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The Bécklund transformation of the generalized Riccati equation is applied in this

article to construct many new exact traveling wave solutions for the nonlinear
Kolmogorov-Petrovskii-Piskunov (KPP) equation. Solutions, trigonometric and
rational solutions of this equation are obtained. This transformation is straightforward
and concise. It gives much more general results than the well-known results obtaining
by other methods. With the aid of Maple, some graphical representations for some

results are presented by choosing suitable values of parameters.
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Introduction

The investigation of exact traveling wave solutions to nonlinear
PDEs plays an important role in the study of nonlinear physical
phenomena. Nonlinear wave phenomena appears in various scientific
and engineering fields, such as fluid mechanics, plasma physics,
optical fibers, biology, solid state physics, chemical kinematics,
chemical physics and geochemistry. Nonlinear wave phenomena of
dispersion, dissipation, diffusion, reaction and convection are very
important in nonlinear wave equations. In recent decades, many
effective methods have been established to obtain exact solutions of
nonlinear PDEs, such as the inverse scattering transform,' the Hirota
method,? the truncated Painlevé expansion method,’ the Bécklund
transform method,'** the exp-function method,”® the simplest
equation method,!° the Weierstrass elliptic function method,! the
Jacobi elliptic function method,'>™* the tanh-function method,'>!¢
the (G’ / G) expansion method,'”?? the modified simple equation
method,??¢ the Kudryashov method,””* the multiple exp-function
algorithm method,***' the transformed rational function method,*? the
Frobenius decomposition technique,® the local fractional variation
iteration ethod,** the local fractional series expansion method,*
the | —,— | expansion method,*** the generalized Riccati equation

mapping method*'~** and so on.

The objective of this article is to use the Bécklund transformation
of the generalized Riccati equation to construct new exact traveling
wave solutions of the following nonlinear Kolmogorov-Petrovskii-
Piskunov (KPP) equation.?2264

u —u +,uu2 +;/u2 +ou’ =0 (1.1)

Where p,7,0 are real constants. Equation (1.1) includes the
Fisher equation, Huxley equation, Burgers-Huxley equation, Chaffee-

Infanfe equation and Fitzhugh-Nagumo equation as special cases.
Recently, Feng et al.?? have discussed Equation (1.1) using the
(G'/ G) -expansion method and found its exact solutions, while
Zayed et al.?*% have applied two methods via the modified simple
equation method and the Riccati equation method combined with

the (G'/ G) -expansion method respectively, to Equation (1.1) and
determined the exact traveling wave solutions of it.

This paper is organized as follows: In Section 2, the description
of the Bécklund transformation of the generalized Riccati equation
is given. In Section 3, we use the given method described in Section
2, to find many new exact traveling wave solutions of the nonlinear
KPP equation. In Section 4, physical explanations of some results are
presented. In Section 5, some conclusions are obtained.

Description of the backlund transformation
of the generalized riccati equation

Suppose that we have the following nonlinear PDE:

@.1)

Where F is a polynomial in u(x,#) and its partial derivatives,
in which the highest order derivatives and the nonlinear terms are
involved. In the following, we give the main steps of this method:?

Fluu ,u u u ,..)=0
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Step 1: Using the wave transformation

u(x,1) = u(g),

where £ and @ are constants, to reduce Equation (2.1) to the
following ODE:

&=k + at, 2.2)

P(u,u',u",.)=0 (2.3)
where P is a polynomial in u(&) and its total derivatives while
=d/dé&.

Step 2: Assume that Equation (2.3) has the formal solution

N i
u(@= Tap(&),

i=0

2.4

where a_ are constants to be determined, such that a, # 0 , while
1
(&) comes from the following Backlund transformation

—rB+Ap(&)

() =—p
A+Bp(S)

where r, A, B are constants with B # 0, while ¢(¢&) satisfies the

2.5)

generalized Riccati equation:

P(E) =+ pp(&) + qp(E)’, (2.6)

where p,q are constants, such that ¢ # 0.

