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molecules (CO,NO). We have also shown that, the total com?lete degeneracy of
energy levels of NMGESC potential equals the new values 2n°. Furthermore, the
global group symmetry (NC: 3D-RSP) corresponding NMGESC potential reduce to
the new subgroup (NC: 3D-RS) symmetries.
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(CO,NO), which interacted with NMGESC potential in the context
of NC space have not been obtained yet. The purpose of the present
paper is to attempt study the MSE with NMGESC potential (see

relations; SP, Schrédinger picture; HP, Heisenberg picture; MSE, below):
modified Schrodinger equation Vo (7) = —ﬁ(1+(1 +ar)exp(—2ar)) SV, (7)=Voat —LP—ZVOa’ﬁZ )
r r

Introduction in (NC: 3D-RSP) symmetries using the generalized Bopp’s shift
method which depend on the concepts that we present below in the
third section. The new structure of extended quantum mechanics
based to new NC canonical commutations relations (NNCCRs) in both

The more general exponential screened coulomb (MGESC)
potential is known to describe adequately the effective potential of a

many-—body system of a variety ofgelds Su?h as t,h ¢ atqmlc, sol¥d state, Schrodinger and Heisenberg pictures ((SP) and (HP)), respectively, as
plasma and quantum field theory."* In particularity, this potential used follows (Throughout this paper, the natural units ¢=A=1 will be
to calculate the bounded state eigen values of molecules (CO,NO). used):5 2 ,

The noncommutativity of space—time, which known firstly by ro«

Heisenberg and was formalized by Snyder at 1947, suggest by the X,p j]

physical recent results in string theory. Very recently, several authors |:xi>pj:' = |:xi (t )>P b (t )J =id;; -

have attempted to obtain either the exact or approximate solutions of _ PP B PN A .

the non-relativistic Schrodinger equation or two relativistic (Klein— [x,.,xj J [x,. (t)’xf (t)] =0 =% = (t)’x-" (t) =16,

Gordon and Dirac) equations for different potentials in NC space. |: Pis Pj] - [ 7(1), P (t)] -0 T . ) -
Pi P |= Pi(t) Pj(t) =i,

*

We want to extended, the study of Ita et al.,® to the case of extended
quantum mechanics to the possibility of finding other applications
and more profound interpretations in the sub-atomics scales on
based to the works™ ! and our previously works?*# in this context.
The no relativistic energy levels for hydrogenic atoms and molecules

. @)

However, the new operators §(t)=[fc[(t) v p; t)] in (HP) are
depending to the corresponding new operators & =| x; v ]3,] in (SP)
from the following projections relations:>

f(t) = eXP(ﬂ:Img (t -1 ))‘sE exp(_il:lmgi (t ) )) = é(t) = eXP(ﬂ:Inc—ni (t -1 )) * é * exp(_il:lnc—ni (t -1 )) (3)
Here & =(x, v IZ;(aI;d &(r)= (xi (1)v p; (t)) , while the dynamics dé(‘lEt) _ [f(t),[flng - digr) _ {é(t)jﬁmmg} @

t . . .
of new systems " are described from the following motion the two operators I:]mg and ﬁnc?mg are presents the ordinary and
equations in extended quantum mechanics: 2 new quantum Hamiltonian operators for NMGESC potential in the
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de (1)

quantum mechanics and it’s extension, respectively, while

are
describe the dynamics of systems in (NC: 3D-RSP). The very small

two parameters 6 and 0" (compared to the energy) are elements
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of two anti symmetric real matrixes (0*",0%")=—(6"*,6"*) and
(*) denote to the new star product, which is generalized between
two arbitrary functions (f.g) (x,p)—)(f”,é)(fc,f))to the new form

f(%p)g(%,p)=(f*g)(x.p) in ordinary 3-dimensional space-
phase:*?!

