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Abstract

The present work describes some dynamical features associated with the dissipation
caused by the heat flow in the context of rotational motion of a heat conducting fluid
based on Carter’s two-fluid model. A covariant solutions to a pair of Maxwell’s like
equations governing the evolution of a heat conducting fluid are used to determine the
heat flow vector and the matter part of fluid’s 4-velocity under the assumption that
the space-time configuration representing the gravitational field of a heat conducting
fluid is non-circular stationary and axisymmetric. These results are used to derive the
rotational velocity in terms of gradients of the effective energy and effective angular
momentum per particle. It is demonstrated that the meridional circulations of the
matter part of fluid induce the rotational velocity in addition to the usual rotational
velocity found in a circular space-time. It is shown that the differential rotation along
the thermal —fluid vorticity causes the twist of matter part of fluid’s vortex lines in
addition to the other effects .1t is found that the gravitational isorotation is balanced by
counter rotating thermal isorotation in the case of differentially rotating thermal-fluid
surfaces in a frame of reference in which thermal —fluid helicity is conserved. The
dynamic interaction between the matter part of fluid and the entropy fluid leads to the
mutual exchange between the energy and angular momentum per baryon of the matter
part of fluid and the flux of energy and angular momentum per entropon per unit of
local temperature coupled to heat flow vector created by the entropy fluid.
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Introduction

A qualitative understanding of thermal dynamics is of considerable
interest in order to investigate the underlying physical processes
during the evolution of newly born neutron stars which are far from
thermodynamic equilibrium because such stars at birth are sensitive
to high temperature variations.! The structural aspects and thermal
evolution of such compact stars require determination of background
space-time geometry and the equation of state (EOS) of highly
degenerate hot nuclear matter that composes the stars. The dissipative
processes that occur involve on the one hand strong gravitational
effects and on the other hand microscopic properties of dense matter
exceeding nuclear densities. The behavior and composition of hot
matter at large densities are still unknown. Nevertheless, the usual
working hypothesis is that the hot degenerate matter can be thought of
as a heat conducting fluid in a hydrodynamic approximation.

In construction of a theoretical model of a differentially rotating
neutron star, it is usually assumed the background space-time geometry
representing the gravitational field is stationary and axisymmetric.’
The condition of thermodynamic equilibrium asserts that the entropy
current must be divergence- free.? This condition leads to the vanishing
of heat flow and Born rigidity* of fluid flow lines.® In this case fluid
composing the star attains barotropic EOS predicted on the basis of
Eckart’s theory of dissipative fluids® because of the argument that the
dissipative effects due to heat flow and viscosity die out.? In this case
, it is found that twist of fluid’s vortex lines vanishes.®

Since a newly born neutron star is in a state of differential rotation,’
the flows of hot fluid composing such star will not obey Born rigidity
condition* because the shear tensor associated with fluid flow lines is

non-vanishing due to the star’s differential rotation.®’ The presence
of heat flow due to inhomogeneous high temperature distribution
and differential rotation will keep the star far from thermodynamic
equilibrium. As a result, the energy flux generated due to heat flow
and differential rotation leads to the twisting of fluid’s vortex lines.'
This in turn suggests that the role of fluid’s vorticity cannot be ignored
when a hot fluid is far from thermodynamic equilibrium. It is also
important to underline that the fluid’s vorticity is a basic element
when coupled to fluid’s chemical potential forms the fluid’s helicity."

Some recent theoretical and numerical investigations'>™'* indicate
that the study of thermal evolution of a newly born neutron star is
important for understanding physical processes of observed thermal
radiation from such stars on the basis of cooling theory.'* But the
way the energy balance equation is formulated'>' for the study of
rotational effects on thermal evolution of a newly born neutron star
violates the causality principle because the formulation involves
Fourier’s law for the description of heat conduction and an analogous
construction of energy-momentum tensor based on Eckart’s theory
of dissipative fluids.’ It is well known that Fourier’s law causes the
causality breakdown. This in turn suggests that the predictions made
in the context of thermal evolution and undergoing physical processes
due to the interaction between the motion of a hot fluid and the heat
flow inside a newly born neutron star on the basis of such formulation
may not be physically reasonable on the ground of causality violation.
Effort to better formulation for the description of thermal evolution in
the case of a rotating star is still ongoing."

