving bodies. Here, the other two bodies are considerably having more mass than the third body (the mass of the third body is
considered to be negligible and not in comparable with the other two heavier bodies). Since, the mass of the third body is restricted here; it will
not influence the motion of other two revolving bodies. The two revolving bodies are called the primaries; they are also called as massive and
smaller primaries, in accordance with their masses. The restricted three-body problem is to study the motion of third body around the primaries.

Sharma and Subba Rao’ studied the restricted three-body problem by considering the more massive primary as an oblate spheroid with
its equatorial plane coincident with the plane of motion by considering the secular effect of oblateness on mean motion.'” Sharma'! studies the
restricted three-body problem by considering the more massive primary as an oblate spheroid as well as source of radiation. Sharma'?studies the
restricted three-body problem by considering the more massive primary as a source of radiation and smaller primary as an oblate spheroid. Both
the above studies used the mean motion of Subba Rao and Sharma.!® Many more studies were done with this mean motion expression literature.

Singh and Ishwar? studied the effect of oblateness and radiation pressure of both the primaries on the location and linear stability of the
triangular points in the restricted three-body problem using the above mean motion expression. They derived a series expression for critical
mass . Subba Rao and Sharma'® studied the effect of oblateness of the more massive primary on the non-linear stability of L, in the restricted
three-body problem.

AbdulRaheem and Singh'* studied the combined effects of perturbations on the stability of equilibrium points in the restricted three-body
problem. They investigated the perturbations due to small Coriolis and centrifugal forces, as well as the effects of oblateness and radiation
pressure of the primaries for the equilibrium points. They calculated the critical mass by including all the perturbations. AbdulRaheem and
Singh'® studied the effects of radiation and oblateness on the periodic orbits in the restricted three-body problem. Effect of Coriolis and
centrifugal forces was also considered. Abouelmagd and El-Shaboury? analyzed the periodic orbits under the combined effect of oblateness of
three bodies and radiation pressure of both the primaries in circular restricted three-body problem. They calculated and plotted the variations

][] . .
@ @ @ ©2024 Rajaram et al. This is an open access article distributed under the terms of the Creative Commons Attribution License, which
oy NG permits unrestricted use, distribution, and build upon your work non-commercially.


https://crossmark.crossref.org/dialog/?doi=10.15406/paij.2024.08.00338&domain=pdf

Study of periodic orbits around the triangular points in the circular restricted three-body problem when _C°P)’”8ht¢ 112
both the primaries are oblate spheroids and sources of radiation ©2024 Rajaram et al.

of angular frequencies for perturbed and unperturbed cases with the mass ratio. Abouelmagd'® studied the linear stability of the triangular
points with oblateness and radiation pressure in the restricted three-body problem. A series expression for critical mass p_ is found. Ansari and
Alam!7 studied the circular restricted three body problem by considering one of the primaries as oblate and other one having the solar radiation
pressure and all the masses are variable. They found that all the equilibrium points are linearly unstable. Khalifa'® carried out a semi-analytical
study of the effect of ground-based laser radiation pressure on the location of triangular points in the framework of the planar circular restricted
three-body problem. Jency et al.’ studied the stationary solutions, critical mass, tadpole orbits in the circular restricted three-body problem,
where the massive primary is considered as an oblate spheroid. The authors utilized the new mean motion which included the secular effects of
the oblateness of the primary on mean anomaly (M), the argument of perigee (®), and right ascension of ascending node (Q).! They found the
critical mass value . to decrease further, which was compared with the pi_ value obtained by Subba Rao and Sharma.' They further calculated
the angular frequencies of long- and short-periodic orbits. They also computed the angle between the two coordinate systems.

Arohan and Sharma?* utilized the new mean motion expression to study the stationary solutions of the planar circular restricted three-body problem
when the more massive primary is a source of radiation and the smaller primary is an oblate spheroid with its equatorial plane coincident with the plane
of motion. Locations of the Lagrangian points were found and an expression for critical mass pi was obtained in the series form. John and Sharma'®
studied the circular restricted three body problem by considering with the more massive primary as an oblate spheroid and source of radiation
by using the new mean motion expression. The locations of the collinear Lagrangian points are found. The variations of the location of the
Lagrangian points due to the unperturbed as well as the perturbed problem due to oblateness and radiation pressure were studied. A study on the
eccentricity e and angular frequency s at the collinear points was carried out. Kumar et al.?’ utilized the new mean motion by considering both
the primaries as oblate spheroids with their equatorial planes coincident with the plane of motion. They studied the stability of the equilibrium
points and observed that the collinear equilibrium points are always unstable. However, the non-collinear equilibrium points are stable for
some combinations of the involved parameters. They plotted the zero velocity curves of the infinitesimal body for different values of the Jacobi
constant C and oblateness parameters. It was observed that the value of C played a vital role in obtaining the permissible regions of motion of
the infinitesimal body.

