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Potts model on directed complex networks

Abstract

It is known from the literature that the Ising and Potts models in one dimension (d =1) do
not present phase transitions at finite temperature 7, for any number of states ¢. However,
in two dimension (d =2,)there are a second-order phase transition and a first-order
transition for q<4 and ¢>5, respectively. On directed Barabasi-Albert networks, the Potts
model with g =2 states (Ising model) no presents a phase transition. On the other hand,
the Potts with g=3 presents a first-order phase transition well defined on these networks.
This behavior is different from the Potts model with ¢ =2 and 3 states on a square lattice
where the phase transition is of the second-order. Here, we will briefly discuss the critical
behavior of the Potts model on directed complex networks as the Barabasi-Albert network
also known as free scale networks.
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Introduction

A large amount of information about the behavior of real, physical
systems can be described using simple models supplied from statistical
physics. This is occur due to the phenomenon of universality near
a second-order phase transition where the behavior critical of the
system only depends on a few parameters like the dimensionality and
global symmetries of the system. Because of this, elementary models
like the Ising model remain of great importance. The Potts model is a
generalization of the simplest Ising model in statistical mechanics for
systems with more than two opinions (yes or not).

The Potts model in two-dimension (2D) present phase transition
well defined at finite temperature 7, for any number of states g>1.
However, in 2D the phase transition presents a second-order phase

transition for ¢ <4 and a first-order transition for

and ¢ >5, respectivelly.!

Edio et al..2 studied the Potts model on a directed one-dimension
on Small-World network . They found that for g=3 the Potts model
presents a second-order phase transition for rewiring probability p in
the range of 0<p<0.15 and first-order phase transition for 1>p>0.15.
In the particular case of p=0.1 the critical exponent ratios 1/v, S/v
and y/v fall into a different universality class than the model on a
regular two-dimensional lattice neglecting or not corrections to
scaling. For the case q=8 our results indicate only first-order phase
transition for p>0. One possible explanation for this behavior is the
influence of long range interactions that occur in the presence of p
directed bonds and also the number of the Potts model states on the
directed SW network.

Lima** studied the q=3 states ferromagnetic Potts model on Erdos-
Rényi random graphs and Solomon networks. Unlike the results
presented for the Potts model on a square lattice, their results showed
that this model presents only a first-order phase transition. The Ising
model no presents phase transition on directed Barabasi-Albert (BA)
network.’ Lima® studied the Potts model on directed BA networks.

The results show that for the Potts model with ¢ >3 states presents
again only a first-order phase transition.

Potts model

To study the behavior critical of the Potts model, we need to evolve
the hamiltonian this model defined below

N
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where the sum is carried out over the & neighbors of site i . In the
above equation J is the exchange coupling. The energy per spin is
given by,

e=ﬁ’ 3

and the magnetization,

(q.max[nl} - N)
q-1
where the magzation per spins m=M/N was evaluated. Here,

n, < N denotes the number of spins with *orientation” i=1,...,q.

Conclusion

The two-dimensional Potts model presents two phase transition

types, one of second-order and one of first-order. For ¢ <4 the
transition is of second-order and for larger ¢ we have a first order
phase transition. The reason for this behavior so far has not been
explained in the literature.

Here, we have shown that by considering the ¢ -states
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Potts model on directed complex networks

ferromagnetic Potts model on directed Erdés-Reényi random graphs,
Solomon, and BA networks, there is only a first-order phase transition.
Unfortunately, so far, we have no plausible reason to justify this
behavior of the Potts model on the directed networks mentioned here.
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