(1) () (7-8)(8:0)= (1 ) x) = fe L0 0L et =10 o) ot i) )

where the notion denote to the

(03-00) (x.p)
i,i f (x, p) . The effects of (space-space) and (phase-phase)
op” ox*

noncommutativity properties, respectively induce the second and the
third terms in the above equation. The organization scheme of the
recently work is given as follows: In next section, we briefly review
the ordinary SE with MGESC potential on based to ref.* The Section
3 is devoted to studying the MSE by applying the generalized Bopp’s
shift method for NMGESC potential. In the next subsection, by
applying standard perturbation theory to find the quantum spectrum
of n™ excited levels in for spin-orbital interaction in the framework
of the global group (NC-3D: RSP) and then, we derive the magnetic
spectrum for NMGESC potential. In the fourth section, we resume
the global spectrum and corresponding NC Hamiltonian operator for
NMGESC potential and corresponding energy levels of hydrogenic
atoms and the molecules (CO, NO). Finally, the concluding remarks
have been presented in the last section.

Overview of the eigenfunctions and the energy
eigenvalues for MGESC potential for hydrogenic
atoms and molecules (CO, NO):

In this section, we shall recall here the time independent SE
for a MGESC potential Vm < (7’) , which studied by Ita et al.,> and

generalized to new form by Ita et al.,’ also in ref.: **

y

o (7) :[79(1 H(148)exp(-20) >V (1) =214 (1 ar)erp(2ar) - (©)
where a =V, and b — ar are the strength coupling constant (the
potential depth of the MGESC potential) and the screened parameter
(adjustable positive parameter), respectively. The part with exp. term
of eq. (6) can be expanded in the power series of 7 up to the second
term:
lefz‘" El(l—Zar+2a2r2) = —2a+l+2a2r (7)
r r r
Inserting eq. (7) into eq. (6), explicit form of MGESC potential is
obtained as:
27,
r
If we insert this potential into the Schrodinger equation (3):

V(r)=Va- —2V,a’r? ®)

(=}

d> 2d I(+1 "
[? + ;;_%]R”I (r) + 2,1{E”1 +70(1 +(1 + ar)exp(—Zar))} R, (r) =

€)]

Here u is the reduced mass of molecules(CO,NO) or the

reduced mass of electron ant it’s nucleus for hydrogenic atoms.

The electronic radial wave functions are shown as a function of the
Laguerre polynomial in terms of some parameters:?

1
Rale) =N,y (2B oo - 2B )0

where r= (2 p )71 v, therefore, the complete wave function
v (r,¢9,¢) and the energy E,, of the potential in eq. (6) are given by:?

¥(r,0,4)=N,(28)""""? exp[—%]v“*”%i““ (v)¥"(6,¢) (11)and

(12)

2
~ Vy+Vye
E, =—V,e ™ +2,{%J

n+l+1

With r =1.21282 and 7, =1.1508 for (CO and NO) molecules,
for hydrogenic atoms, 7, can be present the average dimension
between the electron and the nucleus, N,;is the normalization

1
constant, @ = 31/41(1 +Dh+1, pr= —2'u—§”’ and Y;" (6,4) are the
a

well-known spherical harmonic functions.

Method and theoretical approach

In this section, we shall give an overview or a brief preliminary
for a NMGESC potential V. (r) , in (NC: 3D-RSP) symmetries.
To perform this task the physical form of modified Schrédinger
equation (MSE), it is necessary to replace ordinary three-dimensional
Ha _1) tonian operators A ( pi,x,-), ordinary complex wave function
v f.lrj and ordinary energy E,; by new three Hamiltonian operators

Am,fmg and new values
E, g » Tespectively. In addition to replace the ordinary old product
by new star product (*) , which allow us to constructing the MSE in

(NC-3D: RSP) symmetries as:*'2

H ( f),-,fci), new complex wave function ‘-P(;Eg

) )= ) v P[]

The Bopp’s shift method employed in the solutions enables
us to explore an effective way of obtaining the modified potential
in extended quantum mechanics, it based on the following new
commutators:**3*

I:)%i’;cj] :[fc,.(t),ij (t)] =if; and [13;,13/] :[ﬁ,(t),f;/.(t)] =6 (14)
The new generalized positions and momentum coordinates (fc,., f)l.

in (NC: 3D-RSP) are depended with corresponding usual generalized

positions and momentum coordinates |x;;, p; in ordinary quantum

mechanics by the following, respectively:33¢

b, 0

(xi,pi)z(ii,f)l.): %= pj,pl.+7xj (15)