In our study, we have considered both the primaries as oblate spheroids and source of radiation in the planar circular restricted three-body
problem. We have utilized the newly derived mean motion by Sharma et al.! We have studied the effects of oblateness and radiation pressure of
both the primaries on the critical mass ratio p . We have also studied the variations of angular frequencies of long- and short periodic orbits at
L, with mass ratio . We have further studied the variation of eccentricities and time periods of long- and short periodic orbits around L, with
mass ratio. We have also generated an expression in series form for the angle o between the fixed and rotating coordinate system at L,. We have
compared our results with other authors wherever possible. There are few new results in our study.

Equations of motion

We consider the two bodies called primaries of larger mass (m,) and smaller mass (m,) moving about their centre of mass in circular orbits
in a plane (Figure 1). The third body of infinitesimal mass at point (P), which does not affect the motion of m, and m,, is moving under their
gravitational influence in the same plane. The origin of the system lies on the barycentre (centre of mass) of the primaries. rl and r2 are the
distances of the third body P from the more massive (m,) and the smaller (m,) primaries, respectively.

The equations of motion are given as
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where ¢, and g, are the mass reduction factors with respect to m, and m,, constant for the particle, with =1 —¢,(i = 1, 2).¢, are the ratio of
radiation pressure forces to the gravitational forces [i.e., &, = FPI/ng].
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- m ,are the mass ratios for the two masses (m,) and (m,), respectively.pu+p, = 1, If p, = p, then p =1 —p, A
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= (AE?-AP?)/5R?, (i=1, 2). AE, and AE, are the equatorial radii of the more massive and smaller primary, respectively. AP and AP, are the
polar radii of the more massive and smaller primary, respectively. R is the distance between the primaries. A, and A, are oblateness coefficients
of the more massive and smaller primaries, respectively.

The distances (r,) and (r,) of the third body from the two primaries (m,) and (m,), respectively, in the rotating coordinate system are given by
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——and — 'y are partial derivatives of Q w.r.t. x and y, respectively.

Mean motion

113

Following Sharma and Subba Rao,” AbdulRaheemand and Singh'* and Singh and Ishwar? and others had used the mean motion (n) as:
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Sharma et al.! derived another expression of mean motion by including the secular effects of oblateness on mean anomaly (M), argument of

perigee (m) and right ascension of ascending node () as (for inclination i = 0 degrees):
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Using the relationship, ndt =(1—e cosE)dE, in Eq.(9)and averaging over one revolution:
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Pseudo mean motion including the precession effect due to oblateness in view of Eq. (13) is calculated as:
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which gives 71 = 1 for unperturbed case.

When the value of eccentricity e becomes zero, we getn =7 = 1 + 3A R*(a’R ?), which upon non-dimensionalizing gives."”
n=1+34,
=1+ 6 A4, restricting to only first-order terms in 4,.
In our problem both the primaries are considered as oblate spheroids. So, we consider the mean motion as:
n’ =1+6A, +6A,.
This mean motion is also used by Jency et al.,> Arohan and Sharma,* John and Sharma'® and Kumar et al.?
Location of triangular equilibrium points
The location of the triangular points is found from the following two equations for y#0:
Q,=Q,=0.
Equation (18) can be written in terms of equation (19) and (20) as:
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We note for y#0 in equation (20) and only second term is zero.

