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Abstract

The 1D Fokker-Planck equation (FPE) plays a major role in the propagation of light in the
universe. It specifically describes small angle scattering of photons (and electrons) as they
travel in participating media. In particular, the differential scattering term representing the
phase function scattering law enables the small angle scattering. This term also makes the
FPE a challenge to solve in the discrete ordinate sense. Our approach utilizes adding and
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doubling, which has been successfully applied since the 1960s to solve the linear Boltzmann

equation. With the help of Morel’s discrete ordinate equivalence of the angular Laplacian,
the FPE becomes similar to the discrete ordinates equation of linear transport theory. We
then take advantage of the similarity through adding and doubling for its solution.
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Introduction

The 1D Fokker-Planck equation (FPE) is one of the most
consequential equations of particle transport theory. Small angle
scattering of electrons and photons played a significant role in the
early universe before the combination of protons and electrons to form
the hydrogen atom allowing photons to scatter to the greater universe
as the Cosmic Microwave Background (CMB) we see today. Here,
we present a new method to solve the FPE employing adding and
doubling as proposed by van de Hulst.! Our approach is in contrast
to previously published solutions, such as response matrix,* finite
differences® and eigenfunction expansion* and offers the simplicity of
the direct numerical solution of a first order ODE. For its solution we
choose adding and doubling, which has proven to be one of the more
precise methods of solution of the transport equation.’

We begin with the formation of the discrete ordinate approximation
to the FPE. The formulation includes the discretization of the angular
Laplacian required to preserve the first and second moments of particle
intensity. The first order form of the equation naturally leads to a
matrix exponential solution for which we employ a Crank Nicolson
numerical approximation. By an appropriate choice of exponential
approximation, we find the response matrix, which gives the exiting
angular intensity in terms of the incoming intensity. Finally, we
evaluate the matrix multiplications to give our final numerical
benchmark of exiting intensities for angularly uniform incoming
intensities to which we compare to the response matrix benchmark
of Ref. 2.

The SN equations

The 1D Fokker-Plank equation (FPE) without volume source is

O O
tr s
2 2
also known as the transport cross section is characteristic of the FPE,
where g is the average scattering cosine.

(Ic)

The method of adding and doubling requires discretization of both
direction u and spatial variable z, though spatial discretization has an
analytical element to it. We first consider the directional (or angular)
discretization, following from the N zeros of the Legendre Polynomial
on the full-range interval [—1,1]

P (p,)=0;m=1,..,2N. (2a)

The discretization [also called the SN (Segment N) approximation],
where

O<p <l,m=1,.,N
(2b)
=<y, =,y < 0, m=N+1,..,2N

forms the basis of the discretized solution. Note that 2N assumes
the role of quadrature order in the discrete ordinates solution of the
radiative transfer equation and the zero ordinate is necessarily avoided
since 2N is even.

Applying the SN approximation, the exact solution relates to the
approximate as

w(zm,)= v (z)+&(z.m,). (3a)

& (Z W, ) is the discretization error, and the Sx balance equation is
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The solution is to include half-range boundary conditions V2 is the discretized FP operator®S
w(0,u) = f (1), 1 e(0,1]
(lb) E (1_;‘{2)M »_—Vzw (:) (43)
U4 (anu) =g (,u),,u € [_150) Cu Cu P mom ’
at the boundaries x = 0 and «a of a slab of width a. The momentum "
transfer, expressed as’
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fnl//m (z) _ wi ﬁm+1/2('//m+1(z)_‘//m(z))_ (4b)
" _ﬂm-l/z('//m(z)_‘//m-l(z))
with
_ Vw2
ma2 M1 =My,
(4¢)
ym+l/2 = ymfl/Z _z’umwm’ 7/1/2 =0.
For @
m
0 =0 ,m=1,.,N
m N-m+1
(4d)
= Cbm,m = N+ 1,...,2N,
2N-m+1

which is the corresponding Gauss quadrature weight for the prescribed
ordinate at .

If one defines the L matrix as

v, B, O 0 . 0
B -V, /85/2 0
L= 0 ﬂmfl/z “Va ﬁm+1/2 0 0 (Sa)
. ﬁzzvfz/z “Vanar Bovoinn
L 0 0 ﬂszl/z Vv
with
Vm = ﬂm+1/2 + ﬂm—l/Z; (Sb)

then the balance equation, Eq(3b), becomes the following set of first
order ODEs:

[Maaﬂz}//(z) oW 'Ly(z)=0
Yz .
with

W = diag {a)m}

(62)

M = diag {ym } .

Equation (6a) is to be resolved numerically within the slab; but for this
presentation, we only report the exiting intensity at slab boundaries.

