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Introduction
Due to the discovery of the discovery of CNT by Iijima, many 

researches on carbon nanotubes arrangements have been examined.1–4 
Dynamic investigations have been performed on beams, nano-
wires, nano-rods and nano-beam so as to specifically harness the 
tremendous properties of CNTs for applications such as nanomaterial 
reinforcement designs. To actualize this, the well know beam models 
were employed and dynamic ranges were obtained in the stability 
domain of the vibrating structures.5–22 Vibration and instability 
responses of DWCNT have been considered using a nonlinear model 
with electrostatic actuation as external forcing function.22–26 They 
employed an alternating voltage as the exciting agent for vibration 
and determine the bifurcation limit of the nanotube. It was concluded 
that both walls operate at the same vibration frequency under the 
considered resonant conditions. The application of nonlocal theory 
of elasticity to natural frequency determination had been presented 
for the first three modes using a simply supported CNT.26 They 
also illustrated how the frequency in the order of Tera-hertz can be 
harnessed to find useful applications in optics. Lei et al.27 considered 
the application of Timoshenko beam theory to the dynamic response of 
DWCNT. The nonlinear equations derived by Asgharifard Sharabiani 
& Haeri Yazdi28 found applications in graded nanobeams with 
moderate surface roughness. Wang29 obtained models for handling the 
above-mentioned surface roughness effect. He considered a free flow 
induced vibration in structures based on nonlocal theory of elasticity 
and discovered the impact of small thickness tube on vibration 
and stability. In an attempt to model the foundations of CNTs very 
close to reality, many studies on foundations have been examined 
after considering CNTs as structures resting on or embedded in 

elastic foundations such as Pasternak, Winkler, and Visco-Pasternak 
medium.30–35 Yinusa & Sobamowo37 performed thermal instability 
and dynamic response analysis on a tensioned CNT under mobile 
external pressure. In order to understand the dynamics of branched 
CNT when induced by fluid flow, Yinusa et al.,38 analyzed a branched 
CNT with different downstream angles. They formulated a nonlinear 
vibration model of an embedded branched nanofluid-conveying 
CNT and obtained the equation of motion using Hamilton principle. 
They focused on the influences of vital parameters which includes 
downstream angle, temperature change and two dimensional external 
magnetic field. They concluded that increase in downstream angles 
decreases stability while the magnetic term possessed an attenuating 
impact on system’s response. In order to justify the widespread 
application of CNTs, different researches in line with experiment, 
numerical and analytical methods have also been presented.39–42 
The novelty in this present study is the consideration of a nonlinear 
dynamic scenario which is closer to reality as against the idealized 
linear vibration model previously considered by Yinusa et al.38 
Motivated by these considerations, this work aim to dynamically 
determine the nonlinear response, shear force and bending moment 
of a pressurized CNT. Without linearization, series expansion or 
omission of any independent variable, the developed nonlinear model 
is solved using transient differential transform method (TDTM). The 
effects of the External Uniform Pressure, modal number as well as 
other parameters are presented graphically.

Governing equation
Consider a homogeneous and constant cross-section SWCNT with 

external exciting pressure as illustrated in Figure 1. 
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Abstract

The tremendous strength and light weight properties of Carbon nanotubes (CNTs) 
havefascinated the interest of researchers and scientists towards using CNTs for thermal, 
chemical, optical, electrical, structural and mechanical applications. This paper presents 
analytical solutions to the nonlinear dynamic response, shear force and bending moment 
of such CNTs.The CNT is modeled via thermal elasticity mechanics and Euler-Bernoulli 
theories. Without linearization, series expansion or omission of any independent variable, 
the developed nonlinear model that governs the physics of the behaviour of the CNT when 
excited by the aforementioned external agents is solved using transient differential transform 
method (TDTM) and verified with an inbuilt numerical scheme in MAPLE16. The results 
of the generated close form solution in this work are also compared with those of past works 
and excellent agreements are achieved. The parametric studies revealed that anincrease in 
pressure term increases CNT deflection for any mode while a corresponding increase in the 
temperature and foundation parameters have an attenuating impact on deflection. Finally, 
the dynamic study reveals that locations with maximum bending moments are observed to 
possess minimum shear forces. It is envisaged that this work will enhance the use of CNTs 
for structural, electrical and mechanical applications.
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Figure 1 Schematic of the pressurized CNT.