Following Singh and Ishwar,? (19) and (20) can be written as
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—%§—§%§A+n2:o 22)
Substituting

q=1-¢, (23)
q,=1—¢, (24)
and

n=1+a, (25)
rn=14+p4. (26)

Substituting (25) and (26) in (4) and (5) and noting that perturbation terms o and B << lso that the higher order terms of o and P are
neglected, we solve for x and y in terms of a and § and obtain:

1
x=—f1=2u+2-p), @7
3 2
yi\/—l—i-(a—i-ﬁ)]. (28)
2 3
Substituting (17), (23), (24), (25) and (26) in (21) and (22) and solving for o and p with MAXIMA?! software, we obtain
_26+124,+94 (29)
5 )
2¢,4+94,+124
ﬂ:——i—ﬁf——i. (30)

Substituting (29) and (30) in (27) and (28) and simplifying, we get

_|6p—2e, 426 +34, 34, -3 31)
6
y:iJ§42@72572M,7m4+9] 32)
18
The values of A and A, are different in y in (32) from those of Singh and Ishwar’ due to different value of mean motion n.
For the unperturbed case, (31) and (32) become
1
x=p-. (33)
y= i?, (34
which matches with the case of unperturbed restricted three-body problem.
Stability of the triangular points
At the triangular point L :
Q. = %[(7652 +6¢, +124, —124)pu + 4e, — 2¢, + 244, + 364, + 3], (35)
szg®qf&Mk4Q+%ﬁ4&@+%4+ﬂ, (36)
3

Q, = E[(kz 426, + 1384, +1384, +18)u — 4e, + 2¢, — 604, — 784, — 9] (37)
The characteristic equation is
M@’ -, -0 N +Q.9 -Q.2=0 (38)
Substituting (35), (36), (37) in (38) and simplifying with the help of MAXIMA, we get
o e[(65 =65 —124, +12Al)p;452 +26, - 244, =364, -3 —(6c, —6c)ut4e, 74251 4844849yt 6|4
(=6, + 62, + 124, — 124, )+ 4e, — 2¢, + 244, +136A1 +3)((65, — &) — 4, + 25, + 484, +484,+9) (39)
((2e, + 2, +1384, + 1384, + 18)1u— 4¢, + 2¢, — 6022 ~T84-9°

48
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Substituting A = }»2) in equation (39), we get this
1

A+ A{Z[(ég2 —6e,— 124, +124)u—4e, + 2, — 244, - 364, - 3|+
I I
Z[(65l —6c, )1+ 4c, —2e, — 484, — 484, — 9+ 4(64, + 64 +1)]} -I—E{[(—()az +6¢,+124, — 124 )+ 4e, - 2, + 244, 4364, +3]x (40)

(62,6, )~ 4, + 25, + 484, +484 +9) —418[(252 126, +1384, +1384, +18) 4z, + 2 — 604, — 784 — 9] =0.

Solving the quadratic equation (40), we get the roots in the form:

A (65, + 62, + 4144, + 4144+ 27)1i% + (=62, — 62, — 4204, — 4084, — 2T) 1+ 124, + 6.4, +1+ (34, — 34— 6.4, 34, —1
=

41
5 (41)
A (62, + 66, + 4144, + 4144, +27)> + (—6¢, — 6, — 4204, — 4084, — 27\ + 124, + 6.4 +1+ (34, —34,)11— 6.4, —34, —1 )
, =
2
Simplifying (41) and (42) in series form with MAXIMA?®' and retaining the linear terms in A, A, & and ¢, , we get
A~ (6, + 65, + 4144, + 4144, + 2)p* 4+ (—6¢, — 6, — 4144, — 4144, — 27 @3)
1 4 s
A — (65,165 +4144, +4144, + 27)1* +(—6e, — 65, — 4264, — 4024, — 27)pu+ 244, +124, + 4 (44)
? 4
Critical mass ratio
Taking the discriminant D in (40) and after simplification, we get
D = (6¢, + 6, + 4144, + 4144, + 2T)u” + (—6¢, — 6, — 4204, — 4084, — 27+ 124, + 64, +1. (45)
Equating D = 0 and solving Eq. (45), we get two values of the mass ratio () :
_ \/5\/10052 +100¢g, 465764, + 6576 4, + 207 + 6¢, + 6¢, +- 4204, + 4084, + 27 (46)
o 12¢, +12¢, + 8284, + 8284, + 54
_ —\/g\/IOOzs2 +100¢g, 4 65764, + 6576 4, + 207 + 6¢, + 6¢, 44204, + 4084, + 27 @

& 12¢, + 12, + 8284, + 8284, + 54

1, provides the value of the critical mass (p) in the range [0, }2]. The triangular points are linearly stable for the mass parameter 0 < p <p).