It is well-known*'* that Equation (2.6) has many families of
solutions as follows:

Family 1: When p2 —4qr >0 and pg # 0 or gr # 0, we have

(P(f)_—* PP’ 4qrtanh(“ ol
0,6 = | el dgreom2 4 ) |

ACE —;q[p+Jpz—4qr(coth(Jp2—4qr§)+csch< p2—4qr§)j],

[ 2 [ 2
_ 1 [ 2 P —4qr P Aqr
0, (&)= P 2 p+y p~—4qr| tanh 7 §]+coth 7 £

>

i\}(RZJrMZ)(p2—4qr)—A\/P2—4qr COSh(\/PZ““V%e]
Rsinh(m‘f}rM 7

i\/(szRz)(pz 74qr)+A\/p274qr sinh(\/p2 74qr§]

R cosh( p2—4qr§)+M

05| P+

>

%(é)zz‘—q -p
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Where R and M are nonzero real constants satisfying M*—R*>0

N \/pz—4qr§

2

[ 2 [ 2 '
\/p2—4qr sinh pfélqré —pcosh pfélqré

2rcos

P()=

2_
_2rsinh 7“’24"’"5

Ps(&)= ,
A p? [ 2
. -4 —4
psinh %5 —\ p*—4qr cosh %g
2r sinh( p2 —4qr§j
Py (&)= ,
-p Sinh(\/p2 —4qr§J+\/p2—4qr COSh(\/PZ—“thji\/pz —4qr
4rsinh[% 2—4qr5]cosh[i puqré)
?10($)=

-2p sinh(%\/p2 —4qréj]cosh(%\/p2 —4qh§)+2\/p2 —4qr coshz[%\/pz —4qr<§j—\/pz —4qr

Family 2: When p2—4qr<0 and pg#0 or qr#0, we have

\4qr— 2
(&)= | ~p+4gr—p’ n |
\4qr— 2
Pr(§)= | pr{dgr—p’ cof L
Ps(E)=- [ ~prldar-p ftan[ﬁqr p §j+sec \/4qr p2§

¢14(§)——2q(p+\/4qr D (cot[\/4qr P §j+csc \4qr— p2§

)
)
ol
}

fﬂls(f)zfq —2p+|4gr—p’| tan \/4[]275
i\](RZ MZ)(4qr p) A\/4qr -p’ cos \/4qr pé
(016(5):% —-p+t
Rsin( 4qr—p2§j+M
i\}(RZ—MZ)(M]r—pZ)+A\/4qr—p2 sin(\/4qr—p2§]
0,(6) = 54| - :