The space-time configuration representing the gravitational field
of a self-gravitating heat conducting fluid in a state of differential
rotation is unknown because of the absence of exact analytic solutions
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to Einstein field equations incorporating causal theory of heat
conducting fluid. In the case of Carter’s two-fluid model'® of a heat
conducting fluid , it is recognized that the heat flow vector contributes
to an additional thermal stress term coupled with the entropy
entrainment'’ that enters in the expression of energy-momentum
tensor but does not appear in Israel and Stewart (I S) causal theory'®
of a dissipative fluid. This additional thermal stress term is linked with
gravitational potentials via components of metric tensor described by
Einstein field equations. It is worthwhile to note that Carter’s model'®
is not only causal and stable but also includes IS theory'® as a special
case.”” The entrainment between matter part of fluid and the entropy
fluid is the key ingredient for incorporating thermal relaxation time
that leads to causal heat transport in a modified version of Carter’s
two-fluid model.'” The dynamical features associated with the motion
of such two-fluid model are unknown and deserve to be investigated
in view of its applicability to a system composed of heat conducting
fluid which is far from thermal equilibrium. Because of the existence
of non-conserved physical quantities like thermal-fluid vorticity flux,
thermal vorticty flux, thermal-fluid helicity, thermal helicity etc.!*
describing dissipation , there is extreme difficulty encountered in
finding analytic solutions to Einstein field equations. This in turn
suggests that the search of some conserved physical quantity of
interest might be helpful to extract useful information in order to
understand the physical processes associated with the dynamics of
dissipative fluid.

The central elements of Carter’s variational model'® are the
existence of two distinct vorticity 2-forms corresponding to the
matter part of fluid and the entropy fluid and are called, respectively,
the particle vorticity 2-form and the thermal vorticity 2-form. These
two distinct vorticity 2-forms comprise a pair of two distinct source-
free Maxwell’s like equations!® that describe the evolution of a heat
conducting fluid. This pair of equations exhibits that there is an
intrinsic interdependence of matter part of fluid’s 4-velocity and the
heat flow. If the space-time configuration representing the gravitational
field of a heat conducting fluid is assumed to be axisymmetric and
stationary, it must be non-circular because the energy-momentum
tensor does not obey the circularity condition®' and the presence of
meridional circulation of matter part of fluid is mandatory® for the
survival of covariant toroidal components of the heat flow vector in
a modified version of Carter’s model."” Furthermore , the vanishing
of covariant toroidal components of the heat flow vector exclude
the contributions to the effective energy and the effective angular
momentum per particle that results in the reduction of the EOS to a
function of state variables represented by particle number density and
the constant entropy per baryon describable by the usual Gibbs law;
while this is contrary to the fact that the EOS of a heat conducting
fluid in this model is a function of three thermodynamic state variables
, 1.e. , the particle number density , the entropy density and their
entrainment factor governed by the extended Gibbs law.!” This means
that the non- circularity assumption is essential if the space-time is
assumed to be stationary and axisymmetric. But the non-circularity
assumption in the case of an axisymmetric and stationary space-time
leads to the appearance of non-diagonal metric tensor components
in Einstein field equations that make the solution intractable. Since
the evolution of a heat conducting fluid is governed by a pair of
source-free Maxwell’s like equations, an electromagnetic analogy
based on the approach given? for the case of the relativistic magneto
hydrodynamics (RMHD)?* can be employed to seek similar solutions
to the case of a heat conducting fluid. On the basis of this approach,?
it is found that there is conservation of thermal chirality associated
with the non-conserved thermal helicity® if the entropy fluid flows
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are axisymmetric stationary without meridional circulation but with
uniform rotation. Thus it seems appropriate to continue this approach
for further study of dynamic features associated with the interplay
between the motion of matter part of fluid and the entropy fluid.

The present work is focused to extend our understanding of
rotational motion of a system composed of a heat conducting fluid
based on Carter’s two-fluid model.'®!7 The paper is organized as
follows. Section.2 is devoted to a brief summary of relevant results?
that are required for our present work. Section.3 is concerned with the
derivation of a relation connecting the differential rotation of matter
part of fluid and the thermal-fluid vorticity under the assumption that
the space-time is axisymmetric stationary and non-circular. Section.4 is
intended to describe the differential rotation of thermal-fluid vorticity
flux surfaces in a frame of reference in which thermal-fluid helicity is
conserved and to derive a Ferraro’s like law of isorotation. We deduce
a relation between gravitational isorotation and thermal isorotation.
Section.5 is devoted to the derivation of conservation laws of the
energy and angular momentum currents associated with the motion of
a heat conducting fluid by invoking space-time symmetry assumption.
We show that there is mutual exchange between the energy per baryon
of matter part of fluid and the flux of effective energy per entropon per
unit of local temperature coupled to heat flow vector generated by the
entropy fluid in the dynamic interaction. Similar result will be shown
for the case of the angular momentum.

Convention: The space-time metric is of signature +2 .Small
case Latin indices run from 0 to 3 . Semicolon and comma are
used, respectively, to denote the covariant and partial derivatives.
Constituent indices n and s are used to indicate matter and entropy
part of fluid, respectively, throughout the text and not to be confused
with tensor indices. Capital Latin indices are used to indicate poloidal
coordinates. Square and round brackets around indices represent,
respectively, skew-symmetrization and symmetrization.