After simplifications with MAXIMA?' and retaining first-order terms in 4,, 4., ¢ and ¢, we get

1, 69| 4 ' 19] 4 19 2
=—|l——— |1+ ——=|+ |l - ——|———(g, + &, ). 48)
O K ey L Y v R Y (
i, = 0.0385208965 — 0.3652590232 4, — 0.14303680104, —0.0089174706¢, —0.0089174706¢,. (49)
The expression for 1, up to first-order terms in 4,, 4,, ¢, and ¢,, obtained by Singh and Ishwar® is
1), 69 2
= 1= 2/ 90V69} (4 + 4,) ———(e, +5,). - (50)
He 5 9 { A+ 4,) 27\/@( 1 2)
or
i, = 0.0385208965 — 0.0267524118(4, + 4,) —0.0089174706(¢, + &,). (51

From (49) and (51), we notice that with the new mean motion, the value of the critical mass p_further decreases.

It may be noted that the first two terms of critical mass ratio p_ in equation (49) match with Jency et al.,” who utilize the same expression
of mean motion as used here by considering the more massive primary as an oblate spheroid. It may also be pointed out that the critical mass
ratio y1, obtained by Arohan and Sharma* with the same mean motion expression by considering the smaller primary as an oblate spheroid does
not match with our result here. They get the term 0.1194 A in the critical mass expression i, i.e., it increases with oblateness of the smaller
primary. However, our term with & matched with the & term of Arohan and Sharma.*

We conclude from the present study that the critical mass value p, further decreases with oblateness with the new mean motion n when both
the primaries are considered as oblate spheroids.
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Periodic orbits
Angular frequencies

The angular frequencies can be calculated using the following relations:
L
Ay =E(=A)? = is,
L
Ay = E(=A,)? = tisg
for long-periodic (s, ) and short-periodic ( s ) orbits around L,, respectively.
1
s, =(—4A,)?

1
S5 = (7A2)2
Substituting (43) and (44) in (52) and (53), respectively, we have

\/—\/(652 + 66, + 4144, + 4144, + 27)1i% + (=62, — 65, — 4204, — 4084, — 271+ 124, + 6.4, +1— (34, — 34 )1+ 64, + 34, +1
S, =

NG

\/\/(682 +6¢, + 4144, + 4144, + 27)u* + (—6¢, — 6, — 4204, — 4084, — 27)pu+ 124, + 64, +1—(34, —34)u + 64, + 34, +1
S5 = 7
2

Simplifying (54) and (55) with MAXIMA in terms of a series up to third-order terms in p, we get

23 443947 54871170 37 2291 6806274°  1149944034°
e e i Elya|—+=Ey Koy a
128 1024 6 48 768 6144
3
32 14 157u  83579u°  3334505.°
5= \a A2 B =
2 3 6 192 384
1 +77,1 235557 40402974} L +77u 23555.% 4040297,
9 72 1152 9216 o9 72 1152 9216
27 32037 355023° (3 S6lu 133767u7 2145374107 (o 183u 344437 51003274
T 8 128 1024 "2 16 256 2048 ? 8 128 1024
C3u 3817 1248210° C3u 3817 1248210°
" 4 32 512 o4 32 512 |
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(52)

(53)

(54

(55)

(56)

(57)

It may be noted that s, in (56) increases with oblateness (A and A) and radiation pressure (¢,and €,). It may also be noted that the unperturbed
values in s, in (56) match with the unperturbed expression in Sharma and Subba Rao.® The A, values in (56) match with the expression obtained
by Jency et al.’ Similarly, the unperturbed values in s in (57) match with the unperturbed expression in Sharma and Subba Rao. The A values

in (57) match with the expression obtained by Jency et al.’

Table 1 provides the variation of the angular frequencies (s,) and (s,) for mass ration = 0.001 with different perturbations in A, A , ¢ and g,.
It may be noted that s, increases with all the 4 perturbations. s; decreases with radiation pressure perturbations ¢, and ¢,. Figure 1&2 provided
the angular frequency of the long- periodic orbits (s,) vs. Mass ratio u for different values of perturbations. It is observed that s, increases with

the increase in p for different cases of perturbations in A, A , € and ¢,.

