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Matrix solution for the inverse problem of classical

dynamics of a particle

Abstract

We solve the inverse problem corresponding to the fundamental problem of the classical
dynamics of a material particle through a matrix treatment: assuming knowing the mass
and the position (the trajectory, in relation to an inertial reference) of a particle at all times,
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we impose that this corresponds to the eigenvector of a “position matrix”. Subsequent

development leads to a “force matrix”, which has the resultant force on the particle as its

eigenvector. We identified some limitations of this matrix treatment.
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Introduction

The physical law that governs the classical dynamics of a particle
can, in principle, be written in a matrix form, although this does not
reveal anything new. This possibility, however, illustrates a context
that may be suitable for some problems. In this matrix format, such a
classical law is written as,

F=Ma )

where M would be a matrix' to be determined, which would
necessarily have the mass m of the particle as its eigenvalue and the
acceleration @ as its eigenvector. Even more, the matrix M would
have the total strength F itselfas an eigenvector (linearly dependent
on d ) associated with the same eigenvalue m ,

./\/l(ma) = m(mﬁ) - MF = mF.

We emphasize the fact that there is nothing new in this, since the
introduction of the matrix M is nothing but a simple mathematical
device that allows us to rewrite this dynamic law. It may be of some
interest, however, to construct the matrix M given m and F , that is,
to solve a simple inverse problem of matrix algebra.

In Applied Mathematics, Physics, Geophysics,'* among others,
there are discussions of direct problems and inverse problems. In
Classical Mechanics, for example, a typical direct problem consists
of determining the physical path taken by a particle, or by the center
of mass of a system of particles, under the action of a certain field
or conservative force, to which a certain Lagrangian corresponds.
The corresponding inverse problem consists of the following: Given
a physical trajectory, determine the Lagrangian (or the family of
Lagrangians) that would generate it. In Quantum Mechanics, the
problem of determining the energy spectrum for a given quantum
Hamiltonian of a microscopic physical system is a kind of direct
problem, the corresponding inverse problem being to determine the
quantum Hamiltonian (or the potential) that would generate a certain
spectrum of energies, which could have been revealed experimentally.
We found in recent literature several inverse problems.*!°

Problem definition

The inverse problem corresponding to the fundamental problem
of the classical dynamics of a material particle is considered here
through a matrix treatment. Consider a point particle, of mass #1 , in
motion relative to a certain terrestrial inertial reference frame (TIR),
under the action of a known resultant force f . With this information,

'Having enough free parameters or degrees of freedom

and the corresponding initial conditions, it is possible to solve the
(direct) problem of the dynamics of a classical particle, having as a
solution the position, 7(¢), of the particle for every instant of time;
that is, the path physically traveled by the particle. In what follows,
we will contextualize our approach: we will require that the position
7(¢) of the considered particle is an eigenvector of a certain matrix,
to be defined, here represented by R , which we will call the position
matrix. Consistent with this inverse context, we write,
R(r) F(r) = A(¢) 7(¢), )
where we have to consider the general situation in which the
position matrix and the eigenvalue can also depend on the time
variable, ¢, as a consequence of which it is assumed that 7 is known
for each instant ¢ . The parameter l(t) , not being known initially, will
be defined accordingly. The interesting thing is that, from expression
(2), a “force matrix”, F (t), can be defined, which will have, as a
consequence of the construction presented here, the total force, f,
acting on the particle , as its eigenvector.

We anticipate below the order in which the calculations will
be presented: having built the position matrix, R(¢), under the
requirement of having 7 (t) as its eigenvector, we will be able
to obtain what we will call the velocity matrix by differentiating?
the expression (2) in relation to the time variable, 7 . A subsequent
differentiation, in relation to the same variable, will generate what
we call the acceleration matrix which, after being multiplied by the
mass of the particle, will generate the force matrix, having as an
eigenvector, precisely, the force ]7 . Complementary mathematical
details will be specified in the course of the corresponding calculation.
It is important to note that the matrices considered must carry a
sufficient number of degrees of freedom (independent parameters) so
that it is possible to satisfy certain requirements consistent with the
matrix context considered.