Covariant Solutions to Maxwell’s like
equations in stationary sxisymmetric space-
time

In this section, we collect all relevant results which are required
for the present work. These results can be found in'%* but are briefly
stated here for the convenience of reader. The starting point is a brief
summary of Catrer’s variational model'®!” of a heat conducting fluid
in which the thermal-fluid vorticity 2-form #,, and thermal vorticity
2-form Z,, constitute a pair of source free Maxwell’s like equations
that govern the evolution of a heat conducting fluid . In this model, a
heat conducting fluid is composed of matter current n“ and entropy
current s“. The entropy current element is thought of as a massless
fluid (e.g., phonons/entropons). In order to preserve causality in the
matter frame of reference (also called Eckart’s frame),’ the notion
of thermal relaxation time is incorporated via the formulation of a
relativistic version of Cattaneo’s equation by invoking the entropy
entrainment'’. It is found that Eckart’s frame® is not only suitable to
connect the traditionally known thermodynamic variables expressing
the equation of state (EOS) of a fluid but also to take accounts of
the kinematic deformation of fluid flow and heat flow lines caused
by gravitation via the curvature of space-time. A pair of Maxwell’s
like equations describing the evolution of a heat conducting fluid are
expressible as:!®1617
Wu" =E

a

(2.1a)
(2.1b)

a

Z,s" =-E

a
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with
ab 721uha 2'9[ba (ZIC)
R(. Bg) = q
E,=—|"s-——149, E,=R|q,—+-u, (2.1d)
n 0

where u, = is the fluid momentum convector and

“w,, +aq,
9, ="6u, + fq, is the thermal momentum convector. The fluid’s
4-velocity is denoted by u“ which obeys the normalization condition
which

nf, =0 . This is usually called the baryon

u“u, =—1.The matter current takes the form n®=nu’
is conserved, that is,

conservation law. ¢“is the heat flow vector. The entropy current is

represented by s° = "Su* +%q“. The fluid’s chemical potential,
temperature, and entropy per baryon measured in the matter part of
fluid’s frame are, respectively, designated by *u,*@ and *s. The

relation between thermodynamic quantities @ and 8 is expressible

ns

as [)’:[*i—’i—aJ , where a:/f
s s (4

which encodes the entrainment

effect via 4™ .17 The thermal resistivity of a thermally conducting
fluid is described by R. The electric part of the thermal -fluid vorticity
2-form W, is represented by E, . Its magnetic part is defined by

ab
Ve ="wu, (2.2)
Where W denotes the Hodge dual of W and is defined by

. 1 . S .
web :En“bc‘iWL,d. Here 7*** is the Levi-Civita skew symmetric

tensor. The magnetic part V“ is expressible as:!

ye :2(*;@“ +aqa3“) 2.3)

abed abed

1 1 .
where o* :577 Upll.g :577 u,@,; is the matter part of

fluid’s vorticity tensor.?* @,, is the rotation tensor associated with

the timelike congruence of matter part of fluid’s flow lines. The
space like twist of heat flow lines is denoted by ®“ and can be
defined by invoking Greenberg’s theory® of spacelike congruence

N 1
as a)a — 7770de

2
directed along the heat flow vector ¢“ and obeys the normalization

my@,, , where m“ is the unit spacelike vector field

condition m“m, =1 . The rotation tensor associated with the spacelike

congruence of heat flow lines is represented by @,, and is defined

by @, = pjpgm[c;d] , where py =36, +u“u, —m“m, is the projection

tensor orthogonal to both u“ and m“. The construction of the

magnetic part ¥ is subjected to the following condition

1;1,1 =(Inag),

where m, =

2.4)

m,, bmb is the curvature vector of heat flow lines.'” The

magnetic part V¢ is referred to as thermal —fluid vorticity vector.'

From now on, we assume that the space-time representing
the gravitational field of a heat conducting fluid is axisymmetric
stationary and non-circular. This means that there is a pair of two
linearly independent Killing vectors of which one is time like Killing
vector &, generating a translational symmetry with open timelike
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lines as orbits and the other one is a spacelike Killing vector &g,

generating rotations about a symmetry axis.?! There exists a family
of invariant timelike 2-surfaces , called surfaces of transitivity ,
generated by this pair of Killing vectors that correspond to ignorable

coordinates x° =¢ and x’ =¢ (ie. & =9 and &) =06,). The

ignorable coordinates ¢ and ¢ are called toroidal coordinates. This
pair of Killing vectors constitutes the basis of tangent plane tangential
to surface of transitivity. Its dual basis can be constructed as follows:?*

Gl = G+ 8 (.50
i = (gws‘ - 2.8l (2.5b)

with the properties

0800 =1= e a4 G =0 G0 (2.5¢)

where

K=g ~2,8,>0 (2.5d)

The thermal -fluid vorticity 2-form W,, is constituted by matter
particle canonical momentum convector given by u, =u, + aq, . The

matter part of fluid’s 4-velocity x, can be decomposed into toroidal
and poloidal components as follows:?

u® :g(g(‘;) +Q§(;))+w (2.6)

where w® denotes meridional circulation velocity of the matter

part of fluid and is orthogonal to both f(’;) and é‘("(p)

