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Tunneling transmission coefficient from the external
electric field barrier
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According to classical physics theories, a moving particle cannot move to an environment
with greater potential energy than its total energy during movement. But according to
quantum theories, this event is well known. This event is called tunneling. Tunneling is
a probability, and it is measured by a transmission coefficient. Correct calculation of this
coefficient is very important because very sensitive and important instruments have been
developed based on this event, and many events in nature can be explained by tunneling.
This coefficient is generally calculated by semi-classical approaches (WKB) and the known
formula is an approximate formula. In previous publications, the general transmission
coefficient of a potential barrier with arbitrary form is calculated by a simple method
without any approximation. The results are applied to calculate the half-life values of the
nuclei that emit alpha particles. The half-life values obtained from our calculations and
the classical method (WKB) have been compared, and it has been found that the new halflife values are exactly consistent with the experimental values. In this article, this general
transmission coefficient is applied to calculate transmission coefficient for an arbitrary form
external electrical field barrier (cold emission by the metal). The values obtained from our
calculations and those of classical method (WKB) have been compared.
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Introduction
When a flowing particle or particle current is encountered with
a potential energy barrier greater than its total energy, it cannot pass
the potential barrier and returns to its environment or disappears
within the potential according to classical physics. However, the
observations indicate that such a particle or particle current may pass
through the potential barrier. In quantum physics, this phenomenon
is called tunneling. This phenomenon cannot be explained according
to classical physics theories. One of the greatest achievements of
quantum physics theory is that it can explain the tunneling or tunneling
event. The probability of passing of the particles through the potential
barrier is determined by the passing or transmission coefficient. This
coefficient indicates the possibility of passing the potential barrier of the
particle. Where and how this coefficient is used can be found in many
publications. It is also a fact that some very sensitive instruments are
based on the phenomenon of this formula. This well-known formula
is obtained by a semi-classical calculation method called WentzelKramers-Brillouin (WKB) Method in Quantum Mechanics and is an
approximate formula as its name suggests. In previous articles,1–3 a
new general formula is obtained without any approximation and this
formula can be easily applied to any form of potential barrier. This
formula is shown to be more accurate and realistic, applying to the
alpha decay of some well-known atomic nuclei in nuclear physics.2
The field emitted current density is computed with the barrier
transmission coefficient. The analytical method generally used is
WKB which is not reliable especially at high fields (the barrier is
not slowly varying).Many researchers and engineers are researching
these topics, on the physics electron emission of electrons from metal
under high electric and high temperature. They make use of tunneling
in their researches such as tunnel diode, Josephson joint, scanning
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tunneling microscope, etc. It is possible for these researchers to get
correct results in their studies by calculating the tunneling coefficient
precisely.It can be thought that the results found with this study will be
very useful for the researchers who make scientific and technological
studies in the above mentioned subjects. With our formula of the
transmission coefficient they will be able toimprove the analytical
equation. For this purpose, this article was prepared. In this article, the
general transmission coefficient is applied to calculate cold emission
(radiation of an atom in the electric field) by the metals. The values
obtained from our calculations and those of classical method (WKB)
have been compared.

Transmission coefficient for an arbitrary
potential barrier
The new transmission coefficient Tnew (or the barrier penetration
probability)is given as follows:
Tnew =
m1 =

2
cosh cosh [ 2K d ] + cos[2P]

2m
;K = m1 E;Q ( r ) = m1 ∫ U ( r )dr;P = Q ( r2 ) − Q ( r1 ) =
h2

(1)
r

2m 2
U ( r )dr
h2 r∫
1

Here, U ( r ) is potential function of barrier; m mass or reduced mass of
particle that hits and leaves the potential barrier, respectively. r1 and r2
are abscises of the points that the particle hits and leaves the potential
barrier, respectively and they are found solving the equation E = U ( r )
r2 r1 , ( r1 < r2 ) ,d is the barrier width. E is the total energy of the
; d =−
particle passing through the obstacle.1–3 From the literature,4–8 the WKB
transmission coefficient TWKB (or the barrier penetration probability)
which is calculated by the method WKB is known as follows:
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TWKB= e −2g ,[g=

r

r

1

1

2
2m 2
U ( r ) − Edr= m1 ∫ U ( r ) − Edr]
2 ∫
h r
r

W
=
=
r1 0andr
2

(2)

Application to electron emissionby a metal
The energy gained by the atom in the electric field
When an atom is placed in a constant external electric field, the
energy levels change. This phenomenon is called the Stark effect.
The electric field interacts with the electrical dipole moment of atom.