R COS( 4qr—p2§J+M

where R and M are two nonzero real constants satisfying
R*-M?*>0.
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KPP equation
\agr-p* D d—lu =N+I
—2rcos fé: d 51_
- B 2.7)
?3(8)= > K (
Adgr—n? A dgr—p? d'u
\4gr—p* sin 746]; P_¢ 1t peos 7461; P ¢ Dl u™ de’ = Nm+s(l+N).
Therefore, we can get the value of N in (2.4).
2rsin \agr-p* : Step 4: We substitute (2.4) along with Equations (2.5) and (2.6) into
2 Equation (2.3), collect all the terms with the same powers of ¢’ (&) and
Pro(S)= > set them to zero, we obtain a system of algebraic equations, which can
Nagr=p* | [~ 5 | V4ar-p® g : ;
—psin| YL £ l\J4gr—p? cos £ be solved by Maple to get the values of a; , k£ and @ . Consequently,
2 we obtain the exact traveling wave solutions of Equation (2.1).
An application
—2rcos(\/4qr—pzfj PP
0 (&)= : In this section, we will apply the method described in Section 2 to
\4gr-p? sin( 4gr— p2§j+ p cos( 4qr— pzfji\Mqr— P’ find the exact traveling wave solutions of the nonlinear KPP equation
(1.1). To this end, we use the wave transformation (2.2) to reduce
Equation (1.1) to the following ODE:
“ 2rsin[ 4‘]’”‘!’25) am'(g‘)—kzu”(f)+,uu(§)+]/u2(§)+§u3(§)=0. 3.1
Pnls)= > . " . 3. .
7psin(\/4qr7p2dfj+\/4qr7pz Cos(\/4qr7pzfji\/4qr7p2 By balancing " with «’ in Equation (3.1), we getN=l.
Consequently, we have the formal solution
=q,+ , 3.2
wn[% Py é)m{% P 5] u(&)=ay+tay (&) (3-2)
&= . .
P —Zpsin[ % \/4q"_p2 fjcos( % \/ a2 5}2 \/ ar—p? COSZ[ % J ar—p? fj_ \/ oar—p? where q;, a, are constants to be determined, such that a, =0,
while y (&) is given by (2.5).
Family 3: When =0 and pq=0 , we have Now, substituting (3.2) along with Equations (2.5) and (2.6) into
(3.1), collecting the coefficients of ¢’ (&) and setting them to zero, we
—pd get the following system of algebraic equations:
() osh(pE)—sinh(pE))
@ S} 24K q ay+ pA* Bk qa,+ @ A*Bqa,+35 A* Baga +y A*Bal —2rAB’ K ¢*a,
(5 = _p(COSh(p§)+Sinh(p§)) 2 2 2 2 3,2 3 33 32 3
Poa )_q(d+cosh(p§)+sinh(p§))’ +30A4B aa, +2yAB aga, + uAB a +prBk qa +roB qa, +0B a'o +7B a +uB a, = 0,

Where d is an arbitrary constant o 1 35 agal 3q A pay+y Aa} +qoAa+ A2 Bl p*a,+2qA* Bk ra,+w A* Bpa,

Family 4: When ¢#0 and r=p=0 , we have 38 A2 Bra} +65 A2 Baay+4y A Baya, + 2y A Ba,~3gAB*K* pra,~6 ABraga?

-1
le‘fcl’

0y5(&)= -2y AB*ral +qwAB’ra,+36 AB’ay+3y AB*aj +3 uAB’ay+ Bk’ p*ra

) ) +2¢B° I r* a,+ B’ pra,—36 B*raia1—2y B*raya,— uB*ra,=0,
Where ¢, is an arbitrary constant.
Step 3: We determine the positive integer N in (2.4) by using the ¢ @A pa-2qA K ra - Ak p*a,+38 Laja+ 2y Aaya,+p A a+3 A2 BI pra,
homogeneous balance between the highest-order derivatives and R R
. . . . —60 A" Braya; —2;/AzBralz+a)AzBral+35A23a3+37A23a§+3,quBa0—Asz2pzral
the nonlinear terms in Equation (2.3). More precisely we define the

2722 2 2.2 3 2,2 2 2
degree of u(¢) as D[u(§)]:N which gives rise to the degree of other —2qABk "o+ @AB” pray+36AB "6y ~65 AB raya,~4y AB raga, ~2 1 AB"ra,

expressions as follows: +3B3k2pr2a1 +3533r2a0a12 +}/B3,-2a12 +a)B3r2a1 =0,
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0 odra—pAPra+S La) vy Aal+uday+2 A Bk*r’a,-386 A’ Brala,~2y A*Braya,
—uAd? Bra, —pAszzrza +354B%F* aya; 24y AB*r a2+a)ABzrza +ZB3k2r3a 533}’3413 =0.

