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Introduction
To date, the origin and evolution of Saturn’s rings have not been 

consistently explained. There are several hypotheses concerning the 
origin of Saturn’s rings, which can be summarized as follows.1 (a) The 
ring particles can be collision-generated debris from current moons. 
(b) A satellite in the Roche Zone was destroyed by a passing comet. 
(c) A massive comet was tidally disrupted during a close passage by 
Saturn. (d) The rings are the remnants of Saturn’s protosatellite disk. 
Existing approaches to dynamics of Saturn’s rings2−6 postulate that 
ring particles orbit the planet close to its equatorial plane without 
giving a physical explanation of this peculiarity. Other theories 
explaining stability of the rings in the equatorial plane, for example, 
by the gravitational quadrupole moment of the planet,7 are in poor 
agreement with certain characteristics of the rings, e.g. with the 
particle size distribution.8

In Tchernyi et al.9−12 superconductivity of ring particles was 
surmised to be a factor determining location of Saturn’s rings in the 
plane of its magnetic equator, where superconductive particles have a 
minimum of potential energy. A number of experimental observations 
of rings’ properties gave evidence of electromagnetic anomalies 
resembling those of superconductors.13 Still, the question remained 
as to whether the superconductivity of ring particles was a physical 
reality.

Saturn’s rings are more than 90 per cent water ice.14 Ice has long 
been known to be a diamagnetic,15 and it may become superconductive 
at low temperatures and high pressures, at least in the order of 
hundreds of GPa.16,17 It is unlikely that such pressures can be reached 
many thousands of kilometers away from Saturn’s surface, so the 
hypothesis of macroscopic superconductivity of material of Saturn’s 
rings appears implausible.

Yet, the expulsion of a magnetic field from macroscopically non-
superconductive ice and the concurrent ejection of the ice particles 
into weak field areas is possible due to a phenomenon of collective 
quantum proton transfer discovered a few years ago in ice phases with 
ordered protons in hydrogen bonds.18−20 The concerted proton transfer 
implies virtually resistance-free transfer of positive charges, which 
results in persistent current loops. As in the case of superconductors, 

the magnetic permeability µ of such materials will tend to zero. 
In contrast to currents in superconductor, these can persist only in 
molecular-scale rings consisting of several hydrogen-bonded water 
molecules. Directed loop currents of such type can be excited, 
according to Lenz’s law, by applying a magnetic field.

The proton-ordered ice phases are ice II, VIII-XI, and XIII-
XV.21,22 All of them, except for orthorhombic ice XI, are high-pressure 
polymorphs. In contrast to other proton-ordered phases, orthorhombic 
ice XI is stable at low pressures and temperatures (below ~73 K),22 
and it is therefore an appropriate material to form rings in Saturn’s 
magnetic equator plane. Moreover, partial proton ordering is detected 
in computer simulations of ice Ic, an intermediate-temperature ice 
phase,23 and it may be present in Saturn’s rings as well.

The Cassini spacecraft determined that the temperature of Saturn’s 
rings varies from 70 K to 110 K,24 with middle rings being colder, 
but at equinox, the temperatures are below 73 K over the entire area 
of the rings.25 Thus, the temperature of Saturn’s rings is favorable for 
proton ordering in the ice material of the rings, and it is likely that 
the emergence of microscopic proton currents at this temperature 
contributes to orbiting of the ice particles in the magnetic equator 
plane.

Seeking weak magnetic fields is typical for all diamagnetics, not 
necessarily superconductors, so the problem of magnetic contribution 
to the formation of planetary rings can be quite general. Study of 
electromagnetism and dynamics of particles in the planetary magnetic 
field may help understand the evolution and sustainability of Saturn’s 
rings. The aim of this work is considering equations of collision 
less motion of diamagnetic (and possibly loop-current-supporting) 
particles in the magnetic field of Saturn and disclosing physical 
implications through solving particular cases of these equations.

