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Some comments on electromagnetic oscillations in
anisotropic cavities-wave equations and boundary

conditions

Abstract

We present several new studies on the mathematical methods formulation of the
important problem of electromagnetic oscillations in cavities on anisotropic and
axial- anisotropic media, especially on the writing of the relevant dynamical wave
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equations and their correct boundary conditions. This study is the physical model for

applications of a path integral method presented earlier.!
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Electromagnetic oscillations dynamical wave
equations
We start this not by writing the initial value problem for Maxwell

equations in the presence of sources and in a compact domain
with boundary 0Q with spatially variable constitutive parameter

(&(r), u(F), o(r)). "

- o -

VxE+ - H =0 (1
Wﬁ_ﬂgi_f:ﬂjm@ @)
V-B=0 3)
ﬁ(gﬁ) =p 4
E(F,0)= E,(F) )
H(F,0)=H,(F) (6)

Let us firstly search appropriated boundary conditions to be
imposed on the electric and magnetic fields E(7,¢) and H(F,t)
respectively in order to lead to the problem unicity of the above
written set of PDE’s, eq(1)-eq(6).

On basis of eq(l) and eq(2), we have the obvious energy balance
equation for the PDE’s system above written

o = =\ o E - = - A
{H.(V><E+/15HJ}—|:(V><H).E—,ugE.E—]yE—G,uE-E =0
(M

In other words, we have the following electromagnetic energy
balance equation in Q

_[%j ,[Q%(S,UEZ + ,Uljlz)d3r) = +_[Q(ﬂE-J5d3r n J.QUO'(E)zd3x

Flux Poynting vector
—

equations eq(l) and eq(2), namely (£,H,) and (E,H,) , then theirs
difference satisfy the obvious inequality

&(t)
+ 2T (0e QEY + wAf ') | [ (AEx AT )
! ©)

since the loss of ohmic energy is positive-definite
[ po(AEY d*x >0 (10)

Now if one chooses boundary conditions that lead to the vanishing
of the Poyinting flux on eq(8), one gets the problem unicity since

%%5@) <0= E(1)<£(0)=0. (11)

Let us analyze examples of boundary conditions that lead to
vanishing of the Poynting flux on eq(9)

((Ey = Ey)x(Hy = H,)Ti| =0 (12)
Namely:

E|a§)=0 (13)
ﬁ|an:0 (14)
E-T5le0=0 (VxH) T 5 | (15)
H-T,,10=0 (16 a)
(ExH)i|,,=0 (16 b)

where 7:1’2 denote the tangent vectors on the domain boundary
oQ.

Let us consider now a medium with constant electromagnetic
parameters

£ =&y} 1= Hy30 = 0.

In this simply case we have the decoupled dynamical equations
for Electric and Magnetic fields with the non-absorbing boundary
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P conditions
+.[an((E x H).n)dA ~ O°E oE 9 =
It one supposes that has two different set of solutions for Maxwell E(F,0) = Ey(F) (18)
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—E,(F,0)=J(¥,0)+ GEy(F)— (Vx Hy(F)) (19)

E'Tl,z laa=0 (20)
_ 2f -

%H=€,u P +y0'a——(V><J) 21)

H(F,0)=H,(F) (22)

,(7,0)= —%(ﬁ x Ey(7) 23)

(ﬁxﬁ)'/fl,z ‘aQ:(j’ﬁ,2)|aQ=0 24

Note that the divergence-less of the magnetic field eq (3) in this
case can be insured straightforwardly by the equation below:
HTr(;:, t) — H(}‘;’ l‘)—L€; {J‘ (le(H(V t) d3 r)} (25)
4z
Let us re-write the problem in terms of Vect_or and scalar potentials
with the condition of —o < ¢ < oo(E(., ) and H(,t)el? (R3)) ).

Since in this case one has gauge invariance so redundancy on
the Maxwell equations solutions one should choose the generalized
radiation gauge as a natural gauge fixing to find a unique solution:

1~ -
—V~A—£%—a¢=0. (26)

In this case the Maxwell dynamical equations eq(17)-eq(24) take
the more invariant form below through the use of the electromagnetic
potentials (4, @) .

- 8 0 -
AA - 8 5 =4 7—,uj o;u(9 A
o ¢

A fdk S

- He—7 ¢ Ho= =P

[ - - 27)
E‘Tl,z loa= (_5A+V¢)~Tl,2 lo=0

(§Xg)-7¢1,2 |8QE(VX(6X;1))'7:1,2 o= #(j"fl,z o)

At this point we address our readers to implement numerical
approximate procedures to solve the above written set of linear
boundary value problems in a computer by finite- differences or finite-
elements.

