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Introduction
Propagation of guided waves in a solid rod surrounded by infinite 

media is an interesting research topic of practical importance. One 
important application is ultrasonic non-destructive evaluation (NDE) 
of rock bolts. Rock bolts are inserted into the mixture of rock and 
concrete to ensure the stability of the groundwork. For this research 
topic, it is important to study the propagation of guided waves in a 
solid rod surrounded by infinite media. Currently, the topic already has 
certain research bases.1–5 However, when anchoring system appears 
broken rock, or anchor rusty, the elastic media is unable to simulate 
these situations. Porous media can simulate well. Thus the research of 
guided wave propagation in a cylindrical structure containing porous 
media is of great significance. The propagation of guided wave in a 
multilayer plane porous media has already been widely studied, Parra 
studied the dispersion and attenuation of acoustic guided waves in 
layered fluid-filled porous media,6 Derible analyzed the transmission 
coefficient of a water-saturated porous plate7 and Fellah studied the 
time-domain model of transient acoustic wave propagation in layered 
porous media.8–10 However, few attentions have been focused on 
cylindrical waveguide in layered porous media. Most of studies were 
concentrated in well-logging detection, the structure of which is the 
internal liquid, external porous media.11–13 In this paper, for anchoring 
system, porous media was used to simulate the two cases, one of 
which is rocks containing cracks and pores; the other is bolt corrosion. 
Through studying the propagation characteristics of guided wave in 
the elastic rod embedded in infinite porous media and porous media 
rod wrapped by infinite elastic media, the results can be a reference for 
the NDE of rod embedded in infinite media. In this paper, we study the 
propagation characteristics of guided waves in a solid rod embedded 
in infinite media with porous media. This paper is arranged as follows. 
First, the dispersion equations of two models are deduced. Second, 
the dispersion characteristics of guided waves in the two models are 
discussed, respectively. Third, we investigated the effects of different 
porosity parameters and rod radius on the guided waves.

Biot theory
In the description of propagation of elastic waves in porous media, 

Biot theory is a theoretical model has been widely recognized and 
applied. According to Biot theory, the porous media is homogeneous 
and isotropic media constituted by the solid skeleton and pore. The 
pore distribution is consistent, uniform pore size, communicate with 
each other. The pores are filled with viscous fluid, the fluid movement 
relative to the skeleton, the kinematic coupling between each other. 
The propagation of waves in fluid-saturated porous media meet the 
stress-strain relationship and the equations of motion, by which the 
fast P wave, the slow P-wave, S-wave these three kinds of body waves 
in porous media can be obtained. Fast longitudinal wave is due to 
the same phase motion between the solid and fluid, slow longitudinal 
wave is due to the inverting motion between the solid and the fluid.14,15 
The wave number of three body waves are kp1=ωsp1,kp2=ωsp2, 
kt=ωst. sp1,sp2,st are as following.

                                                                                      
(1)

                                                                                      
(2)

                                                                                       
(3)

Where H, M, C and N are four elastic constants of porous media.16 
H, C, M can be expressed as 

                                                                                              (4)

                                                                                    

                                                                                       (5)
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                                                                                              (6)

                                                                                       (7)

Where Kf is the bulk modulus of the pore fluid, Ks is the bulk 
modulus of the elastic solid, Kb is the bulk modulus of the porous 
skeletal frame and N is the shear modulus of the composite as well 
as that of the skeletal, β is the porosity. ρ is the density of the fluid 
saturated porous media can be got by solid skeleton density ρs and 
fluid density ρf.

                                                                                       (8)

By introducing the dynamic permeability,17 the equivalent density         
associated with inertial force and resistance of the seepage flow can 
be expressed as

                                                                                      (9)

                                                                                     (10)

                                                                                     (11)

Where κ0 is static permeability, η is viscosity coefficient, Λ is pore 
feature size, α∞ is porosity curvature. Equation (11) is an approximate 
formula proposed by Berryman.18

Dispersion equations
Elastic rod embedded in infinite porous media

The model 1 of this paper is modelled as an infinite long elastic 
rod embedded in an infinite porous media as shown in Figure 1. It is 
convenient to solve this problem using cylindrical coordinate, where 
the z axis of the coordinate is the central axis of the solid rod. In 
elastic rod, the velocities of longitudinal wave and shear wave, density 
are denoted by Cl1, Ct1,ρ1 are respectively. In infinite porous media, 
the velocities of fast longitudinal wave, slow longitudinal wave and 
shear wave, solid density and fluid density are denoted by Cfl2, Csl2, 
Ct2,ρs,ρf are respectively. In this paper, only longitudinal modes are 
taken into consideration. In the frequency-wavenumber domain, the 
displacement components are given in terms of the potentials Ψ  
and Ψ . These potentials satisfy the wave equations and respectively 
denote the compression (P), shear vertical (SV) waves. For elastic 
rod, the potentials can be expressed as 

                                                                                    

Figure 1 The schematic of infinite long elastic rod embedded in infinite porous 
media.