[ 2
= 1+Bw , where B= —(g” +2Qg,, +ngw/)) . Since the matter

part of thermal- fluid vorticity 2-form W, must respect the symmetry
assumption, we have

. The quantity

2.7)

ai

o War =0=%£4, Wap

where £ G and £ S denote , respectively , the Lie derivative with
t 3

respect to 5(‘;) and 5(‘;)

Using (2.7) in the first relation of (2.1c) , we find that

Wby =&a and Wyél =7, (2.8)

Hy = *luu,+aq, =&, and g = *ﬂuw‘f’aq(p = 7
respectively, the effective energy and the effective angular momentum
per particle corresponding to the matter part of fluid.*® From (2. 8)

W, and its Hodge dual *W* a

where denote,

the thermal-fluid vorticity 2-form W,
obtainable in the following form:

_ I
I/Vab =2¢ Ja*é ()b 2] L [a* 5(4’)17] nabcdg f (29)
and
*Wab abcd z, cé(t)d abcd *5 (0)d 7(5 [)5 ) g((p)é‘(t)) (2 10)
where I = *Wabf(‘j)é(b(p)

Contraction of (2.9) with #® with the aid of (2.3) and the first
relation of (2.1d) , reduces (2.1a) to yield that
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— - — * n * 7 c
E,=¢(2, *Qj,a)*(g,bwb) Sya T (J,bWb) S(o)a +?ﬂabcdwb§(t)§(d¢)
(2.11)
) 1{ Bg*) . . .
Setting C=—| - in the first relation of (2.1d), we obtain
n

2

from (2.11) that

9q QRLCGV{(E@ - Q-Zu)_ (E,bwb)*g(z)a +(j,bwb)*§(¢)a + %’labcdwa(i)f({p)J >
(2.12)

which determines the heat flow vector field in terms of the gradients
of effective energy per particle and effective angular momentum per
particle and the meridional circulation velocity of the matter part of
fluid. Making use of (2.5a) and (2.5b) in (2.12), one may obtain

%= Re

1 [g(e,a ~ )+ 2 a2 +[1(nabcdwb§(i)§@)J ,
2.13)

where

A =(2,0") g + (709" ) gp and Ay = (2,1 ) g+ (7. ) 2 -

(2.14)

An explicit expression for thermal-fluid vorticity vector is
obtainable as follows. Contracting (2.10) with u«, and making use of

(2.6) and (2.5a,b) in the resulting expression, we find that

a 1 T, a a abc ) abc
= ;["”wfm ) =" (O ~ Codigra ) =™ de‘?Z(r)cf(w)d} :

(2.15)
where
_ - = _ - u, =
0, =8pEet8iplcr 0o =8pEe+8uj. and R, :Z’(/,,, -lz,),
(2.16a)
Uy
l=—, u,= C(gﬂ +Qgt¢,) ;and u, = C(gt(p +ng) . (2.16b)

u,

In order to determine the matter part of fluid’s 4-velocity u“ , we
use (2.1b) which describes the evolution of the entropy fluid. Setting

s =suy , where ug = ;/(u“ +vf) which satisfies u,v¢ =0 . The red

N VS ) . . 1 T 4y 1 3)e va
U, = qu |:[Cj(‘g,a _Q],a)+(},J(g’a _Qs],a)_Bl g(t)a +B2 §(¢)a +E77abcd (cw +;V jg(t)§(¢):|

where

1, 1 1 /= 1

B =E(£,bwb)+;(g,bvb) and B, :E( j,bwb)+;( i’ (2:26)

It is evident from (2.25) that the matter part of fluid’s 4-velocity
depends on gradients of effective energy and effective angular
momentum per particle corresponding to both the matter part of fluid
and the entropy fluid and is coupled to the meridional circulations
of both fluids. Eq. (2.25) underlines the significance of dynamic
interaction of the motion of both fluids. Contracting (2.25) with 5(‘;)
and 5(‘;) , in turn, we find that

u,=-B and u, =B, , (2.27)
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1
shift factor is y = (1 - vf) 2 and “s=ys . With this substitution, we
transform (2.1b) in the following form

Zabuhlv7 =Ta> (217)

where

2
Ea =]/R(qa _*Z*Huaj .

We now decompose thermal vorticity 2-form Z_, by invoking the
space-time symmetry assumption. Because of symmetry assumption
thermal vorticity 2-form Z,, obeys the following conditions

(2.18)

£§(1) Z :O:£§(W)Zab, (2.19)
Since Z,, is a curl, we obtain from (2.19) that

Zyéy=€q and Zy&) ==, (2.20)
where

8 ="0u,+ Bq,=—¢ and 9, ="0u,+ Bq,=j . (2.21)

Here & and j denote, respectively, effective thermal energy and
effective thermal angular momentum per particle like entropon (as
is named by Carter®) in the sense of Carter.?® Using (2.20) we can
express thermal vorticity 2- form as follows:

* . * I c
Zay =284 Cf(t)b] ~2J1a Cf((p)b] +E’]abcd§(t)§(‘fp)’ (2.22)

where [ = *Zabcf(‘;)cf(bw) . The entropy fluid’s 4-velocity u can be
decomposed into toroidal and poloidal components given by

u’ =/1(§(;) +QS§((Z)))+VQ. (2.23)

where v* represents the meridional velocity of motion of the

. 1++2
entropy fluid and 4 =

,and 4= —(g,, +2Qg,, + Qf,gw) .
Contracting (2.22) with uf with the aid of (2.23), we find that

- * . * I c
_Ea = ﬂ’(g,a - Qsj,a ) - (g,bvb) g(t )a + (j,bvb) g((p)a + Enabcdvbg(t)g(a;;) .

(2.24)
It follows from (2.12) , (2.18) and (2.24) that

(2.25)

which, in view of (2.26) , says that covariant toroidal components
of matter part of fluid’s 4-velocity survive even if its meridional
circulation vanishes because of non-vanishing meridional circulation
of the entropy fluid . But it can be seen from (2.13) and (2.14) that
g, =0=g, if the meridional circulation velocity of the matter part
of fluid is zero. This result when used in the relation below (2.8) and
(2.21) we see that the contributions due to toroidal components of
heat flow vector couple with the entropy entrainment to the effective
energy per particle and the effective angular momentum per particle of
both fluids are excluded. This in turn implies that the zero meridional
circulation of the matter part of fluid is contrary to the basic fact that
EOS of a heat conducting fluid is a function of three thermodynamic
state variables, namely that, the baryon number density, entropy
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density, and the entropy entrainment factor. Thus we arrive at the
conclusion that the existence of matter part of fluid’s meridional
circulation is mandatory in a Carter’s model'®!” of a heat conducting
fluid. However, the zero meridional circulation of the entropy fluid
does not lead to such contradiction. With these remarks, we proceed to
investigate the rotational motion of the matter part of fluid.

Rotational motion of matter part of fluid

This section is concerned with the description of rotational velocity
of the matter part of fluid because the rotational velocity represented
by Q in a circular space-time will be modified due to the contribution
of the presence of meridional circulations in a non-circular space-
time. The rotational velocity in a non-circular axisymmetric stationary
space-time with the aid of decomposition of matter part of fluid’s
4-velocity given by (2.6) is obtainable as

G- u? Q’Q+W¢'

3.1
u C+w G-D
which can be linearized in the following form
0~0+Q, (3.2)
where
= 1
Q=—(w"-Qw'). (3.3)
-]

In consequence of ignoring the second and higher order

terms in the expansion.lt is obvious from (3.3) that Q represent
an additional rotation induced by the meridional circulation of

the matter part of fluid to that of the usual rotation Q2 found in

circular space-time. Substituting w? = —%( 81084 — 8u&yp A)uA and
t :%(gwgm _gwgwA)”A (see for details”) in (3.3) and making

use of g, =-g,,, we get

o= 1
ICK
where

Dy = €[ KRCg,,q5 K¢ 2u(® 5 +7Q,) ] (3.112)
D, =€"[KRCg,q5 — K gu(® 5 +7Q4)] (3.11b)
Ds=€%g,,.8,. (3.11¢)

It is evident from (3.10) and (3.11a,b) that the frame dragging
effect as well as the gradient of € comprise an additional rotation

Q of the matter part of fluid arising due to its merdional circulation
that couples to the heat flow and the gradient of the injection energy.

From (2.13) with the aid of the first relation of (3.8) ,we get

1|,= - A A -g
94 :MI:(G),A+JQ,A)+I<1gtA_I{2 8pa T I €pw" |.(3.12)
From (2.15) and the third relation of (2.16a), we obtain

_(w)” € (75 -155). (3.13)

cf

[(g,, WQg¢¢)D3 ~8op (Q_W)D4 +{A2g(qu (Q—m)— 4 (gtt —ngW)}DS} )
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- L
- %

foll

|:(glt _WQg(p(p)ggoAuA _gw(p(Q_w)gtAuAJ (3‘4)
Where @ represents the frame dragging effect®® which contributes

to the additional rotation Q caused by meridional circulation of the
matter part of fluid.

On account of second and third relations of (2.16), we find from
(2.27) after some calculations that

Q= —QVLK(C“D, + y"’Dz) (3.5)

where
D, :gt(p(g,awa)+gtt(2awa) and D, =8 (g’ava)*_gn(j’ava) .
(3.6)

From (3.5) and the second relation of (3.6), we observe that the
meridional circulation velocity of the entropy fluid also contributes to
the rotational velocity of the matter part of fluid.