 By employing the classic Euler-Bernoulli beam model, the 
nonlinear vibration of figure 1 can be modelled as; ( )

4 2 2
3

4 2 21 2
CNT

p
EAEI T M K K P x

x v x t
χ χ χα θ χ χ∗

∗

∂ ∂ ∂ + − + + + = ∂ − ∂ ∂  . 	
		                                                                                     (1)

Substituting for the pressure term,

                                        

4 2 2
3

04 2 2 1
1 2

CNT CNT
p CNT

EA dEI T M K K A P x
dxx v x t L

χ χ χ δα θ χ χ µ∗
∗

 ∂ ∂ ∂   + − + + + = +    ∂ − ∂ ∂    
.                                     (2)

Method of solution via TDTM

Since the resulting model in equation (4) contains a nonlinear 
foundation term, the model generally becomes nonlinear and difficult 
to solve using Laplace and Fourier methods. As a result, TDTM is 
employed. This method predicts excellently when engaged to handle 
nonlinear models. In this present study, the nonlinear transient model 
in Eq. (2) will be solved analytically using the TDTM and verify after 

removing the nonlinear term with Integral transform method.

Basic principle of the TDTM

TDMT is an extension of the Classical DTM but the former differs 
from the later due to the inclusion of transient term transformation 
together with the spatial term. Some basic TDTM recursive relations 
are shown below Table 1:

Table 1 TDTM recursive relations

1. ( , ) ( , ) V(x, t), then Z[k,h] U[k,h] V[k,h] for all k 0,h 0Z x t U x t= ± = ± ≥ ≥

2. ( , ) ( , ), then Z[k,h] [k,h].Z x t U x t U=∝ =∝

3.

4.

5.

5.

6.

7. ( , ) , then Z[k,h] ( , ) ( ) ( ),m nZ x t x y k m h n k m h nδ δ δ= = − − = − −

8.

( , )( , ) , Z[k,h] ( 1) [k 1,h].U x tZ x t then k U
x

∂
= = + +

∂

( , )( , ) , Z[k,h] (h 1) [k,h 1].U x tZ x t then U
t

∂
= = + +

∂

( , )( , ) , Z[k,h] ( 1)( 2)..( )( 1)( 2)...( ) [ , ].
m n

m n

U x tZ x t then k k k m h h h n U k m h n
x t
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1 ,h n
( , )
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− − =  
 

0 0
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9.

10.
1 2( , ) sin[ ( , )], and ( , ) cos[ ( , )], thenZ x t U x t Z x t U x t= ∝ = ∝

0 0 0 0
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Method of solution: Transient differential transform 
method (TDTM)

Recall that the nonlinear transient governing equation as shown in 
Eq. (2) may be expressed as, 

 
4 2 2

3
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1 2
CNT CNT

p CNT
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∗
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                                                                                                        (3)

Subject to the pinned-pinned conditions:

                    
( ) ( )
( ) ( )
( ) ( )

,0 ,0 0

0, 0, 0

, , 0CNT CNT

x x

t t

L t L t

χ χ

χ χ

χ χ

= =

′′= =

′′= =



	

       

		   
Applying the TDTM illustrated in table 1, the recursive relation of 

Eq. (3) becomes;
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									          (4)

Where the recursive term 
[ ]

1 0,

,

0

if k h

k h

otherwise

σ

= =

= 



                                                                                                              (5)

On re-arranging Eq. (4), we have the finalized TDTM recursive equation as
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											                                                           (6)

Table Continued...
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Subject to the TDTM transformed conditions:

                          
( ) ( )
( ) ( )
( ) ( )

,0 ,1 0

0, 2, 0

1, , 3,

k k

h h

h a h b

χ χ

χ χ

χ χ

= =

= =

= =

	                                (7)

Where the constants a and b will be determined by the remaining 
two boundary conditions. Solving Eq. (6) with Eq. (7), the term by 
term TDTM solutions are obtained as shown below:

      
               4,1 4,2 4,3 4,40, 0, 0, 0χ χ χ χ= = = =
 
                 4,1 4,2 4,3 4,40, 0, 0, 0χ χ χ χ= = = =
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TDTM series solution is generally represented as; 

                               
( ) ,

0 0
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= ∑∑ 				  
					                                     (8)

The TDTM series solution then becomes;
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 

								      
			                                                                     (9)

Equation (9) is the desired TDTM solution that represents 
deflection of the SWCNT.