(eε )

.

In Equation (1), if the following values are taken,

d = r2 − r1 = W
K=

r

(3)

;m1 =

Q ( r ) = m1 ∫ −eε rdr = i

r

r

( eε )

2m
=
h2

2m

h ;

2m
E = m1 − E = im1 W
h2
; W =| E |

Considering a uniform electric field D along the z-axis, the energy
gained from the interaction with the electric field is as follows:
=
Εe D.
=
ε ε D cos cos (θ )
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2 2m eε 3 2
8m eε 3 2
r =i
r
3h
9h2
;

P = Q ( r2 ) − Q ( r1 ) = i

8mW 3
3eε h

The following transmission coefficient formula is obtained:
2

2

=
Tnew =
Here T is electricalr dipole
moment of atom; θ is the angle
cosh cosh [ 2K d ] + cos cos [ 2P ]
 2 2m 3 2 
 4 2m 3 2 
r
cos 
W  + cosh 
W 
between the vectors of ε and D. The electric field can be strong or
 heε

 3heε
 (5)
weak. If the electric field is taken in the direction of z − axis , then
Using the WKB approximation, the probability of such an electron
è = 0 becomes and Equation (3) takes the following form:
tunneling through the barrier and consequently the probability of this
r r
electron being emitted from the surface is calculated as follows:
E e = U(r) = D.ε = ε D = −eε r
(4)
r2
r2




TWKB =exp  −2m1 ∫ U ( r ) − E  dr =exp  −2m1 ∫ W − eε r  dr
Here e is the electrical charge of electron, r is the radially variable




r1
r1
in spherical coordinates.

Calculation of transmission coefficient
Emission of electrons from a metal surface is the basis of an
important device known as scanning tunneling microscope (STM).
An STM consists of a very sharp conducting probe which is scans
over the surface of a metal (or any other solid conducting medium). A
large voltage difference is applied between the probe and the surface.
The surface electric field strength immediately below the probe tip
is proportional to the applied potential difference, and inversely
proportional to the spacing between the tip and the surface. Electrons
tunneling between the surface and the probe tip cause a weak electric
current. The magnitude of this current is proportional to the tunneling
probability T. It follows that the current is an extremely sensitive
function of the surface electric field strength, and, hence, of the
spacing between the tip and the surface (assuming that the potential
difference is held constant). An STM can thus be used to construct
a very accurate contour map of the surface under investigation. In
fact, STMs are capable of achieving sufficient resolution to image
individual atoms.
Suppose that a metal surface is subject to a large uniform external
electric field of strength ε , which is directed such that it accelerates
electrons away from the surface. The electrons just below the surfaceof
a metal can be regarded as being in a potential well of depth W, where
W is called the work function of the surface. Adopting a simple one
dimensional treatment of the problem let the metal lie at r < 0 , and
the surface at r = 0 . The applied electric field is shielded from the
interior of the metal. Hence, the energy E, for example, of an electron
just below the surface is unaffected by the field. In the absence of
the electric field, the potential barrier just above the surface is simply
U(r) − E =
W . The electric field modifies this to U ( r ) − E = W − eε r .
The potential barrier is sketched in Figure 1. It can be seen in Figure
1 that an electron just below the surface of the metal is confined by
a triangular potential barrier which extends from r = r1tor2 , where

 4 2m 3 2 
TWKB
W 
= exp  −
 3heε
 		

(6)

The above result given in Equation (6) is known as the FowlerNortheim formula. This formula is the result of WKB approximation.
The formula given in Equation (5) is exact formula because there is
no approximation. It is seen that there are a lot of difference between
them. If the ratio of
to
is calculated, the following value
is obtained:
Tnew

TWKB

≈4

Tnew ≈ 4TWKB

or

(7)

Both values appear to be very different. It is necessary to accept
that Tnew is more accurate because no approximation was made while
calculating this formula.