Following Bardeen,”® we define the injection energy per particle
corresponding to both the matter part of fluid and the entropy fluid ,
respectively , as follows

O=z-Qj and D=£-Q_j (3.7)
which yields that
€4 _Qx j,a = q),a +st a (38)

From (2.13) and the first relation of (3.8) , we find that
1 =N ey
wi = 7€AB [KRCqB _Kg(q),g + ]Q,B) - Alng + A2g$3:| , (3.9

which gives the meridional circulation velocity of the matter part

of fluid. The alternating symbol €42 takes values 1 or -1 for poloidal

indices. It follows from (3.4) and (3.9) after some calculations that

(3.10)

It follows from (3.12) and (3.13), on account of (3.2), that
lgrA)VA _TE€ABVAWB}

(3.14)

The term on the left hand side of (3.14) describes the differential
rotation of the matter part of fluid along the poloidal component of
thermal-fluid vorticity vector and the first term on right hand side
represents differential rotation due to meridional circulation of the
matter part of fluid along the poloidal component of the thermal — fluid
vorticity vector , the second term is the action of difference of poloidal
component of heat flow and the gradient of injection energy along the
poloidal component of thermal fluid vorticity , and the last term shows
the contribution of non-diagonal metric tensor components and the
cross-product of poloidal thermal—fluid vorticity and the meridional
velocity of matter part of fluid. If we assume that the space-time is
circular, (3.14) takes the form

Qr'=Q '+ %(RCqA - ) +%{(A2gm -

Q,AVA :RJT.CqAVA_T\/_geABVA B‘%(T),AVAa (3.15)

which exhibits that the differential rotation of matter part of fluid
along the thermal-fluid vorticity vector causes
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i. the twist of the matter part of fluid’s vortex lines'® due to first
term on the left hand side of (3.15),

ii. thermal-fluid vorticity vector is non-parallel to the matter part
of fluid’s meridional velocity due to the second term and

iii. the injection energy per particle varies along the thermal-fluid
vorticity vector due to third term.

This simple interpretation of (3.15) when extended to (3.14) in the
case of non-circular spactime indicates the complication of the effect
of differential rotation along the thermal-fluid vorticity.

The above result in turn suggests that the thermal-fluid vorticity
may have a strong bearing on differential rotation of matter part of
fluid because of the interdependence of heat flow and fluid’s vorticity.
We now investigate the impact of differentia rotation of matter part
of fluid in a frame of reference in which thermal —fluid helicity is
conserved in the following section.

Differential rotation of thermal-fluid vorticity
flux surfaces

In a Carter’s model of a heat conducting fluid,'*!” it is observed that
the non-conservation of thermal—fluid helicity is a generic property in
a matter part of fluid’s frame u“.!"® However, a frame of reference
with 4-velocity U“ may be constructed in which the thermal -fluid
helicity is conserved.'® The relation between the thermal -fluid helicity
conserving 4-velocity U“ and the matter part of fluid’s 4-velocity
may be expressed as:!°

U":F(u“W“), (4.1)

1

Where l"=(1—32)2 and u,v'=0 andU°U,=-1. The

4-velocity U will be the thermal-fluid helicity conserving if it
satisfies the following condition

£, W,y =0, (4.2)

where £,, represent the Lie derivative along the vector U“. Since
W,

" 1s a curl, it follows from (4.2) that

w,U"=0,

a

(4.3)

The velocity of deviation from the matter part of fluid’s 4-velocity
u® is denoted by v which is given by'.
1

74 = nabchchud

= (4.4)

This gives the transport velocity of thermal-fluid vortex lines
generated by V'* . The magnetic part of W, is defined by

¢ ="w*u,, 4.5)
It is found that (see for details!?)

g“z%\/Vz -E*> ve. (4.6)
On account of (4.3) and (4.5), one may find that

W=yt —ubse (4.7a)
we =ptic U, . (4.7b)

Because of (4.7b) ¢“and U® are eigenvector of thermal -fluid
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vorticity 2-form W, with zero eigenvalues. Hence, by Carter’s
argument,”® these two independent eigenvectors span a family of
timelike 2-surfaces which have been referred to as thermal -fluid
vorticity flux surfaces.!” The 4-velocity vector U? can now be
interpreted as to represent the 4- velocity of those matter particles
which are confined to the thermal —fluid vorticity flux surfaces. In
fact, these time like surfaces are material surfaces which will be
shown later in the text below. Consequently, the 4-velocity U® may
be thought of as a 4-velocity of thermal-fluid flux surfaces.