Mathematical development

In our development, we did not consider the most general matrix
possible (with nine free elements) but a simple one to show the idea
involved. We consider, among many possibilities, a position matrix,
R(r), with five free elements?,

20f which we use indistinctly the symbols “ 0 " or “ " (less visible) according
to the available space.

31t is not advisable to define the position matrix with all its non-zero elements,
because in the subsequent calculations, although simple, one cannot avoid
working with quite extensive expressions.
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0 R (¢) ©
R(1)=|0 0 Ry (1) |. 3)
Ry (t) Rsy(t) Rss(t)

In matrix (3), the free elements will later be properly fixed. So,
from (2) and (3) we have,

0 Rip(t) 0 (1) (1)
0 0 Rys(2) | (1) | = A(2)| 2 () |- Q)
Ry (1) Rp(1) Ras(1) )\ 15(2) 1(1)

Assuming that none of the components of the position vector,
7(t), is zero* for any instant 7 , we have,

A1) 1 (2)
n(t)

A1) (1)
n(r)

Riy (1) (1) = A(t) 1i(t) — Rip(t) = (%)

Ry (t) (1) =A(t) (1) = Ry3(t)= 6)

and also,
Ry (2) (1) + Rsa(¢) ra (1) + Ras (1) (1) = A(2) (1) (7)

As, so far, A(r)is not defined, we can make the choice®:
A(t)=r3(t), with which A(¢) will not assume null value at any
instant of time. Another consequence of this choice is that the elements
of the matrix R will necessarily be units of length. With A(¢)=r;(7),
expressions (5) and (6) are written as,

Roy(1) =220 (;2)(:1)@), ®)
Ry (t)=ny(2). (€)]

Substituting (8) and (9) into (7) we have,

2
R (1) =B _V3(t)R33_”2(f)R32, 10
0750 w0 a0 1o
and so we are left with the matrix,
0 s 4@
7 (1) (11)
R=[0 0 0
0} Rz ()R
jl(t) - 3r1(t)33_ zrl(t)sz Ry (1) Ry3 ()

Consequently, under the specific form given to the matrix R , only
Ry, (¢) and Rs3(¢) remain as the only free parameters.

By a straightforward procedure, it is simple to verify that
the matrix R, in (11), has A(¢)=n(r)as its eigenvalue and
F(t) =(n (t),r2 (t),r3 (t))T as its eigenvector, independently of the
expressions that can be assigned to elements Ry, (7)and Ry3(7).
Recall that an inverse context was assumed in which F(t) is known
at all times.

To proceed further, we derive expression (2) in relation to the
variable ¢ with the purpose of building the velocity matrix, V. This

“This implies, among other things, that the particle’s trajectory cannot cross
any plane defined by two coordinate directions of the considered RIT. A proper
choice of initial conditions will help to control this.

SAt the beginning of this section, anticipating that A would take on some real
value, we could have considered R , in (3), as Symmetric or Hermitean, since
this would guarantee real eigenvalues; but, as we are looking for a position
matrix with the maximum number of independent elements, this choice was
not essential.
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matrix, adjusting to the defined context, will have: 6F =V the velocity®
of the particle, as its corresponding eigenvector. The corresponding
construction, being simple, is not straightforward, requiring an
intermediate step. Let’s see this.

Deriving expression (2), in relation to the variable f, we arrive at
the expression,

(OR)7 + R(oF) = (0A)F + A(oF). (12)
Arranging the terms in (12) we have,
[(R)F — (0A)F] + RV = AV (13)

Note that to proceed we have, in principle, two options: [i ] Rewrite
the term in square brackets, in (13), as the product of a suitable matrix
“M ” by the vector v; that is: (0R)7 —(04)7 = Mv , which would be
convenient, since M could be chosen with a sufficient number of free
parameters, with only three conditions (requirements) to be satisfied
for this equality to occur, or [ii] impose adequate conditions on the
free elements of the matrix OR so that: (0R)7 —(04)7 =0 . Option
[ii], however, would not be possible to be satisfied because the matrix
R, as it was processed, until reaching (11) from (3), presents, in
this step, only two free parameters, and there are three independent
mathematical relations to be satisfied for such situation (see Appendix)
Then, we must take option [i] above, ie, determine the matrix M with
R, Aand v known.