Before continuing, some additional explanation is in order to
complete the derivation of the SN equations. We have chosen the full-
range discretization rather than the half- range over [-1,0),(0,1] since
there is evidence that full-range gives better precision.” Secondly, there
are at least three known discretizations for the angular Laplacian. The
one chosen preserves the diffusion limit in that the zeroth and first
moments of the intensity are exact for the given quadrature order 2N.

The Response Matrix

A reformulated Eq(6a) is
dl//(z) -1 -1 _
=M [O'W L—a]}y/(z) = Ay (z2) (7a)
with formal solution in spatial cell of thickness A=z  —z ,
Ah
'/,(Zn+l) =e '//(Zn)s (7b)

since A is independent of z.
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To initiate a Crank-Nicolson finite difference approximation, the
exponential in Eq(7b) is re-cast as

Ah AR12 ARI2 —an2 |V ann
e =e e =|e e (8a)

and introducing the first two terms of the Taylor series for the
exponential approximation

" =1-an/2=P
(8b)

" =I+4n/2="P

giving
*—1

v (ZM) =P P!//(Zn). (8¢)

The spatial approximation across a single cell then follows as
*—]
y = P Pr//n. (8d)

Since the 1D transport equation tracks particles in either the forward
or the backward directions away from the near and far boundaries, one
considers the drift in each direction separately, with coupling through
scattering. Of course, this is a convenient consequence of the half-
range boundary conditions. Thus, we identify the forward (+) and
backward (—) components as

()-| ¥ )] |¥ 92)
viz)] v
and when introduce into the spatial approximation
v =P Py (9)
n+l n
gives, on re-arranging and matrix partitioning
P Pollvea | _| B B ||v,
= . (9¢)

* * —_ P P -
P, P,llv,., 2 T2dly,

The cell input and output is explicitly shown in Figure 1. By
expanding the matrix multiplication

W}F -
. 'f.,m 1
War !y:ﬂ

Zn Zp+1
Figure | Cell input and output.
* 4 * — + —
I)llwnﬂ + I)IZWnH = I)llwn + })12Wn
(10a)
- . N _
})Zl‘//n+l + P22'/In+1 = PZI'//n + I)Zlyln
and re-arranging so that the incoming intensities are on the RHS and
the outgoing on the LHS results in

P -P, P, -P,| v,
P, -P,||w,. ]

Inverting for the outgoing intensities from both boundaries gives

+
Vin

+
V/n+l —

. _ 10b
P Py || v, (106)

+

- R v, (11a)

LY. R

and the response matrix emerges as
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-1

R= P11 _P12 P11 _Plz

P21 _Pzz P21 _Pzz

Thus, we have successfully obtained an approximation to the
response of an infinitesimal slab to boundary inputs. Note that the
response is independent of the boundary intensities and depends only
on slab properties and thickness--but we still require the response over
the entire slab, so we will now add and double.

Adding and doubling

Once we find the response for a single small slab of any thickness,
the interaction principle enables construction of the cumulative
response for any number of slabs through adding.

‘We consider the response for two identical slabs as shown in Figure
2 each with response matrix R. Writing out the complete response for
each slab, we have

(11b)
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On solving Eq(14a), there results
+ +
v -U U ’ (15a)
¥ | v,
where
r -1
I -R, R, 0
U= (15b)
| —R,, 1 0 R,

and introducing Eq(15a) into Eq(14b), gives the following combined
response of two slabs:

Figure 2 Combined slabs.

vi|_| R R.||lw (12ab)
'/,0_ _R21 R22_ '/,1_
vo | _| R Ro|\wr (1204)
'/,1_ _R21 R22_ '/,2_
and expanding the products
'/,1 =R11Wo + R12W
v, =Ry, + Ry,
(13a,b,c,d)
v, =Ry + Ry,

Expressing the ingoing and outgoing intensities at the combined slab
center interface with Eqs(13a,d) gives

1 _RIZ '//1+ _ R11 0 l/’(;r (14a)
-R, 1 v 0 R, s

and the incoming and outgoing for the second slab from Eqs(13b,c)
gives

+

v,

v

0 R,

R21

0

¥,

v,

R

11

0

0
R22

7

v

(14b)

v, _ R2 Vo (16)
¥, v,
with
R, 0 0 R,
R = U (16b)

+
2 0 R, R, 0

Doubling then follows by considering the two slabs as one with
response R, and replacing the components of R, with those of R,
in Eqs(16b) to produce R, for the combination of two by two slabs
into the response for four slabs. We continue the replacement until
the entire original slab is covered. Thus, for a single slab of width a,
partitioned into 2/ sub-slabs to give & = a/2/, it takes / doublings to find
the total slab response Ré across the slab of width a.

Numerical Demonstration

Figure 3 shows the intensities exiting the boundaries. The circle

G
=

Intensity at x=0

Intensity at x=a
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H

Figure 3 Exiting intensities for 2N=1600,/ = 9 (15s CPU).
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symbols are the 11 edits found in Table 1. The physical parameters
for this case are

a=1
o,= 0.02
o, =2
g= 0.99.