The paper is organized as follows. Section 2 is devoted to 
magnetostatics of a spherical particle in external magnetic field and 
simulation of magnetic field of the planet with a thin superconductive 
disk in the equator plane. In Section 3, the potential energy relationship 
for a particle in the gravitational and magnetic fields and its equations 
of motion are derived. The solutions for two important special cases 
are presented and discussed there. Conclusions are made in Section 4.
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In this work, the problems of a uniformly magnetized sphere in magnetic field are 
solved for modeling the magnetic properties of Saturn’s rings particles, with the 
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Magnetostatics of uniformly magnetized 
spheres in external magnetic field
Sole uniformly magnetized sphere 

From Maxwell’s equation of magnetic field induced around a 
closed loop is26

  
0 0µ ε

∂
× = +

∂

 
 
 t

E
B J∇ .                        (1)

Then taking into account zero current density ( =J 0 ) and zero 
rate of change of electric field ( ∂ ∂ =tE 0 ), we obtain

   × =B 0∇ .                                 (2)

In (1), 0µ and 0ε are the vacuum permeability and permittivity, 
respectively. The zero curl magnetic fields implies existence of a 
scalar magnetic potentialΦ , the solution of the Laplace equation

   
2 0∇ Φ = .        (3)

The general complex solution of (3) in spherical coordinates is
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Where m
lP is the associated Legendre polynomial of degree l and 

order m , and lA and lC are constants.

In case of azimuthal symmetry, 0=m and
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Taking into account that the potential must be finite in the centre 
of the sphere and at infinite distance from it, the relationships for the 
potential inside ( ≤r R ) and outside ( ≥r R ) the sphere differs in the 
radial function:
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Where R is the radius of the sphere. Magnetic field intensity is the 
negative gradient of the scalar magnetic potential:

  ΦÇ = −∇ .    (8)

Its radial component has discontinuity at =r R due to the non-
zero magnetic surface charge densityσM , which is found from the 
magnetization M using Gauss’s theorem:

  cosσ θ= ⋅ =M Mn M .   (9)

Then,

  σ
=

∂Φ ∂Φ
− =
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in out
M
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and, from (6)-(10),
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For this equality to be fulfilled, the only non-zero term in the sums 
in (11) must be that with 1=l . Then,

   3
1 12 −+ =A C R M .     (12)

Another boundary condition is the continuity of the magnetic 
potential at the surface of the sphere (at =r R ):

   ( ) 0
=

Φ − Φ =in out r R
,       (13)

Whence, taking into account (6), (7) and 1=l ,

   3
1 1

−=A C R .                                (14) 

Alternatively, this relationship can be obtained from the continuity 
of the tangential components of the magnetic field intensity. Then, 
from (12) and (14), the integration constants are

   1 3=A M                                                                          (15)

and

   
3

1 3=C MR .                                (16)

By definition, magnetic moment m per unit volume is the 
magnetization:

   ( ) 34 3 π= Rm M .         (17)

Then, the magnetic potential in (6) and (7) can be written as

( ) ( ) ( )3, cos 3 4 forθ θ πΦ = = ⋅ ≤in r Mr R r Rm r ,    (18)

And

( ) ( ) ( )3 2 3, cos 3 4 forθ θ πΦ = = ⋅ ≥out r MR r r r Rm r .     (19)

The magnetic field intensity inside the sphere is

( )cos sin 3 3θθ θΦ = − − = −in in rMÇ e e M= −∇ ,         (20)

and that outside the sphere is

( ) ( ) ( ) ( )3 3 32 cos sin 3 2 cos sin 4θ θθ θ θ θ πΦ = + = +out out r rMR r m rÇ e e e e= −∇                        

                                                                                                           (21)

Where re and θe are the radial and polar unit vectors of the 
spherical coordinate system.