Determination of the SWCNT Bending moment and 
Shear force from TDTM

The Bending moment is related to the SWCNT deflection by 

                           
( )

2

2, CNTx t EI
x
χ∂

Β = −
∂

 				  
		   			                                 (10)

Similarly, the Shear force is related to the SWCNT deflection by 

                              
( )

3

3, CNTS x t EI
x
χ∂

= −
∂

		   		
					                                 (11)

Substituting Eq. (9) into Eqs. (10-11), we have for the nonlinear 
bending moment,
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EA T bMax Max t x t
v

EI EI EI
Ma Ka

x t EA T b Ma Ka
vEI

B x t x

χµ δ

αθ

αθ

+ + +

+ −

  
−   − − − −−  

 + + 
  

− + +    −  
=

−

( )

3 4

3 5

1,7

4

2

4 5
0,7

2,

6 30
1 2

1 / 6 6 42
1 2

1 / 24
1 2

1 / 12 21 42
1 2

CNT

CNT

CNT

CNT

CNT
o

CNT CNT

CNT

CNT CNT

t EA T b Ma Ka
vEI

x t EA T b M Ka
vEI

AP x EA T
vEI L

Mx t EA T M
vEI EI

αθ

αθ χ

µ δ αθ

χ αθ χ

  
− + + −    −  

  
− + +    −  

 
− −  − 

 
− − − +  − 

7

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  
   
  

			                                                             (12)	
							     

With a shear force expressed as,
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Results and discussion
Verification 

The present study is verified with numerical method and a good 
agreement is reached as shown (Table 2): 

Table 2 Verification of present study with numerical method

Mode Shap

Mode Numerical method Present study(TDTM)

1 3.141593 3.141593

2 6.283185 6.283185

3 9.424778 9.424778

4 12.56637 12.56637

5 15.70796 15.70796

Influence of pressure, temperature and foundation 
parameters on CNT deflection

Figures 4–7 depict the influence of external pressure, temperature 
and foundation parameter on the steady state response of the CNT. 
Increasing external pressure results in a corresponding increase in 
the deflection of the CNT. When the pressure distributed at the CNT 
surface is converted into a resultant force, it acts at the mid-point of 
the nanotube span. At that point, the shearing force will be zero while 
bending moment will be maximum. This results in an increase in CNT 
deflection. Furthermore, an increase in foundation parameter and 
temperature have an attenuating attribute on CNT response (Figures 
2–4).

Figure 2 Influence of uniformly distributed pressure on deflection.

 Figure 3 Influence of temperature on CNT deflection.
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Figure 4 Influence of foundation on CNT deflection. 

Figure 5 First mode dynamic response of CNT.

Figure 6 Second mode dynamic response of CNT.

Figure 7 Third mode dynamic response of CNT. 

Dynamic response of the SWCNT

Figures 5–8 illustrate the multi-dimensional dynamic response 
of the CNT for different modes. The transient responses depict the 
possibility of tracking the behaviour of the CNT at any instance. This 
analysis is vital as it helps in the monitoring and adjustment of the 
CNT during use.

The Shear force and bending moment of the SWCNT

Figures 8–12 depict the multi-dimensional Shearing force and 
bending moment diagram of the CNT for bi-modal cases. Locations 
with maximum bending moments are observed to possess minimum 
shear force. The combination of these responses and the mode shape 
of the structure may be used to track location of anti-nodes for 
resonance prevention.

 Validation

The present study is also reduced and compared with those of 
previous studies with good agreements established as demonstrated 
below (Table 2):

Figure 8 Forth mode dynamic response of CNT. 
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Figure 9 First mode shear force of CNT. 

Figure 10 Second mode shear force of CNT.

Figure 11 First mode Bending moment of CNT.

Figure 12 Second mode Bending moment of CNT.

Table 3 Model validation

Mode Reference 40 Mode shape 
reference 37

Present study 
linearized

1 3.141593 3.14159 3.14159

2 6.283185 6.28319 6.28319

3 9.424778 9.42478 9.42478

4  - 12.5664 12.5664

5  - 15.70796 15.70796

Conclusion
In this paper, analytical investigations of dynamic response of a 

CNT exposed to an external uniform pressure has been carried out 
using TDTM. The exact solution as presented in this work are verified 
numerically and validated using results from previous studies. It was 
established that the TDTM gives a good result and is efficient for the 
problem investigated. Based on the study, the following include some 
of the conclusions derived;

i.	 Increase in surrounding pressure increases nanotube deflection.

ii.	 Bending moment is minimum at locations of maximum shear 
forces

iii.	 Increase in temperature and foundation parameters attenuates 
vibration

iv.	 TDTM is efficient for the problem investigated.
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