The equation for M is,

My = (6R)7 — (04)F. (14)

An immediate consequence of (14) is that the elements of matrix
M have units of length, as in the case of matrix R. Writing (14)
explicitly we have,

My My Mz \(w 0 Ry O i 0 04)(n (15)
My My My |vy =[]0 O v =0 4 0]|n
My My Miz )\ vy Ry Ry Ry) \0 0 A)|(n

from which the following three independent relations result,

M11V1+M12V2 +M13V3 :*(a/l)rl +(6R12)}’2, (16)
M21V1 +M22V2 +M23V3 = 7(6/1)}’2 + vors, (17)
Myvy + Mpvy + Myzvs = Ryyri + Rapry +(1.333 *(5/1))735 (18)

the same ones that will take three, of the nine, elements of M to
be dependent on the remaining elements (the independent ones).

Taking into account that the matrix M will be added to R , and that
the matrix R , in (11), has null elements only in positions 11, 13,21 and
22, it will be very convenient to leave (if possible) the corresponding
elements in M with non-null values to have free parameters available
distributed among the largest number of positions in the sum matrix
and not concentrated only in a few elements. On the other hand, from
expressions (16) — (18), it is possible to highlight two of the following
four elements: M|, M3, M, and M,, . Let these elements be M,
and M, ,

Mll :1[—(5/1)}”1 +6[’Mjrz_M12V2—M13V3J. (19)
Vi n
1
M, :—(—(8/1)r2 +Vvor; — Mypvy —M23v3) (20)

4

In addition, from expression (18), we chose to highlight the
element M3, ,

*Which is well defined because 7(¢) is known for every instant ¢ .
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1
M3, :Vf((aRﬂ)r1 +(OR3y )1y +(8Ry3 —0A) 1y = Myvy — Mzv;).  (21)
2
Where,

i Ry Ry 1 2
OR3 =0| =— - =—2nnrv; — Ry — 5 +
1 1 1 i

+ iRy + Ry, — 1113(0Rs3) — 11(0)(ORs) — rivaRsy). (22)

having omitted, for simplicity, the symbol that indicates the
explicit temporal dependence in the corresponding terms. Next, due
to freedom of choice, we fix the elements R;3 and Rs, as follows,

Ry3 =2, & Ry =0. (23)
Thus, expression (22) reduces to the following,
1
ORy =— (szVl - 2”1”3V3)> (24)
4l
and, in turn, expression (21) takes the form,
1(#v
M3, _[31—"3”3 - M3 —M33V3J- (25)
Vo A

Note that, with the choice made in (23), we have completely
defined the matrix R , given in (11), as follows,

0 nil/rn 0
R=|0 0 7 (26)
—r32 /n 0 2n

Continuing with the calculation of the elements of matrix M , from
(19) and (20), we have,

KRV 1
My =ry =32 - —(Mypvy + My3v3), (27)
n M
1
M,y = v—(—r2v3 +13v, —Movy — M23v3). (28)

1

There are six elements of the matrix A/, identified as: My, , M3
, My, My;, M5 and M35, which, until now, remain independent.
Once the matrix M is formally defined, we substitute the expression
(14) in (13), being able to write,

(M+R)V=2% — W=y, (29)
Where,
My, My +(r3ii /) My
V= M21 M22 M23 +r2 N (30)
2
Mal—(”a /’1) M3, M3z +2r3

with My, M, and Mj, being the dependent elements given in
expressions (27), (28) and (25), respectively. Note, for example, from
(27), that when we fix M;, and M5, the element M is defined. A
similar situation is found among the elements in the other rows of the
matrix V', as shown by expressions (28) and (25). Furthermore, in
(30) it is observed, as in the cases of the matrices R and M , that all
their elements have units of length.