Finally we write the associated wave equations associative to the
full Maxwell equations in the context of an electromagnetic spatially
Variable medium namely:

{ Vx] +0 on ——O'E}
ot ( )

PE g _ OE .
M—(sﬂ)(F)7=ﬂé+oﬂ5

V== EVE) ( KV xE) (29)

+ plus boundary and initial conditions

At this point we call the reader attention that solving
electromagnetic problem in cavities with a non-trivial topological/
homological class with potentials, one encounter the severe
difficulty of the Helmholtz-Hodge non trivial decomposition of the
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electromagnetic fields in term of the above mentioned potentials. For
instance, V-B=0 in Q means that B=VxA+B'" where B'P is
an harmonic vector field configuration associated to the topological-
homological characterization of Q (with Q being a domain with
holes inside for instance, and of difficult determination from the
local Maxwell PDE’systems! In this Helmholtz-Hodge context the
Maxwell equations written in terms of potential (4, ¢) are of form
with constant medium electric parameters for instance)

homological current

2

M-en S A= @xia® ey LE |+ f v oE (30-2)
ot ot
homological charge density
——t
Mo ¢ 2o u @i (30-b)
radiation gauge fixing
- - ¢
V-A-u—=0 30-c
e (30-c)
+ Boundary conditions
Here the homological-topological electromagnetic field
configurations are defined by the Hodge theorem.
Hodge—Helmholtz theorem
ﬁ:l(ﬁxi)+H‘°P (31-a)
H
[7top
O:VwapEjuaI:’t (31-b)

We note that non trivial topology on the manifold structure of Q
appear dynamically in Maxwell equations as sources of to electric
charge and electric currents.

It appears thus, that considering from the beginning the dynamical
equations written directly for the strength field (E,H), all subtle and
very difficulty topological-homological constraints imposed by the
Hodge-Helmotz theorem are solved and already built on the boundary
conditions imposed directly for the dynamical electromagnetic field
equations.

Note that the set of second-order PDE’s eq(17)-eq(18) may enlarge
the original set of solutions of the first order eqs(l)-eq(2), opposite to
the potential method (4, @) . So, further direct verifications of using
unique solutions eq(17)-eq(18) for solving eq(l) and eq(2) should be
done at the end of the problem solving.

Let us now consider the anisotropic electromagnetic irradiation
case in R3. In this situation we have the tensorial-matricial constituve
relationships on the medium electro-magnetic properties between the
electric displacement vector D(r,¢) and the associated electric field
E(7,t) respectively between the magnetic flux vector B(7, ) and the
mag- netic vector field H(7, ).

anisotropic medium permitivity &Cy (R3)
= N -~ Sy p—
D(F,1)= [e(F). E(F,0) < (Di(F,0) = g;(F)E(F,1)(F))
Gy R)
= v~ - ~ -
B(}",t): [,u(r)]H(r,t)<:> :uij(r) Hj(rﬁt):Bi(rat)

(1)
Since V-B=0 , we have that exists a potential A, such that

Bi(F,0)= "0, 4,(F, 1) (32)
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As a consequence of the Maxwell equations we also have that

E(F.0) =~ 4.0+ p(F. 1) (33)
ot ox'

One has thus the following anisotropic wave equation as outcome:

O (™, (B, 1) - ([e]l-,»F)E,-(f, 0)=J,(7,1) (34-a)

1rs a I
which can be re-written as of as
B
0 - 0
girsy [u I € et o — A4,
(34-b)
0 0 =
— el (——4. + (V) ) |=
az[[ I ( oy ( ¢)j)j
or equivalently
0
gk -1 _—
(gtrsg ){([ﬂ ]sg o ra / [ ]sg)axj Ak}
(34-¢)
[e] azA" gy 4161, -2
Hel,—L=J. +[¢]l,——
i T e ©
In other words
ar 0 %4’
e 9 o) ——— A4, +[e]. ——
(lrs )[,Ll ]sg)axraxj k [ ]y 6t2 (35)
g+ 1T o (e ()2 4y
i ¢ e g e
After considering the radiation anisotropic gauge
0? i 0 . 0 j
el ——o—| ¢, 9 — A 0 36
[ ]l] ataxj¢ ( irs o’ [,U ]sga j Tk ( )

one has the anisotropic second order Maxwell wave equation for
the vector potential A(7, ), decoupled from the scalar potential.

Conjic (F)=
N — o’ 2’4 :
1 gik 1 m 1 -
& &;..& — A +t——=1\&),,/; 37
[ ]mz ( irs [ﬂ ]sg) ox’ o’ k atz [ ]mt Ji ( )
=Conrkg

where the anisotropic fourth-order electromagnetic medium tensor
is explicitly given by

Corit F) =155 i (€09 (171 (7)) (38)

The equation for the ¢ -electric potential in the choice radiation
gauge eq (36) is devoid of dynamical content and given by a sort of
Poisson equation through Maxwell equations once known the solution
of the vector potential dynamics as given by eq (36)

0 0
— —A4 39
ax’([]”6’¢) (p+ (= ,[],r)az ) (39)

We now show that it is possible to choose the anisotropic radiation

gauge eq (36). Let (4, ¢) be a given fixed electromagnetic potential

configuration and (Z+ VA, ¢+66—A) it is gauge transformed.
t

We now show that it is possible to determine the gauge
transformation parameter A(7,¢) with the gauge field transformed
electromagnetic potential configuration satisfying the gauge fixing
analytical definition eq 34.