                                                                                              (12)

Where 1
2 2 2

l1= k - kα
 1

2 2 2
t1=k -kβ ,

 
the wave numbers of the longitudinal 

and shear body waves of are /= 1l1 lk cω
 /= 1t1 tk cω  and the wave number 

of the guided wave propagating along the z-axis /= vk ω  is where x is 
the angular frequency and v is the unknown phase velocity of guided 
wave that is dependent on frequency and could be derived by solving 
the dispersion equation. Further, A1, A2 are the unknown coefficients 
to be determined by the boundary conditions.

For infinite porous media wrap layer, the expressions of potential 
are divided into two parts, solid and liquid phases. For solid phase, the 
potentials can be expressed as                                                                                                    

                                                                                         
(13) 

                                                                                                                         (14)              

                                                                                         (15)                            

                                                                                                

 Thus, the potential of solid compression (P) wave can be expressed 
as Ö Ö Ös sf ss= + . Where 2 2

p22
2
2= k - kα  

2 2
p22
2
2= k - kα  , 21

2 2 2
t=k -kβ .The wave 

numbers of the fast longitudinal wave kp1 and slow longitudinal wave 
kp2 and shear wave kt can be obtained by equation (1), (2). B1, B2, 
B3 are the unknown coefficients to be determined by the boundary 
conditions.

For liquid phase, the potentials can be expressed as

                                                                                        (16)

                                                                                        (17)

Where η1, η2, η3 are liquid participation factor of two longitudinal 
shear waves respectively.19 It is convenient to introduce displacement 
potentials. And the normal and tangential stress tractions are related to 
displacements using the Hooke’s law. The expressions of displacement 
and stress tractions in elastic media are

                                                                                       

                                                                                               (18)

                                                                                        

                                                                                              

                                                                                               (19)

The expressions of displacement and stress tractions in porous 
media are

                                                                                       

                                                                                               (20)
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                                                                                               (21)

Here λ1,μ1 are lame constants of the elastic media. A,N correspond 
to the familiar lame constants of the porous media, A=P-2N.P,Q and 
R are elastic constants defined by Biot, as shown in equation (22)-
(24). The coefficient R is a measure of the pressure required on the 
fluid to force a certain volume of the fluid into the aggregate while the 
total volume remains constant. The coefficient Q is of the nature of a 
coupling between the volume change of the solid and that of the fluid.

                                                                                        (22)

                                                                                       

                                                                                               

(23)

                                                                                       

                                                                                               (24)

At the interface (r=a), the displacement and stress are continuity. 
Taking into account the elastic solid impermeable material that restrict 
the outflow of fluid in porous media on the border, solid skeleton of 
normal displacement is equal to the fluid normal displacement.19 The 
boundary conditions can be written as 

                                                                                        

                                                                                                (25)

By substituting Equations (18), (19), (20), and (21) into Equation 
(25), the equations can be written as,

                                                                                         (26)

When the right-hand side of Equation (26) is zero matrixes, the 
necessary and sufficient condition for the non-zero solutions of the 
equation is the coefficient determinant 0∆ = . It is the 
dispersion equation whose solution corresponds to the guided wave. 
The matrix elements of the 5* 5 matrix for the dispersion equation of 
guided waves are listed in Appendix A.

Porous rod embedded in infinite elastic media

The model 2 is modelled as an infinite long porous media rod 
embedded in infinite elastic media as shown in Figure 2. In porous 
rod, the velocities of fast longitudinal wave, slow longitudinal wave 
and shear wave, solid density and fluid density are denoted by Cfl, 
Csl, Ct,ρs,ρf are respectively. In infinite elastic media, the velocities of 
longitudinal wave and shear wave, density are denoted by Cl2, Ct2,ρ2 
are respectively. Similarly, only longitudinal modes are taken into 
consideration in this model.

Figure 2 The schematic of infinite long porous media rod embedded in infinite 
elastic media.