To proceed further, we derive (29) with respect to the time variable,
obtaining,

(oV)v + V(W) = (84)v + A(0V). (31)
Arranging terms, we get,
[(eV)¥ — (04)¥ | + Vi = Aa, 32)
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where: 6V = d , is the acceleration of the particle. Proceeding as
before, we write for a matrix Q , with elements that can be dependent
ont , the equation,

Qd = (oV)7 - (82)7, (33)
or explicitly,
o1 O Q5@
O O Oupl|a|=
051 On O )\a
61/11 (3V12 81/13 6/1 0 0 Vl
6V21 6V22 6V23 -0 oA 0 Vo |, (34)
6V31 6V32 6V33 0 0 ('M, V3
from which the following three independent relations result,
On1ay + Qpaay + Ozas = 0V —04) v + (V2 )y +(W3)v3. - (35)
05101+ 00ty + Qy3a5 = (0Vay )y + (Va0 —0A)vy +(V3)v3,  (36)
O3, + O3ty + 05305 = (0V5, )y +(0V3 ) v, +(V33 =02 vs. (37)

From expressions (35) — (37) it is convenient to choose 05,
0,, and O;; as the dependent elements; the same ones that we put in
evidence below,

O :aL((aVn =vi)% + (Vi) vy +(0Vi3)vs = Oy _Qllal)’ (38)
3

O, = ai((an)"l +(0Vy = v3) vy +(8V33)vs = O35 — 001y )’ (39)
)

Oy = ai((EJV}])vl +(3V32)"z +(5V33 - V3)V3 —0Ona, _Q31a1)~ (40)
3

Leaving the elements Oy, 0,0, Or;» 05,05, as the only
independent elements. In expressions (38) — (40) we have that,

5 1 1 R
Vi =vs =—— (i3, + 1ivyvs + 139y )+ —— ("1"3"1"2 + ’1’2’3"2‘11) +
M M

1 1
_ 1T(alez +v, (M, )+ asM 5 + vy (6M]3))+v—2(v2alM]Z +vaM,;), (41)
i i

oV, =0M, +%1(r2v3 7r3v2)+r]i2(r2r3v1), (42)
Vi3 =0M,j3, (43)

o, = %1(”2“3 13y — Moy v, (M)~ aMss — vy (M) +
%(r2v3 =13V, + VM, + VM55 ), (44)
1 OV, =0M,,, (45)
OVyy =My + vy, (46)
oV, =M, —rll(z%) +rli2(v1r;), (47)

oV = ﬁ(’lrf"z“l +2073Vvvs — 5 iy — ’32V2V12) +

j—zg(% UMy v M) = vy (4 s + My, 4 (M) + asMy; + v (0M3;)), (48)
OV33 = 0M 55 + 2v,. (49)

Note the consistency of the units between the terms that appear in
each of the expressions (41) to (49).

Following the anticipated sequence of calculations, of the
expressions that define the matrices QandV , we can write, using
(32) and (33), the following expression,
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(0+V)a=2a, (50)

being d an eigenvector of the matrix “Q+V ”, we have that «
ma ”, being M the numerical parameter corresponding to the mass of
the particle, is also an eigenvector of this matrix,

(O +V)ma = A(ma), (51)
The matrix in (51) we will call the force matrix, F , so that,
Ff=Af (52)
If we write the matrix F as follows,
Fy Fy B
F=Fy Fy Py, (53)
By Fyp o Fy
then its elements are defined as follows,
Fi=0,+M,, (54)
(@, being an independent element and M, given in (27)),
nr;
Fy =0, + M, + 13, (55)

n
(where: Oy, and M, are independent elements; 7, , », and r; are
assumed to be known),

F3 =05+ M, (56)

(0, being a dependent element given in (38) and M,;an

independent element),
Fy =0 + My, (57)

(0, being an independent element and M,, a dependent element
given in (28)),

Fy =0y + My,

(O, being a dependent element given in (39) and M,, an
independent element),

(58)

Fyy =0y + My + 15, (59)

(Oy5 and M ,; being independent elements, 7, given initially),

2
&)

By =05 + M, - o (60)
i
( Q5 and M5, being independent elements),
Iy =0y + My, (61)

(Qs, being an independent element and M, a dependent element
given in (25)),

Fyy =053+ My + 13, (62)

(Os; being a dependent element given in (40) and M; being an
independent element), where each of the elements of the matrices Q
and M has been previously found. The choice made of independent
elements for the matrices R, M and Qhas allowed each of the
elements of F to be defined by at least one free parameter.

Concisely we say that, within a defined and particular context,
the matrix given through expressions (53) to (62) and the matrix that
we have called the force matrix were constructed. The name of this
matrix is due to the fact that, precisely, the force (which acts on the
considered particle) is its property; namely, its eigenvector. With the
development presented in the previous sections, we have solved the

Copyright:
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inverse problem corresponding to the classical dynamics of a material
particle in a simplified situation (when the maximum number of free
elements in the matrices is not considered).