Table | Variation of angular frequencies (s,) and (s;) with mass ratio and perturbations

u A A, g, g, S, S,

0.001 0 0 0 0 0.08239748223039 0.99659954596019
0.001 0.01 0 0 0 0.087503872891 13 1.01124358864239
0.001 0 0.01 0 0 0.08625340301905 1.02636805425057
0.001 0.0l 0.01 0 0 0.09135979367980 1.04101209693277
0.001 0 0 0.2 0 0.08424114003707 0.99644711487401
0.001 0 0 0 0.2 0.08424114003707 0.99644711487401
0.001 0.0l 0.01 0.2 0.2 0.09504710929316 1.04070723476039
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Figure | Planar Restricted Three Body Problem in the fixed (sidereal) and rotating (synodic) coordinate system.
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Figure 2 Angular frequency of the long-periodic orbits (s,) vs.mass ratio ().

Figure 3 provided the angular frequency of the short- periodic orbits (s,) vs. Mass ratio p for different values of perturbations. It is observed
that s, decreases with the increase in p for different cases of perturbations in A, A , € and ¢,.
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Figure 3 Angular frequency of the short-periodic orbits (s) vs.mass ratio ().

Eccentricities
The eccentricities of the long-periodic and short-periodic orbits around L, are given by
1
. V2(©Q., -9, +4927)
\/ny @, —Q,) 4 +Q +2s (58)
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By substituting the corresponding angular frequencies, (s,) and (S5) in Eq.(58) and simplifying in series form with MAXIMA,*' we get
the corresponding eccentricities (e,) and (e,) of the long- and short-periodic orbits, respectively.

The eccentricity of long-periodic orbits (e,) is:

153713t 1537135 276738634u°  11001967544"  13162054°

“= 128 128 1024 2048 1024
1763e,1°  1763e,1> 86631417  32403944° 4977 35u° 1285447

2 32 64 128 64 12 16 (59)
4325442 O3C et g 194y ATAp 3

32 16 33 2 4 2

The eccentricity of short-periodic orbits (e;) is:

4258317c,1" | 425831720 | 3834400594u" | 3048483753 41"
4096 4096 16384 65536
3136506349u" | 24153e,° | 24153’ 298629417 4473063447 69147p°  199e,”  199e,4°
e :£ H + S + S + HH + e + [ + S 1 + g (60)
2| 32768 512 512 256 2048 1024 96 96
39974y | 28057 A4pt ST e ep 17w 1834p  3u 4
64 256 128 12 12 2 16 8 2

The series expansion expressions for e, and e in (59) and (60) are new results. It is noticed that e, decreases with the increase in the
perturbations A, A, € and ¢,. And e, increases with the increase in the perturbations A, A, €, and ¢,.

Table 2 provides the variation of the eccentricities (e,) and (e;) for mass ratio p = 0.001 with different perturbations in A, A, ¢, and ¢,. It
may be noted that e, decreases with all the 4 perturbations. e, increases with all the 4 perturbations.

Table 2 Variation of eccentricities (e,) and (e,) with mass ratio and perturbations

M A A, g, €, e, e

0.001 0 0 0 0 0.998494 10844902 0.86635409957208
0.001 0.01 0 0 0 0.99837523103377 0.87078424670792
0.001 0 0.0l 0 0 0.99839829151767 0.86642826289636
0.001 0.01 0.0l 0 0 0.99827941410242 0.87085841003220
0.001 0 0 0.2 0 0.99842684719009 0.8663689007 1932
0.001 0 0 0 0.2 0.99842684719009 0.8663689007 1932
0.001 0.01 0.0l 0.2 0.2 0.99814489158457 0.87088801232669

Figure 4 provides the eccentricity of the long- periodic orbits (e,) vs. Mass ratio p for different values of perturbations. It is observed that
¢ decreases with the increase in the mass ratio (u) for different cases of perturbations in A, A,, ¢ and ¢,.
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Figure 4 Eccentricity of the long-periodic orbits (e,) vs.Mass ratio (p).

Figure 5 provides the eccentricity of the short- periodic orbits (e,) vs. Mass ratio u for different values of perturbations. It is observed that
e increases with the increase in the mass ratio (p) for different cases of perturbations in A, A,, ¢ and ¢,.
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Figure 5 Eccentricity of the short-periodic orbits (e,) vs.Mass ratio (u).