Figure 1 The potential barrier versus position for an electron in a metal.
The potential energy is − U 0 when the electron is in the metal ( r < 0 ) and
is proportional to r outside the metal ( r > 0 ) . An electron with energy E can
escape the metal by tunneling from r = 0 to the point r2 .
1
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Numerical calculations and comparison of equations
(5) and (6)
The barrier penetration probabilities or the transmission
coefficients T have been calculated from Equations (5) and (6). In the
calculations, the electron mass, mc 2 = 0.511003MeV; the electron
charge, e = 1.19999 ( MeV. fm ) 12 have been taken. The obtained values
for the different metals are seen in Table 1. In Table 1, it can be seen
that the new method is more appropriate than the classical WKB
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method. In the calculations of the current-voltage characteristics
of a diode in semiconductor physics, it is expected to have better
results. In calculations, one has been taken hc = 197.329MeV.fm .
Numerical calculations were made for three different electric fields,
and the results are shown in Table 1. The values of work function
(W).9 Calculations were done for three values of electric field.
[ε V
=
5 × 106 ,5 × 107 ,1 × 107 ] .
cm

(

)

Table 1 Comparison of the transmission coefficients values calculated with classical and new method
Transmission coefficient
Metals

Work
function
W (eV)

Electric field

Tnew

from equation (5)

ε (V cm)

5x106

5x107

Na

2.46

5.12448x 10

−23

0.0206

Al

4.08

5.07471x 10

−49

0.000052

Cu

4.70

1.40147x 10

−60

3.60174x

Zn

4.31

3.25862x 10

−53

0.000020

Ag

4.73

3.68836x 10

−61

Pt

6.35

4.59212x 10

Pb

4.14

4.19617x 10

−50

0.000040

Fe

4.50

9.20656x 10

−57

8.67486x

−95

10−6

Transmission coefficient
(6)
Electric field

1x107
1.43171x

5x106

10−11

1.28112x 10

1.42474x

1.26868x

10−24
2.36768x

10−30
1.14169x

10−49

3.50368x 10

10−54

3.15165x

1.21464x

9.22090x

1.28249x

1.35530x

10−9

10−6

Conclusion
In previous articles,1–3 the general transmission coefficient formula
for a potential barrier with an arbitrary form has been easily calculated
without making any approximation. In the above calculation, the new
method that we developed for the solution of the radial SE has been
used. The general transmission coefficient obtained from the new
method is given by the formula (1). In this formula, it could be difficult
to calculate analytically the integral ∫ U(r)dr . If these calculations
cannot be made analytically, they should then be performed by
numerical calculation methods.
Hence, it is said that the results obtained using the new formula
are more realistic. In the WKB method, the wave function is
sinusoidal before and after the potential barrier. However, it is not
a sinusoidal but an exponential function in the potential barrier. So,
the wave function inside the potential barrier is not sinusoidal; after
the potential barrier, it becomes sinusoidal again. However in the
new method, the wave functions are sinusoidal everywhere both

10−30

10−62

10−47

1.14803x 10

4.09691x

1.04904x

1.91902x

2.30164x

10−25
10−28

−61

8.14656x

10−26

10−6

−23

10−50
10−57

−95

TWKB

from equation

ε (V cm)
5x107

1x107

0.0051

3.57928x 10

−12

0.000013

3.56185x 10

−25

9.00435x 10

−7

5.91919x 10

−31

4.91018x 10

−6

2.85422x 10

−27

7.87911x 10

−7

3.03659x 10

−31

10−10

3.38826x 10

−48

0.000010

1.02423x 10

−25

4.79754x 10

−29

3.20624x

2.16872x 10

−6

inside and outsides of the potential barrier. But, the wave functions
have different phases inside and outside the potential barrier and
it advances everywhere as sinusoidal functions. This is more
reasonable. It can also be said that it is more accurate and realistic.
Besides, the WKB method gives an approximate wave function.
In the new method, the wave function is exact because there is
no approximation. That is why the theoretical calculated half-life
values match better with the experimental values. From these, we
conclude that the transmission coefficient given in Equation (1) is
more correct and realistic.
The new general transmission coefficient formula can be used to
calculate the other tunneling phenomenon. Here in this short article,
we have calculated the transmission coefficient for cold emission
from the metals, and results were compared with the results obtained
with those of the WKB method. We see that two results were not
the same. I have to say that the newly discovered results are more
realistic. Therefore, it is expected that this new coefficient will
produce very realistic results.
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