The matrix approach and Galileo’s transformations

Let two independent observers use different inertial frames,
which we call O'and O, which use coordinates x',y'z'andx,y,z,
respectively, and the (intervals of) times recorded by these observers
are designated by ¢'and ¢, respectively. Suppose that O'is in motion
relative to O with constant speed OV =dé& / dt , where &(t) is the
position of the origin of coordinates of O' with respect to O at time
t . Suppose that the observers describe, separately, the motion of the

same material particle of mass m on which a resultant force acts,
described by f* in the frame O', and by f in the frame O.

From the Galileo transformations, given by the compact
expressions,

'

Pl=F-& & U=t (63)
it is known that the forces f and f check,
J(F ) = F(75.0). (64)

On the other hand, based on the context already defined and the
development presented, we can consider that f is an eigenvector of
a matrix F''that can be constructed; this is,

E'f =nf,
where 7 is the corresponding eigenvalue. Note that F'' must be
distinct from F', because according to our matrix treatment, these

matrices are constructed from position vectors, which are distinct in
different RIT’s.

(65)

Assuming that matrix F'has the same structure and the same
number of free parameters as those of matrix ', we have that
its elements, distinct from those of matrix /', will have the same
relationships among themselves as those found in section 3. On
the other hand , the matrices F and F'are expected to commute
consistently with the fact that they have, according to (64), a common
non-zero eigenvector. The choice of the values of the (previously free)
elements of the matrices, consistent with the requirement that these
matrices commute, requires the inclusion of the largest number of free
parameters in each matrix and calculations similar to those presented,
with the difference that these would be much more long.

Conclusion

A matrix solution was constructed for the inverse problem
corresponding to the problem of determining the trajectory of a
material particle, given its mass m and the total force f acting on
it. Within a defined and particular context, in which it is considered
that the position of the particle 7(¢), in relation to a given RIT,
corresponds to an eigenvector of a “position matrix”, R, the matrix
given through the expressions (53) to (62) is what we have called the
“force matrix”. The name given to this matrix is due to the fact that,
precisely, the force considered is its property; namely, its eigenvector.
The matrix context presented could neither be applied, nor extended,
to the component forces of the total force f , as it is clear from the
adopted procedure that, starting from a known 7 (t) , one can only
arrive at the total force and not to its components. Note that the
solution obtained is not unique: it depends on the number of free
parameters that are initially available in the position matrix, which
is constructed assuming that the position 7 (t) is known at all times.
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Appendix

Suppose we consider a matrix R , of order three, which has no fixed
elements; that is, ’1}(1} s the maximum number of free elements: nine.
Therefore, when is required to be an eigenvector of R , that is,

R(t) 7(t) = A(¢) 7(2), (66)

we will have that three of these elements cannot be kept free,
because in expression (66) there are three independent relations that
must be satisfied; thus, we are left with (9 —-3) six free elements (or

degrees of freedom). Then we differentiate (66) with respect to the
time variable, and the independent’ expression is obtained,

[(8R)F () — (a2)F(t) ] + RV (r) = A¥(¢).

Here we also have that, in order to satisfy the relation (67),

three other parameters must be fixed, leaving only (6—3) three

free elements. Having done that, if we want to keep in (78) only the
expression,

(67)

RV = 27, (68)
we must require the left term in (67) to be null, that is,
(eR)7 (t) — (82)7(t) =, (69)

but for that we need the last three free parameters that are left
to be used to guarantee the verification of this vector equality. By
differentiating the expression (68) in relation to the variable £, we
will have,

[ (6R)¥(r) — (02)¥(r) | + Ra(r) = Ad(t).

(70)

"Where, to simplify the notation, we have suppressed the symbol that indicates
the temporal dependence in the corresponding terms.

Copyright:
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but this equality, under the conditions considered, cannot be
satisfied since we no longer have free parameters. The only way to get
an expression consistent with this procedure is to rewrite the term in
square brackets in (70) as the product of a suitable matrix (which is
introduced into the problem with sufficient degrees of freedom) and
the vector a(r) .
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