On solving the above algebraic equations with the aid of Maple or
Mathematical, we have the following results:

Result 1:
2k2 2 2k2
a=Qa=——£J—‘v,p nq—715———n
0 1 4 2
e 4k 20 (3.3)

1 B
U=k p A=-L2 BB k=k o=o

2 2>

2
Form this result, we have p*—4qr=p* +w—4>0.

Consequently, we have the following exact solutions:

2 2

(@+k*p)+i* /pz-kw—4 tanh[é p2+§‘;4§]

(~o+k p)+k* | p*+2- tanh[ pr+e- 5}
2

(0+k*p )+k2 P coth[l Ip 2+w§]
K B IS
2

(~w+k*p)+i? , wcoth[; p2+w§]
K K

(@K p)+k?. | p+ 2 [coth[ » +w ]—*—csch[ Ip 2+a’j.§]]
k
(—w+k* p)+k* p2+“’4[coth{ p+e §]+csch[ p2+“’j§]]
k K k

2(w+k* p)+k? pﬁ’”j[tanh[}1 e J+coth[ P+ 5]]
Voo \ 4
2-w+k> p)+k? /p +0 [tanh[}‘ p +w ]Jrcoth[ /p +0 5]}

(R2+M 2k4+w p +a) C()Sh[ a)f]
Rsmh[ p +“) ¢

7 2 274
(R +M k +6() p +a) COSh[ » +a) 5]
(~o+k* p)-k*
2
2,0°
,p+H§

uy (&)= ”“’[

Uy (&)= p{

uy(&)= Py {

uy(§)=-L7 {

(0+k* p)-k*

+M

Rsinh| +M

Copyright:
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2 2,4 B
+ |(R M’ )(p K +o )+R p2+“’—51nh[
k4
Rcosh[\]p%“’ §]+M

]

(w+k*p)+k*

us(§)= : =, 5
+ [(R M )(p K+o )+R prees smh[ prres §]
(~+k*p)+k*
Rcosh[\/ “’—4 ]
o’ smh P+ w;] (w—pk )cosh[ P +w2§]
4 2 Iz
u;(8)= 5
2
- +w smh[l p2+w§]+(w+pk )cosh[1 preg
2 2 e

(a) pk*)sinh

12,0
[2 P+ 45 *+e? cosh| 1
ug(§)=—L [

+\ Pk

1 p2+“’4§] P’k

[\)»—-
=
S
+
8
W

(e+ pk*)sinh

(0-pk?) smh[ p2+a’—§

2
Jﬂ[ P +e? cosh[ p2+a)§]ﬂ
p2+w§} -\ p*k*+o?| cosh

|
|

ty(& ):—
(+pk?)sinh

N
s}
N
5
= B
Y
N~
=
D )

% pz+“’4§]+\ Pk o’ {ZcoshZ
pz+‘”—§} \ Pk e’ [2003}12

g (§)=—

&=
B
a1

>
+
= \E
e

2(a) Pk’ )smh[}1 pz+”4§Jcosh

]
B
a1
'~
+
‘&
“e

2(w+pk smh[}1 “)—f; cosh|

where E=kx+ot.
Result 2:

27°k?

_(-w+3k> p)(Aq—-Bp)
1_ 9
(—w+3k%p)*

yA

a,=0, a

, =0, p=p, q=q, 6=
A=A B=B, u=p-o+k' pLk=k o=o.

34

Since =0 and pg+0, then we have the following exact solutions:

()= 3K p) Ag=Bp)| —pd
" 4 L(Aq—Bp)d+Aq(cosh(pé’)—sinh(p§)) ’

() Ct 3 D) Ag=Bp)| _ —p(eosh(pé)+sinh(pt))
2 Y | Aqd+(Aq—Bp)(cosh(p&)+sinh(pé)) |

where E=kx+at.
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Result 3:

K(Ag-Bp),[2
t———— r=0p=p,q=q, 4=4,8=3,

=B (=20

3.5)

Since r=0 and pg=0 ,then we have the following exact solutions:

—pd
_(Aq—Bp)d+Aq(cosh(p§)—sinh(p§))_’

ua(E)=tk(4g-Bp) [

B B P [ —p(cosh(p§)+sinh(p§))
th4()=k(dg—Bp )\/; | Aqd+(Aq—Bp)(cosh( p&)+sinh(pé)) |

2}/2 _

=

where E=hx—

Result 4:

Ay(—ABp+qA2+rBz)
a =-— a =

0 5(—pB+2Aq)(A2+rBz)’ !

