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Introduction
Fixed point theory is a fascinating area of research for the 

researchers studying non-linear phenomena. It has many applications 
for non-linear functional analysis, Approximation theory, 
Optimization Theory (Saddle function), Variation inequalities, 
Game theory (Nash equilibrium) and Economics (Black Scholes 
theorem). Fixed point theory is quite and sequel to the existing theory 
of Differential, Integral, Partial, Fractional differential, functional 
equations and matrix equations. Fixed point theory as well as Banach 
contraction principle have been studied and generalized in different 
spaces and various fixed point theorems are developed. In 1968 
Kannan1 introduced a discontinuity of contraction mappings that can 
possess a fixed point on a complete metric space by filling the gap 
created by Banach for more than thirty years. Reich proved the fixed 
point theorem using three metric points by combining the concept of 
Banach and Kanann on complete metric space. Dass-Gupta proved 
the results of the fixed point theorem of the rational type operator by 
using contraction mapping in metric space.

In 2000, Branciari2 introduced a class of generalized metric spaces 
by replacing triangular inequality with similar ones which involve 
four or more points instead of three and improved Banach contraction 
mapping principle. In 2008, Azam and Arshad3 using the concept of 
Branciari investigated the mappings given by Kannan by applying 
the rectangular properties in a generalized metric space. In 2011, 
Moradi and Alimohammadi4 generalized Kannan’s results, by using 
the sequentially convergent mappings and rectangular properties in 
metric space. Furthermore, Morandi and Alimohammadi investigated 
and extended Kannan’s mapping by using the ideal due to Branciari. 
Since then, several authors involved in investigations of Banach’s 
contraction mappings using rectangular properties in different spaces. 

In 2004, Ran and Reurings5 proved an order-theoretic analogue of 
Banach contraction principle which marks the beginning of a vigorous 
research activity. This result was discovered while investigating the 
solutions to some special matrix equations.. In continuation of Ran 
and Reurings, Nieto and Rodríguez-López6 who proved two very 
useful results and used them to solve some differential equations.

In 2012, Wardowski7 initiated the study of fixed points of a new 
type of contractive mappings in complete metric spaces. In 2014, 

Wardowski and Dung,8 proved fixed points of F -weak contractions 
on complete metric spaces. Acar et al.9 and Altun et al.10 gave 
Generalized multivalued F -contractions on complete metric spaces. 
In 2014, Minak et al.,11 proved Ćirić type generalized F -contractions 
on complete metric spaces and fixed point results. Paesano and Vetro12 
gave the proof on Multi-valued F − contractions in 0-complete partial 
metric spaces with application to Volterra type integral equation. Piri 
and Kumam13 proved some fixed point theorems concerning F −
contraction in complete metric spaces. Sawangsup and Sintunavarat14 
proved the fixed point theorems for FR contractions with applications 
to the solution of non-linear matrix equations, Tomar and Sharma15 
proved some coincidence and common fixed point theorems 
concerning F − contraction and applications and Bashir16 proved the 
fixed point results of a generalized reversed F − contraction mapping 
and its application.

On the other hand, Alam and Imdad17 gave a generalizatiFor more 
res on of the Banach contraction principle in a complete metric space 
equipped with binary relation. Their results show that the contraction 
condition holds only for those elements linked with the binary relation, 
not for every pair of elements. Recently, Kannan’s and Reich’s18 fixed 
point theorems have been studied and extended in several directions, 
Karapinar19 modified the classical Kannan contraction phenomena 
to an interpolative Kannan contraction one to maximize the rate of 
convergence of an operator to a unique fixed point. However, by 
giving a counter-example, Karapinar and Agarwal20 pointed out a gap 
in the paper about the assumption of the fixed point being unique and 
came up with a corrected version. They provided a counter-example 
to verify that the fixed point need not be unique and invalidate the 
assumption of a unique fixed point. Since then, several results for 
variants of interpolative mapping proved for single and multivalued 
in various abstract spaces.

Further, Karapinar and Agarwal21 proved interpolative Rus-Reich-
Ćirić type contractions via simulation functions. Errai et al.22 gave 
some new results of interpolative Hardy-Rogers and Reich-Rus-
Ćirić type contraction in-metric spaces to prove the existence of the 
coincidence point. Mishra et al.23 proved the common fixed point 
theorems for interpolative Hardy-Rogers and Reich-Rus-Ćirić type 
contraction on quasi partial b -metric space. Aydi et al.24 proved ω
-interpolative Reich-Rus-Ćirić type contractions on metric spaces. 
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Aydi et al.25 proved an interpolative Ćirić-Reich-Rus type contractions 
via the Branciari distance. Gautam et al.26 proved the fixed point of 
interpolative Rus-Reich-Ćirić contraction mapping on rectangular 
quasi-partial b -metric space. 

This manuscripts prove a fixed points theorem for relation-
theoretic F -contraction mappings via an arbitrary binary relation 
concept in Branciari distance metric space. In particular, we improve 
and extend the works due to Alam and Imdad,27 Ahmadullah et al.,28 
Ahmadullah et al.,29 Eke et al.,30 Sawangsup and Sintunavarat,14 Aydi 
et al.31 and Karapinar et al.20 In doing so, we will generalize several 
other works in the literature having the same setting.

Material and methods
This section introduces some definitions, theorems and preliminary 

results, which will help develop the main result.