It follows from (2.1a) , (4.1) ,and (4.3) that

E, =W, (4.8)
which because of (2.9) and (2.5a.b) takes the form

E, =% [-A&,a+ A&, 1, nbed V'&, 501, (4.9)
where

4 =(2,5) 200 + (77 ) 1o (4.10a)
A =(2,5") g+ (77 )2 - (4.10b)

The toroidal components of E, are obtainable from (4.9) and
(4.10a,b) in the following form:

E =(2,7), E, =(7.7)- (4.11)
From (2.6) and (4.1) , we get

Ue =r{§(§(‘;) +Q§(‘;))+$"} , 4.12)
where

T = w4 (4.13)

The angular velocity corresponding to (4.12) can be defined as

(4.14)
where the second and higher order terms in the expansion are
ignored and first order term is retained as
_1
re
Using (4.14) in (4.15) and taking (3.3) into account, we find that

fo]l

(5‘*’ —Qﬁ’) . (4.15)

Q=l+i(v¢—gv’). (4.16)

From (4.9), we have E_v“ =0 which because of (4.9) gives

Ev' +E v’ =0, 4.17)
If it obeys the condition that
e
y'= [ p— ]v‘” . (4.18)
g,

Substitution for v from (4.17) in the second term on right hand
side of (4.16) gives

Q:lé—i(Et+QE(p),

(4.19)
r" IE,
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which, on account of (4.14) , yields that
—t
+l—V7(E, +OE, ).
I IE,

Q=0 (4.20)

It is seen from (4.20) that the rotational velocity of those particles
which are confined to thermal-fluid vorticity flux surfaces is composed
of the rotational velocity of matter part of fluid and the toroidal

13
—Uu

a 7 a
S _F§|:_u¢§(z) + é—

¢

From now on, we assume that

¢'=0and¢’=o0. (4.22)

It is to be noted that because of (4.22) the covariant toroidal
components ¢, and ¢, are non-zero due to non-circularity of space-

time and the presence of meridional circulation of matter part of fluid.
This in turn implies that / is not zero because / =U,g,, —U g, cannot

vanish. Making use of (4.22) with the aid of (4.21), we find that

K
utgq;q; -8

o =1+ [e”‘BiQB —€'BR, g¢3j| , (4.23)

which describes the frame dragging effect in terms of the meridional
circulation of the matter part of fluid coupled to the transport velocity
of thermal -fluid vortex lines and the gradients of effective energy
and angular momentum per particle corresponding to the matter part
of fluid.

Since W, isacurl , we have

Wy =0. (4.24)
Substitution of (4.7a) into (4.24) gives that
Uss” —g4U +U“, =Ujg”. (4.25)

By virtue of our assumption (4.22), we find from (4.25) for
a=t ,p that

Ule” +U'sh =0, (4.2632)
Ufs"+U%5 =0. (4.26b)
Making use of (4.14) in (4.26b), one may obtain

Q6" +QUi" +QU'Sh =0. (4.27)

Multiplying (4.26a) by Q and subtracting the resulting equation
from (4.27), we get

Q,¢"=0, (4.28)

which bears a striking resemblance with Ferraro’s law of
isorotation in RMHD." This result states that the differential rotation
of thermal -fluid vorticity flux surfaces is constant along the magnetic
part of thermal-fluid vorticity 2-form that represents the thermal- fluid
vorticity given by (4.6). It follows from (2.3), (4.6) and (4.28) that

uQ ot =-agQy ot (4.29)

which can be interpreted as follows. The left hand side of (4.29)
is the gravitational isorotation in the sense of Glass® and the right

hand side is the thermal isorotation by virtue of &* that represents

a abcd
o) 7T RS0 S(o)a ~
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components of heat flow vector. In other words, (4.20) represents
the rotational velocity of thermal-fluid flux surfaces caused by the
rotational velocity of the matter part of fluid and the heat flows.

In order to find the magnetic part ¢ of the fluid-thermal voracity
2-form W, , we substitute (4.12) in the right hand side of (4.5) and
simplify with the aid of (2.5a, b), (2.10), (2.16a,b) to get

T]adei Qcé([)d + nabcdib Qc§(¢)d:| . (421)

the poloidal component of vorticity of heat flow lines. Thus (4.29)
says that the gravitational isorotation of thermal -fluid vorticity flux
surfaces is balanced by counter rotating thermal isorotation. The
coupled effects of differential rotation of matter part of fluid with that
of thermal—fluid vorticity flux surfaces can be seen by substituting
(4.20) in (4.29).

It follows from (4.25) that

£,6" =Uh U}, (4.30)

which shows that the Lie derivative of ¢¢ is a linear combination
of U%and ¢“. Consequently, ¢ obeys Greenberg’s transport law?
and hence because of (4.6) thermal-fluid vortex lines are material
lines.® This in turn implies that a family of timelike 2-suraces spanned
by U® and ¢“ (or equivalently ¥ ) is a family of material thermal-
fluid vortex surfaces. The differential rotation of thermal-fluid vortex
surfaces given by (4.29) induces differential rotation in the matter part
of fluid and vice-versa.