By(—ABp+qA2+rBZ)

r=r,

5(—pB+2Aq)(A2+rBz) ’
q}/z(—ABp+qA2+rBz)

p=p, q4=q, A=4, B=B, p= A
5(-pB+24q)

/ 2
r
2B 85 B}/2

&6 —-pB+24q° “= 26(-pB+24q)’ >0

In this case, we deduce that Equation (1.1) has many types of the
exact traveling wave solutions as follows:

Type 1: When p>—4¢r>0 and pg=#0 or gr=0, we have

2 2
y( ABp+qA2+rB2) { B[quB+pA+A —4rqtanh[% p—4rq§j]

()=

>

5( pB+2Aq A +rB 24g-pB-By p*~4r tanh[2 p2—4rq§j

B 2rqB+pA+ Ay p*—4rq coth(1 2—4rq§]]

(&)=

>

5(- pB+2Aq A2+r32

y ABp+qu+r32 (

2A4q-pB— B\/p 4rqcoth( \/p 4rq§]
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y(7 ABprgd+r Bz) { B[quB+ pA+A\/ p274rq[coth[\/ p274rq§jicsch(\/ p274rq§J]]

5(7HB+2Aq)(Az+rb‘2 ){ 24q-pB-BY p2—4rq[colh(\/ p2—4rq§]tcsch[\/ p2—4rq§j) I

u7($)=

y(f ABprqd: “Bz) { E[4rq8+2p/4+/4\ plarq(colh[l ph4rq§]+zanh[l ptzmgm
A+ \
5(7pB+2Aq)(A‘+rBA)\‘ 44q-2pB-Bv| p* 4rq(coth[ \p? 4lq‘,j+timh[ VP 4Iq«,j)

wg(§)=-

A\/p274rq(chosh[\/p274rq§]i\/R2+MZJ

B| 2rqB+pA
Rsinh[\/p274rq§J+M

;/(7ABp+qA2 +rBZ)

u9($)= 4
! 5(-PB+2A11)(A2+VBZ) B pz—4rq[—Rcosh[\/ p274rq§ji\/R2+Mz]
24q-pB+
Rsinh[\/ pzf4rq§]+M
A\/ pz—4rq[Rsinh(\/ p2—4rq.f]i\/R2+Mz ]
B| 2rqB+pA+
7(—ABp+qAZ+rBZ) Rcosh[\/pthq,f}—M
1y (&)= 4
‘5(’PB+2A‘1)(A2+'BZ) B\/pz—4rq[Rsinh(\/pz—4rq,fjir\/Rz+M2 ]
24q-pB
Rcosh[\/ p274rq§j+M
ABp+qA +rB* )
“21(5)—

{m
pB+2Aq /1 +rB |‘

B r(pB+2A)cosh 1\/[7 —4)q§] Br\/p —4)qsmh( \/p 4rq§]j}

(pA- 2rB)cosh \/p 4rq§j A\/p 74rqsmh( \/p 4rq§]

)(pB+2A)smh \/p —4)q§] Br\/p —4)qcosh( \/p —4rq4,]]

Uy (&)=

ABp+qAZ+rB) {
1)B+2Aq A +rB {

(pA- ZIB)smh \/p 4;q§) A\/p 4rqcosh \/p —4rqé )