So let us suppose that

[egk ,,Y(a,([u*‘]ﬂ,( -2 Akﬂ a{[e],,(r) a.i}éo. (40)

o
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So we need to determine A such that

{egke,-m([u*]sq)%wNA),,} { {[ ],,(a¢ Zf)ﬂw @1

We have thus, that the gauge parameter function A(7,¢) satisfies
the second order PDE equation below

o . o o ot
8,08y —— | A |-[e],—A =
( gikCirs P ([/,l ]ngﬁx’ [6)% j [ ]1/ atz

source as function of (K,q?)
—
= eq (40)
Finally, the reader should realize perturbative analytical
calculations by considering weakly anisotropy around the isotropic
case (g, <1)

()], =
[3(;)]17 =

(42)

5;‘/ +g1;u{f(;:)

~ (43)
Oy + 826;(F)

Maxwell equations in an axial anisotropic
conductive medium

Let us start this section 2 by considering the set of Maxwell
equations in a medium with constitutive parameters depending solely
on the spatial variable z, i.e. our anisotropic medium has a permittivity
1= u(z) and a media permeability x = p(z) . Note also the supposed
z dependence of the medium conductivity o(z) .

The electric flux density B (see eq(31) and eq(30)) are also
supposed to be time variant and solely depending on the spatial
variable z

D=D(z,0)=(D,,D,,D.)z,1) (44-a)
B=B(z,t)=(B,,B,,B.)(z,1) (44-b)
D=¢(2)E(z, 1) (44-d)
B=u(z)H(z,1) (44-¢)

We have thus the following set of partial differential equations
describing the electro- magnetic pulse in a such electromagnetic axial
anisotropic dependent medium (&(z), £(z)) with a source also still
depending on the time and the z-variable solely

=) ro t(D(z 1))+ V( pr )) x D(z t)= ——(Z t) (45-a)

L, ot(D(z, 1))+ V( ! Yx B(z t)fﬁﬁ(z )

) ’ 1(z) e

(45-b)
=7(z,0) +@5(z, 0
&(z)

ﬁBz(z, )= (divB)(z,1)=0 (45-c)
Oz
3Dz(z, )= (divD)(z,1)=0 (45-d)
Oz

After re-writing the set of axial anisotropic Maxwell equations

eq(45-a)—eq(45-d) in components, it yields

0. 1 5D) 6(5(2) D)= 0B,
oz &(z) oz e(z) 7 otoz

(46-a)
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1 0B, y(2) 0B, ﬁ
2 27y
u(z) o0z (Z) ot 6ta (46-b)
j Lo 0
61 Ty e(z) ot y

In a decoupled form after some elementary algebra, one gets the
fully decoupled component wave equation

2
_Liz D+
e(z) oz° °

( 4G 0D,
mz)e(z)" oz

£'(z) 0D,
£X(z) oz

£(2) D,
£(z) oz

+ j—z)’(z)D),(z)]

)( )D, ,U(Z) D /l(Z)*J‘—( )(Z)*D )]

47

Similar algebraic procedures give decoupled equations for
D,(z,t) and the magnetic flux density..., after determining the
candidate solutions for the electric flux density D = (D,, D,) .

1 0 1(2)
az(y(z) 82) 2( )B)
Effective source term
2
~e0) 2 +{( SoZren-Lieors [“((Z))D (= t)]}

(48)

Formal harmonic solutions for the decoupled eq (47) are easily
found for a harmonic source with a definite frequency (—oo <t <)

D, (z,1)=e""d(z) (49-a)
Jy 0= (2) (49-b)
Here
a(z)=
d(z) = exp —% j b(E)dz Lo(2) (50-a)
b(z)z[(i—%i 4 (50-b)
d 2(/’ . _ .2 . —a(z)

S () =V () = wp =y (e (50-¢)
d(z)= % (50-d)
Viz)=a"(z)+ (05'(2))2 +b(2)a'(z) +c(2) (50-¢)
a(2) =[$J(z) (50-9)
() =[[—(§)'—i%]%j(z> (50-g)
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We have thus reduced the harmonic electromagnetic wave
propagation described in a axial-anisotropic medium to the ordinary
differential equation eq(50-c). Let us finally point out that at the limit
of higher frequencies and j,(z, f) =0, one may introduce the effective
spatial variable Z.° V

Ziﬁz
Ve (51)

0(2) =U(Z);d(z) = d(Z);etc.

with y being an expansion parameter and get the explicitly
solutions at the asymptotic higher frequency limit

A
U(Z)=———exp{i| (- c(Z))ZdZ}
\/—C(Z) I 52)
B Lz =L
+mexp{—l jzo (-&(2))*dZ}

Useful for scattering problem of an electromagnetic pulse into a
slab (or layers) (work in progress). Work on applied settings are in
progress.®
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