Conservation of and

momentum currents

energy angular

In this section we discuss the symmetry related conservation laws
of energy and angular momentum currents associated with a system
composed of a heat conducting fluid. As is known?' that the energy and
angular momentum currents associated with the system under space-
time symmetry assumption corresponding to the time like Killing

vector 5(‘;) and the spacelike Killing vector &, are, respectively,
defined by

20 =T¢0 (5.1a)
and
i) =T (5.1b)

Where )((“t) and ;((“(p) denote, respectively, the energy and angular

momentum currents. 7, is the energy-momentum tensor of a heat

conducting fluid given by

) = (n*,u +%s *H)u“ub +wd) +uqy +qu, +%q“qb . (5.2)
Since 5(};) is a Killing vector, it follows from (5.1) that
;((“t);a =0, (5.3)

In consequence of the conservation law 7/, =0 . Substituting (5.2)

in (5.1a) and using the resulting expression in (5.3), we find that

n[[*,u-rsng]u, +i’} ) u’ +Ku, +g‘1:)qa} =0,

5.4)
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In consequence of baryon conservation law (nu" );a =0.Eq. (54)
gives the conservation of energy current associated with the motion
of a heat conducting fluid. We now introduce the energy per baryon

defined by

—E=(*,u+ : 9Ju,+q’.
n n

(5.5)

From (5.4) and (5.5), on account of the first relation of (2.21), we

find that
a & a
nE u +(*—q j,a=0, (5.6)
. 91 )

which shows that there is a mutual exchange between the energy
per baryon of the matter part of fluid and the flux of effective thermal
energy per entropon per unit of local temperature of the entropy fluid

coupled to heat flow vector. Similarly, we find from (5.1b) and (5.2)
by invoking the conservation law of energy-momentum tensor that

i q a B a
n[[ HE— ju¢+};’)]a u +[(u¢+*0q¢]q :|:a =0. (5.7)
The angular momentum per baryon is defined as
L_H*wse]qu‘”}. (5.8)
n n

It follows from (5.7) and (5.8), in view of the second relation of
(2.21), that

a .] a

nL u +£*0q j;a 0

which exhibits the mutual exchange between the matter part
of fluid’s angular momentum per baryon and the flux of angular
momentum per entropon per unit of local temperature of the entropy
fluid coupled to heat flow vector. Thus (5.6) and (5.9) describe the
dynamic interaction between the matter part of fluid and the entropy
fluid during the course of evolution via the mutual exchange of fluid’s
both energy and angular momentum per baryon with that of the flux
of both the effective energy and effective angular momentum per
entropon per unit of local temperature coupled to heat flow vector
generated by the entropy fluid. It is worthwhile to notice that both
(5.6) and (5.9) differ from the usual Bernoulli’s theorem* in the sense
that the energy and angular momentum per baryon of the matter part
of fluid is not constant along the matter part of fluid’s flow lines. Eq.
(5.6) and (5.9) represent the mutual exchange between the energy and
angular momentum per baryon of mater part of fluid and flux of both
the effective energy and effective angular momentum per entropon
per unit of local temperature coupled to heat flow vector created by
the entropy fluid in response to dynamic interaction with the motion
of the matter part of fluid. This result looks simple but vindicates the
hypothesis that the entropy element can be thought of as a mass less
fluid constituted by entropon. It is expected that further investigation
will reveal the elegance of the entropy fluid in the dynamic interaction
with the motion of a heat conducting matter in Carter’s model.'®!”

(5.9)

Conclusion

The present work is focused on the study of dynamic interaction
of the entropy fluid with the motion of matter part of fluid based on
Carter’s two-fluid model under the assumption that the space-time
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representing the gravitational field of a self-gravitating heat conducting
fluid is stationary axisymmetric and non-circular. It is found that the
rotational velocity of the matter part of fluid is modified due to non-
circularity assumption of space-time which ensures the existence of its
meridional circulation that induces an additional rotational effect. The
effective energy and the effective angular momentum per particle of
both the fluids contribute to the generation of rotational velocity. The
differential rotation of the matter part of fluid along the thermal-fluid
vector generates twist of the matter part of fluid’s vortex lines besides
other effects. Ferraro’s like law of isorotation is obtained in the case of
differentially rotating thermal-fluid vorticity flux surfaces in a frame
of reference in which thermal-fluid helicity is conserved. Finally, by
deriving the conservation laws of energy and angular momentum
currents associated with the system of heat conducting fluid, it is
demonstrated that there is a mutual exchange between both the energy
and angular momentum per baryon of the matter part of fluid and of
flux of both effective energy and effective angular momentum per
entropon per unit of local temperature coupled to the heat flow vector
created by the entropy fluid.

The above results indicate that the novel idea of the entropy
element as a fluid will provide a new insight into the physical
processes associated with the evolution of hot matter that departs
from thermodynamic equilibrium. The notion of thermal equilibrium
defined by the vanishing of heat flow vector seems to be a mathematical
artifact because there is no thermodynamic condition that states the
physical condition for the vanishing of heat flow vector in bringing
the system to a thermal equilibrium except to assuming the vanishing
of heat flow vector in addition to Born rigidity condition of fluid’s
flow lines. If it is true, then the question is how the contribution of
heat coupled to the entropy entrainment is eliminated from the EOS of
a heat conducting fluid. This question requires answer.
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