Let the magnetized sphere be placed in an external magnetic field
0B with intensity 0H . The total magnetic field inside the sphere is the 

sum of the external magnetic field and the fields due to the induced 
current and magnetization:

( )0 0 0 0 02 3 forµ µ= + = + + = + ≤in in r RB B B B H M B M , 

                 (22)
and the total magnetic field intensity is

 0 0 0 3 forµ= + = − ≤in r RH H H B M .                    (23)

Because the total magnetic field is proportional to the total 
magnetic field intensity

   µ=B H              (24)

With the absolute permeability µ  as the proportionality factor, it 
follows from (22)-(24) that

( )0 0 0 02 3 3 forµ µ µ+ = − ≤r RB M B M ,                    (25)
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Whence
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From (26) and (27) it is clear that magnetization and magnetic 
moment of diamagnetic spheres are directed oppositely to the 
external field. Among diamagnetics, the largest absolute values of 
these properties are demonstrated by superconductors, which have 

0µ =  NA-2, magnetization ( )0 03 2µ− B , and magnetic moment
3

0 02π µ− R B . 

Uniformly magnetized sphere in a magnetized “disk” 
consisting of identical spheres

Let a magnetized sphere be placed amidst identical magnetized 
spheres forming an infinite “disk”. Such a disk is a model of dense 
planetary rings such as those of Saturn. We assume that the spheres 
are distributed uniformly in hexagonal arrangement with the planar 
densityσ .

Each sphere will then experience magnetic fields of all other 
spheres with the magnetic dipole moments m. If the disk is tilted at 
an angleϑt  =to the magnetic equator plane and the distance from the 
sphere centre to the edge of the disk is 0r , the magnetic field intensity 
of the magnetized disk exerted on a sphere in it is

( )
2 2
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4
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      (28)

Here the integration is performed over the area of the disk, which 
is assumed continuous. Then, by analogy with (22) and (23), the total 
magnetic field inside the sphere is

( ) ( )3 2
0 0 0 0 0 02 cos 3 forµ µ π σ ϑ= + + = + + + = + − ≤in d in d tR r r RB B B B B H M H B M ,                                                                                                       

(29)and its intensity is

( )3 2
0 0 0 01 cos 3 forµ π σ ϑ= + + = − − ≤in d tR r r RH H H H B M .

                                                                                                 (30)

By analogy with the derivation of (26) and (27), it is easy to find 
the magnetization
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and the magnetic moment
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For superconductors, the magnetization in this case reduces to

( )3 2
0 0 0 03 2 cosµ µ π σ ϑ− − tR rB and the magnetic moment 

becomes ( )3 3 2
0 0 0 04 2 cosπ µ µ π σ ϑ− − tR R rB . The absolute 

values of magnetization and magnetic moment are higher than those 
obtained for a sole sphere, and the force of diamagnetic expulsion into 
the weak-field areas in this case will be stronger.

Simulation of magnetic field of a planet with a uniform 
superconductive disk 

Comsol Multi‒physics software has been used to simulate the 
magnetic structure of Saturn and its magnetosphere. The red sphere 
(Figure 1A) representing the metallic hydrogen interior of Saturn27 
has a uniform magnetization. A superconducting disk modeling 
Saturn’s rings is in the plane of magnetic equator of the planet whose 
equatorial surface field is about 20μT.28 In Figure 1A, the simulation 
results for z-component of magnetization, normal component of the 
magnetic flux density and magnetic field of Saturn are presented. 
The disk is thin (0.01 of the radius). The shell over it has the relative 
permeability 2. The vertical red line represents the line along which 
the z-component of the magnetic flux density is plotted in Figure 1B.

 

The disk significantly modifies the magnetic field of the sphere. 
If we consider a superconducting particle flying in the vicinity of the 
disk, the magnetic well will eventually attract the particle to the disk. 
In z-direction the well is not quadratic but rather cusp-like (triangular), 
and this is consistent with the small thickness of main rings of Saturn 
(around 10 m).        

Potential energy and equations of motion of 
magnetized spheres

The magnetic moment relationships in (27) and (32) has the form

   0= Cm B                                      (33)

Where C is the parameter depending on the magnetic properties 
and size of the spheres. For diamagnetics 0<C .