The concept of a Branciari distance space has been introduced by 
Brianciari where the triangular inequality is replaced by a quadrilateral 
one, which states as follows:

Definition 12. Let    be a non-empty set. Suppose that the mapping 
[ ): 0,d ∞× →  be a function for all ,µ ν ∈ and all distinct 

points ,z w∈ , each distinct from µ andν .

i.	  ( ), 0d µ ν ≥ and ( ), 0d µ ν = if and only if µ ν= ;

ii.	  ( ) ( ), ,d dµ ν µ ν= ;

iii.	 ( ) ( ) ( ) ( ), , , , .d d w d w z d zµ ν µ ν≤ + +

Then d is called a Branciari distance and the pair ( ),d  is called 
a Branciari distance space.

Definition 22. Let ( ),d  be a metric space. A mapping :Γ → 
is said to be sequentially convergent if we have, for every sequence
{ }nν , if{ }nνΓ is convergence then{ }nν also is convergence.
 is said to be subsequentially convergent if we have, for every 
sequence{ }nν , if { }nνΓ  is convergence then{ }nν  has a convergent 
subsequence.

Definition 336. Let ( , )d be a Branciari distance space and{ }nµ  be 
a sequence in .

i.	 A sequence{ }nµ  is converges to point µ ∈  if 

( )lim , 0dn nµ µ∞ =→


ii.	  A sequence { }nµ  is said to be Cauchy if for every 0> , there 
exists a positive integer ( )=   such that ( , ) ,n md µ µ <∈   for 
all , > n m .

iii.	 We say that ( ),d  is complete if each Cauchy sequence in
is convergent.

Lemma 136. Let ( ),d  be a Branciari distance space. A mapping
:Γ →  is continuous at µ ∈  , if we have nµ µΓ → Γ  or

( )lim , 0dn nµ µ∞ Γ Γ =→
 , for any sequence{ }nµ  in  converges 

to µ ∈  , that is nµ µ→  .

Proposition 137. Suppose nµ is a Cauchy sequence in a Branciari 

distance space such that ( ) ( )lim , , 0,d d wn n
n

µ µ µ
∞

= =
→

   where

,wµ ∈   . Then wµ =  .

Another noted attempt to extend the Banach contraction principle 
is essentially due to Wardowski.

The following explanations for developing the F -contraction 
definition was obtained from Wardowski,7 Wardowski and Van Dung,8 
and Cosentino et al.32

Let :F + →  be a mapping satisfying:

(F1) F  is strictly increasing, i.e. for all , ,+∈ <    implies
( ) ( )F F<  ;

(F2) For each sequence{ }n n∈ of positive numbers, 
lim 0n n∞ =→  if and only if ( )lim Fn n ∞∞ = −→  ;

(F3) There exists ( )0,1∈z satisfying ( )lim 00n

zFn n+ =→  
We denote the family of all functions F satisfying conditions

( )1 3F F− by . Some examples of functions F ∈ are:

( ) ( )
( )1

,
ln

,
;

d
F c c e

d
µ ν η
µ ν

Γ Γ −= ⇒ ≤

( ) ( )
( )

( ) ( )
2

, , ,ln
,

d d dF c c c e
d
µ ν η µ ν µ ν
µ ν

Γ Γ − + − Γ Γ= + ⇒ ≤ ;

( ) ( )
( ) ( )( )

3
,1 1

2, 1 ,

d
F c

dc d

µ ν
µ ν η µ ν

Γ Γ
= − ⇒ ≤

+
;

( ) ( ) ( ) ( )( )
( ) ( )( )4
, 1 ,2ln

, 1 ,
d d

F c c c e
d d
µ ν µ ν η
µ ν µ ν

Γ Γ + Γ Γ −= + ⇒ ≤
+

.

Wardowski introduced a generalization of the Banach contraction 
principle in metric spaces as follows:

Definition 47.   Let ( ),d   be a metric space. A self-
mapping Γ on is called an F -contraction mapping if 
there exists F ∈ andη +∈ such that for all ,µ ν ∈ ,
( ) ( )( ) ( )( ),   0 , , .d F d F dµ ν η µ ν µ νΓ Γ > ⇒ + Γ Γ ≤

Wardowski7 proved the following fixed point theorem:

Theorem 17. Let ( ),d  be a complete metric space and :Γ → 
be a F -contraction mapping. If there exist 0η > such that for all

( ), , ,    0dµ ν µ ν∈ Γ Γ > , implies ( )( ) ( )( ), , ,F d F dη µ ν µ ν+ Γ Γ ≤  
then Γ has a unique fixed point.

Kannan1 proved the following theorem:

Theorem 21. Let ( ),d be a complete metric space 
and a self-mapping :Γ →  be a mapping such that

( ) ( ) ( ){ }, , , ,d d dµ ν η µ µ ν νΓ Γ ≤ Γ + Γ f o r a l l ,µ ν ∈ a n d
10 .
2

η≤ ≤  The Γ  has a unique fixed pointδ ∈and for any µ ∈
the sequence of iterate{ }nµΓ  converges toδ .

The following results for interpolative Kannan contraction have 
been proved in as follows:

Definition 519. Let ( ),d be a metric space, the mapping
:Γ →  is said to be interpolative Kannan contraction mappings 

if ( ) ( ) ( ) 1, , . , ,d d dδ δµ ν η µ µ ν ν −Γ Γ ≤  Γ   Γ     for all ,µ ν ∈
with µ µ≠ Γ , where [ )0,1η ∈ and ( )0,1δ ∈ .

Theorem 319. Let ( ),d be a complete metric space and Γ be an 
interpolative Kannan type contraction. Then Γ has a unique fixed 
point in .

In 2018, Karapinar et al.21 proved an interpolative Reich-Rus-Ćirić 
type contractions fixed point result on partial metric space as follows.

https://doi.org/10.15406/paij.2023.07.00296