}'(- Bprd +1'BQ) ( B[r(pB+2A)sinh{ Edr f} -Br p—4) cosh At ]J
()= A+

5(-pB+2Aq)(A2+rBZ){ (pA—2rB)sinh( -4rq5]A L4y cosh p 4rq§ +1

=
Brlr(deA)sinh( P -drgs ]mshf P 44.;) Bryp* 4q 2&.051! Vi -argz ]
L s

2pA 2r8)31nh(4\p 4rgé juosh[%m‘) AP 4rq co:h »” 47([ 1

L (&)=
s 6(7pB+2Aq)(AI+r'E2) )

y(fAB;HqAEH‘E:) {
i

Type 2: When p*—4gr<0 and pg#0 or gr#0, we have

7(7ABp+qA2+rBz) 'V B[quB+pA—A\[4rq—pz tan(]i 4rq—p2§D
A+ A

5(—173*2/4‘])(/42*”92 )i‘ 2Aq—p19+l~?\/4rq—p2 tan[%\/hq—pzf]

2 1 2
y(fABerquJrrBz) {A B[2rqB+pA+A\[4rq—p cot(E 4rg-p §D

5(—pB+Zz<1q)(AzJrrB2 )\‘ 2Aq—pB—B\/4rq—p2 cot[%\/hq—pzfj

s (&)=

(&)=

5

y(—ABp+qA2+rBl) ( B[quB+pA—A\/4rq—p2[tan(\/4rq—pzf)isec(\/Atrq—pzf)]]
A+

Uy (§)=— —
b(pr+2Aq)(A‘+rB‘){ 2Aq—pB+B\/4rq—p2[Lan[\/4rq—p25jisec(\/4rq—p25j)

y(—ABp+qA2+rBZ) { B[quB+11A+A\/4rq—p2(Col(\/4rq—p2:f]icsc[\/étrq—pz.f]]]
5(’1’B+2A‘7)(A2+"Bz)\‘ 2Aq—pB—B\/4rq—pz[cot(\/équ—pzf)icsc{\/4rq—p2§]J ’

(8)=
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y(—ABp+qAZ+rBZ) (

(&)= A+
2 2
5(‘PB+2A‘I)(A +rB ){ 2(249-pB)-By 4rq7pz[cot(% 4rq7pzéjflan(% 4rq7pl§])
y(—ABp+qA:+rBZ) B{(quB+pA)(M+Rsin( 4rq—p2¢])—m 4rq—p2[—kcos[ 4rq—p2§j1«lR2—M1D
t30(§)= 4

5(- pB+2Aq)(A2+rBZ)

B[(quB+pA)(M+Rsin[ 4rq—p’:)]M\/m-q—pz(xcos( 4rq—p2§)¢«lR2—M2D
5(*ﬂ3+2/44)(f42+’32) (2Aq—pB)(M+Rsin[ 4rq—p2§])—3\ 4n,—p1[Rcos[ Arq—pz.fjt\/Rl—sz i

y(-ABp+qA1+rBZ)
3 ()=

}/(—ABp-H]AZ B ) { ) B[r(2A+pB) cos(%x/qupz §j+Br\/4rq7p2 sin[%\/4rq7pszJ

uz ()= 3
5(—PB+2A‘])(AZ+’BZ){ (Ap*ZVB)cos(%\/4rq7pz§J+A\/4rq7p2 sin[%\/4rq7p2§j

7(—ABp+qA2+rBz) ‘A BLF(2A+PB)SinL§\/4WI—p‘
(Ap—ZrB)sin(%\qu—pz‘

B[r(2A+pB)cos( 4rq—pzéjj+Bn 4rq—p2{sin[ 4rq—pz§)ilj]

(Ap*ZrB)cos[ 4rq7p2§]+A\ 4rq7pz(sin[ 4rq7p2§)tlJ

uy (&)=

5(—pB+2Aq)(A2 +rB? )‘

}/(—ABp«*—qA2 +rB* )

u34(8)=
5(—pB+2Aq)(A2+rBZ)

B{V(Z/HpB)sin[ 4rq—p2r§j—Bm 4rq—p2[cos( 4rq—p2§]ilj]

(Ap—ZrB)sin( 4rq—p2.f]—A\ 4rq—p2[cos( 4rq—pZ§]ﬂ] ’