For infinite porous media wrap layer, the expressions of potential 
are divided into two parts, solid and liquid phases. For solid phase, the 
potentials can be expressed as;

                                                                                          
(28)

                                                                                          (29)

                                                                                          (30)

Thus, the potential of solid compression (P) wave can be 
expressed as Ö Ö Ös sf ss= + . Where 2 2

p12
2
2=k -kα , 2 2

p12
2
2=k -kα , 11

2 2 2
t= k - kβ .The 

wave numbers of the fast longitudinal wave kp1 and slow longitudinal 
wave kp2 and shear wave kt can be obtained by equation (1), (2). C1, 
C2, C3 are the unknown coefficients to be determined by the boundary 
conditions.

For liquid phase, the potentials can be expressed as

                                                                                     (31)

                                                                                     (32)

Where η1, η2, η3 are liquid participation factor of two longitudinal 
shear waves respectively.19 For infinite elastic media, the potentials 
can be expressed as 

                                                                                     
(33)
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2 2 2
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the wave numbers of the longitudinal 

and shear body waves of are 22 /=t tk cω  22 /=t tk cω .D1,D2 are the unknown 
coefficients to be determined by the boundary conditions. The 
boundary conditions of this model can be written as;
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When the right-hand side of Equation (34) is zero matrixes, the 
necessary and sufficient condition for the non-zero solutions of the 
equation is the coefficient determinant

2 02β > . It is the 
dispersion equation whose solution corresponds to the guided wave. 
By substituting the expressions of displacement and stress tractions, 
the equations can be written as,

                                                                                      (35)

Numerical Results and Discussions
For waveguide mode propagating along a solid rod, the phase 

velocity must be less than the velocity of shear wave in wrapping 
media layer,1 which is

21 02β > , 
2 02β > . When this condition is satisfied, 
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the guided wave can propagate stalely along the solid rod with non-
energy radial diffusion. As the dissipative effect of porous media in 
model 1, 2, the roots of dispersion equation (27), (35) are complex, 
which means to attenuation. Thus it cannot be called guided wave 
strictly. However, as the imaginary part of the root is very small, 
equivalent to small attenuation coefficient, most people still called 
the case of the guided wave. In this paper, the dispersion equations 
of different porous media parameters and different internal cylinder 
radius were solved by numerical methods, and then the dispersion 
characteristics of guided waves were analyzed.

In this paper, the material properties are listed in Table 1. The 
material properties20 have been chosen that the two models do not 
satisfy the existence condition of a Stoneley wave.21 

The bulk modulus of the porous skeletal frame and the shear 
modulus of the porous skeletal frame can be obtained by self-
consistent formula of composite media equivalent elastic modulus.19 
Under different porosity, bulk modulus of solid skeleton Kb and 
shear modulus of solid skeleton N will change as shown in Figure 
3. When the porosity is 0.5, the porous media22 becomes suspension, 
shear modulus is near to zero, and the bulk modulus is close to bulk 
modulus of fluid. For rock materials, the porosity of which is less 
than 0.2, so we only study the case of porosity less than 0.3. As can 
be seen, the bulk modulus and shear modulus of the porous skeletal 
frame decrease as the porosity increasing. 

Figure 3 Bulk modulus and shear modulus of the porous skeletal frame with 
different porosity.

Dispersion properties

In this paper, the dispersion equation was solved with the method 
of local peak search, depending on the exact roots and tracking curve 
technology proposed by Lowe.4,23 In order to verify the correctness 
of the above theory and calculation methods again, the porosity β 
of porous media was set to zero. The dispersion curves of this case 
were compared to dispersion curves with the same internal elastic rod 
material and external elastic material, which was Hanyin Cui’s result.2 
As shown in Figure 4, the dispersion curves of these cases are fully 
consistent. Through numerical computing with parameters in Table 
1 & Table 2 in which the porosity is 0 and the Static permeability 
is 10-12m2, the dispersion characteristics of phase velocity and group 
velocity are analysed. The dispersion curves of the longitudinal modes 
of model 1 and model 2 are presented in Figure 5.The model predicts 
that regardless of mode, both the phase and group velocity dispersion 
curves tend towards the same high-frequency asymptote as shown in 
Figure 5.This is the shear velocity of solid rod. For model 1, it’s the 
shear velocity of elastic media (2100m/s). 