Time periods

Uripoderi Litoind

A =001 Ayme,me,0 |

Am01, Agme me ol
_x.I-A.f-am, |_-|r-|:|

€ =02 l_-hl-A.luﬂ

=03 i_-,ﬁl-ﬁll-ﬂ
o 50 2 A mA =00

Time periods of the long-periodic (T,) and short-periodic (T,) orbits around L, are given respectively

2
T4:—7T
S4
2
Ts:i
SS
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(61)

(62)

Table 3 provides the variation of the time periods (T,) and (T,) for mass ratio u=0.001 with different perturbations in A , A, € and ,. It may
be noted that T, decreases with all the 4 perturbations, while T, decreases with oblateness of the primaries and increases with radiation pressure

perturbations €, and €,. As seen in the last line over all it decreases significantly, showing the dominance of oblateness.

Table 3Variation of Time-Periods (T,) and (T,) with mass ratio and perturbations

M A A, €, €, T, T,

0.001 0 0 0 0 76.25457886700097 6.304623890959079
0.001 0.01 0 0 0 71.80465389225638 6.213325234145472
0.001 0 0.0l 0 0 72.845651 15409855 6.121766242780639
0.001 0.0l 0.0l 0 0 68.77407505101253 6.035650618943157
0.001 0 0 0.2 0 74.58571078708923 6.305588338196981
0.001 0 0 0 0.2 74.58571078708923 6.305588338196981
0.001 0.0l 0.0l 0.2 0.2 66.10601157579605 6.037418687327769

Angle a:

(Figure 6) where a is the angle between the rotating and the fixed coordinate system.
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Figure 6 Fixed and Rotating coordinate system at L.
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The angle a given by
2Q
tan2q = —>— (63)
Qxx - ny

Substituting (35), (36) and (37) in (63) and simplifying with MAXIMA, we get
(2, +2¢, +1384, +1384, +18)pu —4e, + 2¢, — 604, — 784, — 9

tan2a = (64)
6[(—652 +6¢, +124, —124)p +4e, —2¢, + 244, +364, +3 (6, —6¢,)u —4e, +2¢, +484, +484 +9
4 4
Simplifying (64) with MAXIMA, we get
tan 20 — \/5[_2’“ N 84,(1—2p) n 20Al(13— 2p)  4e (29— 714) n 452(49— 11p) L1l 65)

Eq. (65) shows that a increases with oblateness and decreases with radiation force of the more massive primary and increases with the
radiation force of the smaller primary. It is noticed that our expression of tan20 matches with that of Jency et al.” for A term. Our results of
tan2a do not match with & and &, terms with that of Abouelmagd and El-Shaboury.?

Results and discussion

Location of the triangular Lagrangian points is found with the new mean motion of Sharma et al.' The critical mass ratio p_ is obtained. This
value of critical mass ratio u_matches with that of Jency et al.” for A, term. This value also decreases with oblateness and radiation pressure of
both the primaries. The angular frequencies (s,) of the long- and (s,) short-periodic orbits around L, are obtained in the series form up to linear
terms in oblateness and radiation pressure of both the primaries. These expressions match with Jency et al.’ with A, terms. It may be noted
that s, increases with all the 4 perturbations and s, decreases with radiation pressure perturbations ¢, and €,. The series expansion expressions
for e, and e, are derived. It may be noted that e, decreases with all the 4 perturbations and e, increases with all the 4 perturbations. It may be
pointed out that the series expansion expressions for €, and e, are new results. We also found the time-periods of long-(T,) and short-periodic
orbits (T,) around L,. It is that T, decreases with all the 4 perturbations, while T, decreases with oblateness of the primaries and increases with
radiation pressure perturbations ¢, and ¢,. The angle a between the rotating and the fixed coordinate system is also computed in series form.
Our expression of tan20 matches with that of Jency et al.’ for A, term and does not match with € and ¢, terms with that of Abouelmagd and
El-Shaboury.?

Conclusion

Location of the triangular Lagrangian point (L,) is obtained with the new motion expression of Sharma et al." Linear stability of the
triangular Lagrangian point is analyzed. In order to study the linear stability, the value of critical mass ratio (i ) is calculated. The angular
frequencies of the long- and short-periodic orbits around L, are computed in series form using MAXIMA software.”' The eccentricities of the
long and short-periodic orbits around L, are also calculated in the series form. The time-periods of the long- and short-periodic orbits around L,
are calculated and studied their variation with respect to the mass ratio (1), oblateness and radiation pressure of both the primaries. The angle
between the fixed and rotating coordinate system is also computed in the series form. Some of these results are new and are checked with the
numerically integrated values.
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