The potential energyU of a magnetized sphere with the mass M in 
the magnetic and gravitational field is

( ) ( )22 2 2 3
0 3 cos 1 4µ θ π= − − ⋅ = − − +S out SU GM M r GM M r C m rm B     (34)

Where 265.68319 10= ⋅SM  kg is the mass of the planet and
116.67408 10−= ⋅G m3∙kg-1∙s-2 is the gravitational constant.

The force acting on the sphere is the negative gradient of the 
potential energy:
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Where a is the acceleration. In spherical coordinates, the equations 
of motion are29
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                 (36)

Equations (36) cannot be solved analytically. At the same time, 
direct numerical integration of (36) generating long-term, on a cosmic 
scale, solutions is neither feasible nor informative because one needs 
to integrate over thousands of oscillations with only one set of initial 
conditions. For this reason, we will confine ourselves to considering 
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several important consequences arising out of the equations of motion. 
Consider several special cases of these equations.

   (A)

   (B)
Figure 1
A. Simulated magnetic structure of a planet with metallic magnetic core 
and superconductive disk in the magnetic equator plane. Surface: z-component 
of magnetization, contour: normal component of the magnetic flux density, 
arrows: magnetic field.
B.  z-component of the magnetic flux density along the vertical red line 
in Figure 1a.

Particles orbiting at equal distance from the centre (r 
=const) with neglect of magnetic force (C= 0)

This is the case of classical motion around the planetary centre of 
mass. The equations of motion is in (36) are then reduced to

  

2 2 2 3

2

sin ,

sin cos 0,

2 tan 0.

θ ϕ θ

θ ϕ θ θ

ϕ θϕ θ

+ =

− =

+ =

















 

SGM r

          (37)

From the first and second equations in (37), the following one is 
obtained:

  2 3cot cotθ θ θ θ+ = 

SGM r ,                    (38)

which has the solution

 ( ) ( )3 3
0arccos sinθ θ= − 

 


S Sr GM t GM r     (39)

With the initial angle 0 2θ π=  at 0=t .

The azimuthal velocity is then equal to
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3 2
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3 2 2 3
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θ
ϕ
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−
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S S

S S

GM GM r

GM r t GM r
.           (40)

The initial velocity 0θ should be sought from the thickness b of 
Saturn’s main rings ( 10≈b  m). Expanding (39) in the series near

2π , one obtains

          ( ) ( )3 3
02 sinθ π θ≈ +  S Sr GM t GM r ,      (41)

Whence the difference θ∆ between the maximal and minimal 
polar angles is

                 ( )3
02θ θ∆ ≈ =

Sr GM b r .                    (42)

Hence,

        5
0 2θ = Sb GM r .                              (43)

Equation (43) gives the initial angular velocity 1.7∙10-12 s-1 at the 
mean ring radius of 105 000 km, which corresponds to the linear 
velocity of 0.2 mm∙s-1. This value is in a striking disparity with the 
Keplerian orbital velocity from (40) at the same radial distance:

=SGM r 19 km∙s-1. It is improbable that colliding ring particles 
of imperfect shape have such different components of the velocity.

On the other hand, assuming the velocity components 

to be comparable, i.e. 3
0θ = SGM r , we arrive at

( )3arccos sinθ = − 
 St GM r , a triangular periodic function of 

time with the extreme values of 0 andπ , which is inconsistent with 
the flat structure of the rings.

Magnetized particles orbiting at equal distance from 
the centre (r = const)

In this case 0≠C and the equation of the polar coordinate variation 
is

   
2 2

2 20
3 2 8

3
cot cot cot cos

2

µ
θ θ θ θ θ θ

π
+ = + 

SGM C m

r r M
.      (44)
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Using the MuPAD symbolic calculation tool of Matlab 
environment, we arrive at the following solution of (44):

                                   2θ π= .                                          (45)

The azimuth velocity in this case is

                       ( )3 2 2 2 8
03 8ϕ µ π= + SGM r C m r M ,    (46)

Which emphasizes that the gravitational force is counterbalanced 
not only by the centrifugal one, but also by the force of diamagnetic 
expulsion. The result given in (45) accounts for the fact that rings of 
Saturn are essentially planar and lie in the plane of its equator.