Figure 4 The dispersion comparison between elastic media, model1 and 
model2 of porosity 0.
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Table 1 Material parameters

Model Media Longitudinal Wave 
Velocity/(m∙s-1)

Shear Wave Velocity/
(m∙s-1) Density/(kg∙m-3)

Model1

Elastic Rod 4100 2100 7800

Porous media 
wrapping layer

Solid 
skeleton 5370 3100 2700

Pore fluid 1483 998

Model2

Porous media rod
Solid 
skeleton

4100 2100 7800

Pore fluid 1483 998

Elastic media wrapping layer 5370 3100 2700
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Table 2 Material parameters of porous media

Porosity β

(%)

Porosity Curvature 
α∞

Static Permeability 
κ0 (m

2)

Viscosity 
Coefficient η

(kg.s-1.m-1)

Pore Feature 
Size Λ

(μm)

Bulk Modulus of 
the Pore Fluid Kf 
(GPa)

10% 5.5 10-12 0.001 8 43.33

Bulk modulus 
of the elastic 
solid of model1 
Ks(GPa)

Bulk modulus of the 
porous skeletal frame 
of model1 Kb(GPa)

Shear modulus of the 
porous skeletal frame of 
model1 N(GPa)

Bulk modulus of 
the elastic solid of 
model2

Ks(GPa)

Bulk modulus 
of the porous 
skeletal frame of 
model2

Kb(GPa)

Shear modulus of 
the porous skeletal 
frame of model2 
N(GPa)

2.19 33.70 20.86 85.2 62.40 27.85

The parameters of porous media when porosity is 0.1

                                                            (a)                                                                                            (b)                     

Figure 5 The dispersion curves of the longitudinal modes L (0,p). (a) and (b) present the dispersion curves of model1 and model2, respectively
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For model 2, it’s the shear velocity of porous media (1980m/s). 
Any mode, whose high-frequency asymptote is shear velocity of the 
internal rod, is named as a normal mode. In model 1 and model 2, 
all the modes are normal modes. For normal modes, each one of the 
dispersion curves begins at its cutoff frequency where phase velocity 
is equal to the shear velocity of the wrapping layer that is 2880m/s in 
model 1 and 3100m/s in model 2.The group velocity describe how 
fast the wave package is travelling through the rock bolt and the time 
distortion of the received pulse. For model 1, each mode of group 
velocity dispersion curves increases with the frequency. The group 
velocity reaches a minimum at the cutoff frequency. For model 2, the 
group velocity with increasing frequency to drop to a minimum, and 
then increases with frequency and eventually approaches the shear 
wave velocity of porous media rod. Since the phase velocity is greater 
than shear velocity of solid rod, β1, β11 are pure imaginary. For acoustic 
field of internal rod, the displacement of SV wave in equation (12) and 
(13) oscillates with the radius, and approaches the maximum in the 
centre of the rod. As the phase velocity is less than shear velocity 
of wrapping layer, α21, β21, α2, β2 are real number. For acoustic field 
of wrapping layer, the displacement of fast longitudinal wave and 
shear wave in equation (13), (15) and (33) decays exponentially with 
increasing radius.

Impact of internal rod radius on the dispersion

Considering the model structure is an important factor to guided 
wave dispersion, the impact of internal rod radius on dispersion was 
analysed. By setting the parameters as Table1 & Table2, the dispersion 
curves of L (0,1) with different internal rod radius were shown in 
Figure 6. As can be seen from the Figure 6, either model 1 or model 2, 

the dispersion curve of L (0,1) shifts to lower frequency. The cut-off 
frequency decreases with the increasing radius. The phase velocity at 
cut-off frequency is still shear velocity of the outside layer without 
changing with rod radius.

Impact of porous parameters on the dispersion

Considering that the porosity and static permeability are important 
parameters of porous media, the impact of these two parameters on 
the dispersion were analysed in this section. In order to determine 
the effects of the porosity on dispersion, the dispersion characteristics 
with porosity of 0.1, 0.2, 0.3 were analysed by setting the static 
permeability κ0=10-12m2.As can be seen from Figure 7, the velocity 
of bulk wave in porous media changes with porosity for model 1. 
The velocity of bulk wave in porous media of model 2 has the same 
variation. It also can be found that the frequency do little influence 
on the velocity of fast longitudinal wave and shear wave, while the 
velocity of slow longitudinal wave changes with frequency in the 
range of low frequency. It’s mainly due to the motion of the pore fluid 
and solid skeleton. The relative motion between the pore fluid and 
solid skeleton follows the Darcy law. It is influenced by the viscous 
force and the inertia force. In the range of low frequency, the viscous 
force of pore fluid plays a predominant role. That leads to velocity 
dispersion.