The plots are identical to those of Refs 2-4 and are insensitive to
spatial discretization for /> 8.

Table | Spline Approximation for | = 9 period

2N=800
[ x=0 x=a Error(0)  Error (a)
1.0000e+00  1.000000e+00 9.799972e-01 0.00e+00 1.00e+00
8.0000e-01  1.000000e+00 9.747933e-01 0.00e+00 1.00e+00
6.0000e-01 1.000000e+00 9.678590e-01  0.00e+00  1.00e+00
4.0000e-01 1.000000e+00 9.937391e-01  0.00e+00 1.00e+00
2.0000e-01 1.000000e+00 1.166707e+00 0.00e+00 1.00e+00
0.0000e+00  1.000000e+00 2.000000e+00 0.00e+00 0.00e+00
-2.0000e-01  1.5464882+00 2.000000e+00 1.00e+00 0.00e+00
-4.0000e-01  1.817803e+00 2.000000e+00 1.00e+00 0.00e+00
-6.0000e-01  1.925807e+00 Z2.000000e+00 1.00e+00 0.00e+00
-8.0000e-01  1.949563e+00 2.000000e+00 1.00e+00 0.00e+00
-1.0000e+00  1.959994e+00 2.000000e+00 1.00e+00 0.00e+00
2N=1000
1.0000e+00 | 1.000000e+00 | 5.799972¢-01 | 0.00e+00 | 3.46e-10
§.0000e-01 1.000000e+00 | 9.747933e-01 | 0.00e+00 | 1.35e-09
6.0000e-01 | 1.000000e+00 | 9.678587e-01 | 0.00e+00 | 1.27e-07
4.0000e-01 1.000000e+00 | 9.937392e-01 | 0.00e+00 | 3. 47e-08
2.0000e-01 1.000000e+00 | 1.166708e+00 | 0.00e+00 | 4.69e-07
0.0000e+00 | 1.000000e+00 | 2.000000e+00 | 0.00e+00 | 0.00e+00
-2.0000e-01 | 1.546487e+00 | 2.000000e+00 | 2.30e-07 | 0.00e+00
-4.0000e-01 | 1.817802e+00 | 2.000000e+00 | 2.13e-07 | 0.00e+00
-6.0000e-01 | 1.525808e+00 | 2.000000e+00 | 9.03e-08 | 0.00e+00
-8.0000e-01 | 1.549563e+00 | 2.000000e+00 | 6.21e-09 | 0.00e+00
-1.0000e+00 | 1.959994e+00 | 2.000000e+00 | 3.46e-10 | 0.00e+00
2N=1200
1.0000e+00 1.000000e+00  9.799972e-01  0.00e+00 1.95e-10
8.0000e-01 1.000000e+00  9.747933e-01  0.00e+00 7.61e-10
6.0000e-01  1.000000e+00 $.678586e-01 0.00e+00 7.15e-08
4.0000e-01  1.000000e+00 ©.937393e-01 0.00e+00 1.98e-08
2.0000e-01  1.000000e+00 1.166709e+00 0.00e+00 2.64e-07
0.0000e+00  1.000000e+00 2.000000e+00 0.00e+00 0.00e+00
-2.0000e-01  1.546487e+00 2.000000e+00 129%-07 0.00e+00
-4.0000e-01  1.817802e+00 2.000000e+00 1.20e-07 0.00e+00
-6.0000e-01  1.525808e+00 2.000000e+00 5.08e-08 0.00e+00
-8.0000e-01  1.949563e+00 2.000000e+00 3.50e-09 0.00e+00
-1.0000e+00 1.9555%94e+00 2.000000e+00 1.95e-10 0.00e+00
2N=1400
1.0000e+00  1.000000e+00 9.799972e-01 0.00e+00 1.20e-10
8.0000e-01 1.000000e+00 9.747933e-01  0.00e+00 4.70e-10
6.0000e-01  1.000000e+00 ©.678585e-01 0.00e+00 4.42e-08
4.0000e-01  1.000000e+00 ©.937393e-01 0.00e+00 1.23e-08
2.0000e-01 1.000000e+00 1.166710e+00 0.00e+00 1.64e-07
0.0000e+00  1.000000e+00 2.000000e+00 0.00e+00 0.00e+00
-2.0000e-01  1.546486e+00 2.000000e+00 7.95e-08  0.00e+00
-4.0000e-01  1.817801e+00 2.000000e+00 7.41e-08  0.00e+00
-6.0000e-01  1.525808e+00 2.000000e+00 3.14e-08 0.00e+00
-3.0000e-01  1.949563e+00 2.000000e+00 2.16e-09 0.00e+00
-1.0000e+00  1.959994e+00 2.000000e+00 1.20e-10 0.00e+00
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As a further measure of precision, Table 1 gives a cubic spline
approximation to 11 intensity edits exiting the surfaces for quadrature
orders 2N =800(100)1600 and / = 9. The computational time was
about 1min on a Dell Precision 2.4 Ghz PC. The last panel is in
complete agreement with the results of the response matrix.> The
last two columns give the relative error from consecutive panels
indicating improvement with quadrature order. The most significant
observation is that one achieves six-place precision and that four
places are guaranteed for 2N > 800.