}/(—ABp+qA2+rBZ)
u35(8)=

é'(—pB+2Aq)(A2+rBZ)

y(fAE‘pH;AIJrrEZ) {

35(§)= A
* 5(-p3+2Aq)(A2+132) {

B[zr(zmpﬂ)sm[i 4rq7p2§)cos[% 4rq7p2§}fﬁr\ 4rq7pz(2wsz(% 4rq7p1§]71))
2(Ap72rB)sm[‘lz 4rq7p2§)(‘1‘ 4)‘q7p25)7/4\ 4rq7p1[20052[% 4rq7p2§}4]

Type 3: When r=0 and pg#0, we have

oo (&)= T BPHaA) L. Bpd

TR 6(-pB+24q)| (Aq-Bp)d-+Ag(cosh(pé)-sinh(p&)) [
g ()= 7(—Bp+qA) (P Bp(cosh(p§)+sinh(p§))
W20 5(-pB+24q)| " Aqd+(Aq-Bp)(cosh(pé)+sinh(pé)) [

|2 | By’
where ©7| ZpB+24q\85 x+[25(—pB+2Aq)]t.

Type 4: When r=p=0 and ¢+0 , we have

Physical of our obtained

solutions

explanations

The obtained exact traveling wave solutions for the nonlinear

B(Z(quB+pA)+A\ 4rq—p2[cot(% 4rq—p2§]—tan(% 4rq—p2§]J]

(2Aq7pB)[M+Rsin( Arq—ngjjﬂh 4rq7p2[7kcos(\ Arq—ngf)i\]Rz—Mz) i
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KPP equation (1.1) are hyperbolic, trigonometric and rational. In
this section, we have presented some graphs of the exact solutions
ul(x’t) > u7(x’t) > ul[(x’t) > u14(x9t) > ulé(xsl) > u19(xrt) ’ u25(x9t)
and u5,(x,t) constructed by taking suitable values of involved

unknown parameters to visualize the mechanism of the original
equation (1.1). These solutions are kink, singular kink-shaped soliton
solution, hyperbolic solutions and trigonometric solutions. For more
convenience the graphical representations of these solutions are
shown in the following figures 1-8.
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Figure | Plot of the solution u (x,t) when k=2, p=w=1y=-1.
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Figure 2 Plot of the solution %7 (58 when & = Lp=30=2,y=-1.

Figure 3 Plot of the solution %, (¥,f) when k=1,p=3,g=4,0=1,
y=-3d=1,B=24=1
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Figure 4 Plot of the solution u, (x,t) when k=1,p=1,6=2,4=3,
y=-1,d =3,B=1,4=2.

Figure 5 Plot of the solution ¥ (%:!) when P =3,6=449=1,
y=-3,r=1,B=-2,4=-1.

Figure 6 Plot of the solution U (x,t) when

p=50=1g=ly=-3r=1,B=2,A=2R=2,M=2.
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Figure 7 Plot of the solution ¥,5 (%.7) when p=10=1q=5,

y=1r=4B=3A4=2.

Figure 8 Plot of the solution u  (x,f) when P=16=1¢=2,
y=l,r=4, B=2,A=2,R=3,M = 2.

Conclusion

In this article, we have employed the Backlund transformation of
the generalized Riccati equation to obtain many new exact traveling
wave solutions of the nonlinear Kolmogorov-Petrovskii-Piskunov
(KPP) equation (1.1). On comparing our results in this paper with
the well-known results obtained in***** we deduce that our results in
this article are new and are not published elsewhere. The Béacklund
transformation of the generalized Riccati equation obtained in this
article is more effective and gives more exact solutions than the
generalized Riccati equation mapping method obtained in.*"* Further,
all solutions obtained in this article have been checked with the Maple
by putting them back into the original equations. Finally, the proposed
method in this article can be applied to many other nonlinear PDEs
in mathematical physics, which will be done in forthcoming papers.
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