As the next task, it is possible to estimate the time period over 
which the magnetic force will significantly modify the orbit of a 
particle driving it into the magnetic equator plane. The gravitational 
force acting on a particle is almost perfectly counterbalanced by the 
centrifugal force and the particle is very slowly approaching the 
planet ( const≈r ). Then, the period of orbiting at a distance r from 
the centre is ( )3

Sr GM .

On the assumption of the distances traveled by the particle in the 
r - and θ -directions being proportional to the corresponding forces, 
the ratio of the right-hand sides of the second and first equations in 
(36) gives the dimensionless acceleration, and it is tangent of the 
angle through which the particle’s orbit has rotated over a certain 
time. Because the tangent is small, this ratio is approximately the 
orbit rotation angle. The dimensionless time needed to rotate the orbit 
through the mean angle 4π  is 3

St GM r . Then, using the ratio 
of the forces from (36), one can obtain the following approximate 
equality:

 
( )

3

2 5 2 2
0

4
16 3 5

π
π µ

≈
−

S

S

t GM r

GM Mr C m
                  (47)

Where the products of the harmonic functions were replaced by 
their averages over the angle range [0, 2]π . Let the orbit radius be 
=r 105 000 km and the particle is an ice sphere with the magnetic 

moment 3
0 02π µ− R B  (see Section 2.1), radius 1 m and density 934 

kg∙m-3 at ‒180°C30 so that its mass is 3912=M  kg. Then, the time 
of the orbit plane rotation is 119.36 10= ⋅t  s, which corresponds to

329.7 10⋅  years. This value can be treated as the time of formation 
of stable orbits of Saturn’s main middle rings, and it is in reasonable 
agreement with the recent estimates.31

Conclusion
In this work, we have studied magnetostatics and dynamics of 

magnetized spheres in the spherically symmetric gravitational and 
axially symmetric magnetic field of Saturn. For the first time, the 
magnetization and magnetic moment of a sphere placed in an infinite 
“disk” of evenly distributed identical spheres modeling Saturn’s dense 
rings in its magnetic field have been found. The magnetic force acting 
on a sphere in the “disk” of magnetized spheres proves to be stronger 
than that acting on a sole sphere.

Simulation of magnetic characteristics in the system of a finite 
superconductive disk in the magnetic field of Saturn has shown that 
this disk significantly modifies the structure of the magnetic field and 

attracts the diamagnetic particles, thus increasing the mass of the disk. 
The superconductivity of the disk is involved to simulate the system 
of Saturn’s rings because the particles of the low-temperature ice 
phase, as emphasized in Introduction, may demonstrate some typical 
properties of superconductors in magnetic field such as existence 
of resistance-free loop currents and expulsion of magnetic field out 
of the ice material. The sustainability of the proton loop currents in 
the proton-ordered ice XI can explain the sharp edges of the rings: 
temperature increase observed at both edges stimulates the phase 
transition to a proton-disordered ice modification which has higher 
magnetic permeability, the diamagnetic expulsion force of this ice 
phase becomes much weaker, and the respective orbits are no longer 
stable.

Derivation of the potential energy relationship for the spherical 
particles in the gravitational and magnetic fields has led to formulating 
the equations of collision less motion of the ring particles. Two special 
cases of these equations have been considered: with and without the 
magnetic force at constant radial distance from the centre. In the 
gravitational field only, the solution of the equations of motion yields 
the ratio of angular velocity components that turns out to be extremely 
unlikely, which speaks against the purely gravitational approach to 
Saturn’s rings. Furthermore, if the magnetic force is taken into 
account, the location of circular orbits of the particles in the magnetic 
equator plane consistently follows from the equation solution.

Finally, we have estimated the formation time of stable orbits of 
Saturn’s rings (some tens of millennia) and found it consistent with the 
recent estimates. All the results obtained suggest that the additional 
force of diamagnetic repulsion of ice particles stabilizes their orbits in 
the plane of magnetic equator of Saturn.
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