2N=1600

1.0000e+00  1.000000e+00 9.799972e-01 0.00e+00 7.95e-11
£.0000e-01  1.000000e+00 9.747933e-01  0.00e+00 3.10e-10
6.0000e-01  1.000000e+00 $.678584e-01  0.00e+00 2.92e-08
4.0000e-01  1.000000e+00 $.937393e-01 0.00e+00 8.18e-09
2.0000e-01  1.000000e+00 1.166710e+00 0.00e+00 1.08e-07
0.0000e+00  1.000000e+00 2.000000e+00 0.00e+00 0.00e+00
2.0000e-01  1.546486e+00 2.000000e+00 524e-08  0.00e+00
-4.0000e-01 1.817801e+00 2.000000e+00 4.8%e-08 0.00e+00
-6.0000e-01 1.925808e+00 2.000000e+00 2.07e-08 0.00e+00
-8.0000e-01 1.949563e+00 2.000000e+00 143e-09 0.00e+00
-1.0000e+00 1.959994e+00 2.000000e+00 7.95e-11  0.00e+00
Conclusion

The method of adding and doubling has been applied to the Fokker
Planck Equation of particle transport theory with success. The method
is arguably nearly the least complicated of all the transport methods.
For selected edits, a spline fit delivers seven figure (six— place)
precision with confirmation from the response matrix solution. While
not shown, it is relatively straightforward to include heterogeneous
media in the solution as demonstrated in Ref 7.

Acknowledgments

OLP acknowledges support from Ministerio de Ciencia e
Innovacién (Spain), project PID2021-1226250B-100 with funds from
MCIN/AEI/10.13039/501100011033/ERDF, UE, and from the Xunta
de Galicia (2021 GRC GI-1563 - ED431C 2021/15).

Conflicts of Interest

None.

References

1. HC van de Hulst, Light Scattering by Small Particles, New York, Wiley,
1957; Dover, 1981.

2. BD Ganapol, O Lopez Pouso. Response Matrix/Discrete Ordinates
Solution of the 1D Fokker-Planck Equation, paper submitted. 2023.

3. O Lopez Pouso, N Jumaniyazov. Numerical Experiments with the
Fokker-Planck Equation in 1D Slab Geometry. JCTT. 2016.

4. DK Kim, P Tranquilli. Numerical Solution of the Fokker-Planck
Equation with Variable Coefficients. JOSRT. 2008;109:727.

5. BD Ganapol. Particle Transport in a 3D Duct by Adding and Doubling.
JCTT. 2016;46(3).

6. JE Morel. An improved Fokker-Planck Angular Differencing Scheme.
Nucl Sci & Eng. 1985;89:131-136.

7. BD Ganapol. The Response Matrix Discrete Ordinates Solution to the
1D Radiative Transfer Equation. JOSRT. 2015;154:72.

Citation: Ganapol BD, Pouso OL.Adding and doubling solution to the 1D Fokker-Planck Equation. Phys Astron Int J. 2023;7(3):170-173.

DOI: 10.15406/paij.2023.07.00305


https://doi.org/10.15406/paij.2023.07.00305
https://www.tandfonline.com/doi/abs/10.1080/00295639.2023.2194228
https://www.tandfonline.com/doi/abs/10.1080/00295639.2023.2194228
https://www.sciencedirect.com/science/article/abs/pii/S0022407307002683
https://www.sciencedirect.com/science/article/abs/pii/S0022407307002683
https://arxiv.org/ftp/arxiv/papers/1602/1602.00064.pdf
https://arxiv.org/ftp/arxiv/papers/1602/1602.00064.pdf
https://www.tandfonline.com/doi/abs/10.13182/NSE85-A18187
https://www.tandfonline.com/doi/abs/10.13182/NSE85-A18187
https://experts.arizona.edu/en/publications/the-response-matrix-discrete-ordinates-solution-to-the-1d-radiati
https://experts.arizona.edu/en/publications/the-response-matrix-discrete-ordinates-solution-to-the-1d-radiati

	Abstract
	Introduction
	The SN equations 
	The Response Matrix 
	Adding and doubling 
	Numerical Demonstration 

	Conclusion
	Acknowledgments
	Conflicts of Interest
	References
	Figure 1
	Figure 2
	Figure 3
	Table 1 