Since the guided waves propagate along the solid rod, the phase 
velocity should be less than the velocity of shear wave of the wrapping 
layer.1 For model 1, the phase velocity of guided wave should be in 
the range of [ct1,ct]. For model 2, the phase velocity should be in the 
range of [ct,ct2]. The dispersion curves with different porosity were 
shown in Figure 8.
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                                                           (a)                                                                                                    (b)

Figure 6 Dispersion curves with different rod radius. (a) and (b) present the dispersion curves of model1 and model2, respectively.
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Figure 7 Bulk wave velocity of porous media with different porosity of 
model1.

Figure 8a Shows the dispersion with different porosity of model 
1.It can be found that the phase velocity at the cut-off frequency is 
the shear wave velocity of porous media. That is 2880m/s, 2617m/s, 
2263m/s with porosity of 0.1,0.2,0.3 are respectively. The cut-off 
frequency of the same guided wave mode increases with the increase 
of porosity. Under the different porosity, the trend of dispersion curves 
remains unchanged. As shown in Figure 8a, dispersion curves under 
three kinds of porosity coincide within the corresponding range. The 
phase velocity of the lowest mode gradually approach to the shear-
wave velocity (3260m/s) of the solid elastic rod with increasing 
frequency.

Figure 8b shows the dispersion with different porosity of model 
2. As can be seen, the phase velocity at the cut-off frequency remains 
unchanged when porosity changes. With the increasing porosity, 
dispersion curves of guided waves gradually shift to low speed. The 
phase velocity dispersion curve approach to the shear-wave velocity 
of the internal porous media with increasing frequency. The shear-
wave velocity of the internal porous media is 1980m/s, 1822m/s, 
1595m/s with porosity of 0.1, 0.2, and 0.3 are respectively. Comparing 
the dispersion characteristic of model 1 and model 2, the dispersion is 

mainly influenced by the properties of internal rod. When the porous 
media is in wrapping layer (model 1), the porosity has little effect 
on the dispersion. When the porous media is in rod (model 2), the 
dispersion curves make a great change with the changing of porosity. 
Permeability is an important parameter of porous media, which 
reflects the ability of porous media transfer fluid. In order to determine 
the effects of the static permeability on dispersion, the dispersion 
characteristics with static permeability κ0 of 10-11m2, 10-12m2, 10-13m2 

were analysed by setting the porosity β=0.1.

                                                   (a)

                                                   (b)

Figure 8 Dispersion curves with different porosity. (a) and (b) present the 
dispersion curves of model1 and model2, respectively.
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The dispersion curves with different static permeability were 
shown in Figure 9. Figures 9a & Figure 9b present the dispersion 
curves of model 1 and model 2, respectively. As can be seen from the 
Figure9, the static permeability has little influence on the dispersion 

whether for model 1 and model 2. By analysing the three bulk wave 
velocity under different static permeability as shown in Table 3, we 
found that the static permeability have little effect on the bulk wave 
velocity. Thus the impact on the dispersion curve is small.
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Figure 9 Dispersion curves of longitudinal modes with different static permeability.

Table 3 Body wave velocity of porous media with different static permeability

Static 
Perme-
ability

κ0(m
2)

Fast Longitudinal Wave 
Velocity/(m∙s-1)

Slow Longitudinal Wave 
Velocity/(m∙s-1)

Shear Wave Velocity/
(m∙s-1)

Mod-
el1

Mod-
el2

Mod-
el1

Mod-
el2

Mod-
el1

Mod-
el2

10-11 4981.86 3768.96 579.32 593.33 2880.52 1980.16
10-12 4981.86 3768.96 579.32 593.33 2880.52 1980.16

10-13 4981.86 3768.96 579.34 593.33 2880.52 1980.16

Conclusion
In this paper, based on the elastic-dynamic theory of liquid-

saturated porous solid, the propagation characteristic of guided 
waves in a rod surrounded by infinite media with porous media is 
studied. The dispersion equations of an elastic rod surrounded by 
porous media and a porous rod surrounded by elastic media have been 
deduced via wave equation of the guided waves. The impact of the 
rod radius and porous parameters on dispersion are discussed. The 
results show that the longitudinal guided wave propagation in the 
two models of this paper is dispersive and the dispersion curves tend 
towards the same high-frequency asymptote which is shear velocity 
of solid rod. The dispersion curve of L (0,1) shifts to lower frequency 
with increasing rod radius.By comparing the dispersion characteristic 
of model 1 and model 2, the dispersion is mainly influenced by the 
properties of internal rod. When the internal rod is porous media, the 
dispersion curves of guided waves gradually shift to low speed with 
the increasing porosity. The static permeability has little effect on 
dispersion.
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