The above equation allows us to obtain the two operators 7> and
p? in (NC-3D: RSP): %38

(702)= (75%) (- L6 .p? 4 10
The two couplings LO® and Lo are (Lx(a12 +L,0, +Lz®13)
and (Lx(;]z + Ly523 + Lzén) , respectively and (LX,Ly and LZ) are the

(16)

Citation: Maireche A.A new study of energy levels of hydrogenic atoms and some molecules for new more general exponential screened coulomb potential.
Open Acc | Math Theor Phy. 2018;1(6):232-237. DOI: 10.15406/0ajmtp.2018.01.00040


https://doi.org/10.15406/oajmtp.2018.01.00040

A new study of energy levels of hydrogenic atoms and some molecules for new more general exponential

screened coulomb potential

three components of angular momentum operator[: while ®; = 0ij 12
. Thus, the reduced Schrddinger equation (without star product) can
be written as:

A(p, 1)*\11[ j - mg‘{’(;j:H(ﬁi,fc,-)y/(?):Emfmgy/(F) 17)

the new operator of Hamiltonian H,,_,,; ( j)i,fci) can be expressed

as:
boiVeH| g =x - % 18
ng(pi’x[)3anfmg[(p[=xi)EH xi:xi_jpj’pi:pi"'ij ( )
Now, we want to find to the NMGESC potential ¥, (7) :
A 2 A
Ve (1) =V, (F) = Vo —ﬁ— 2W,a*r? (19)
r

After straightforward calculations, we can obtain the important

term (—Lf’j , which will be use to determine the NMGESC potential
r i

in (NC: 3D- RSP) symmetries as: e = —Lf) = h —@

r r r 2r

By making the substitution above equation into eq. (19), we find

the global our working new Hamiltonian operator H,,, (f) satisfies
the equation in (NC: 3D-RSP) symmetries:

(20

o (2o3) = Hoog (7)o (23 ) + (ZVoa ——jL@ % (21)

where the operator H,, ( p_,x,) is just the ordinary Hamiltonian
1 1

with  MGESC potential in

2
2

H (P ) =2 Va2 _opeir
s 2u r

operator commutative Space:

(22)

while the rest two terms are proportional’s with two infinitesimals

parameters H ( r) and then we can considered as a perturbations
per-mg

terms H ., (r) in (NC: 3D-RSP) symmetries as:

L9
H e (1) = (2V0a ——jL@ 2 (23)
The exact modified spin-orbital spectrum for NMGESC

potential in global (NC: 3D- RSP) symmetries

& 2d 1+
dr’  rdr P2

The two terms which composed the expression of H ., (r) are

proportional with two infinitesimals parameters (® and 8 ), thus, in
what follows, we proceed to solve the modified radial part of the MSE
that is, equation (27) by applying standard perturbation theory for
their exact solutions at first order of two parameters ® and @ .

The exact modified spin-orbital spectrum for
NMGESC potential in extended global (NC: 3D- RSP)

symmetries

The purpose here is to give a complete prescription for determine
the energy level of n” excited states, of hydrogenic atoms with
NMGESC potential, we first find the corrections £, and Ey
hydrogenic atoms which have j=/+1/2 (spin up) and j =/— 1/ 2
(spin down), respectively, at first order of two parameters ® and
6 obtained by applying the standard perturbation theory to find the

following:

]Rn,(r)+2,u En,+&(1+(1+ar)exp(—2ar)) (2Va _LJL(?)__
r
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In this subsection, we apply the same strategy, which we have

seen in our previously works,***° under such particular choice, one
-5 o2

can easily reproduce both couplings | L ® and L € | to the new

—>— _—>
physical forms (y® L S andy 8 L S), respectively, to obtain the

new forms of H, (r,@,H) for 3D- NMGESC potential as follows:

S0-mg
Hso-mg(ra®’§)5}/ 2V0a3—1‘; @J,-i LS
r 2u

Here y = ~L is a new constant, which play the role of fine
structure congtélﬁt we have chosen the two vectors @ and ©
parallel to the spin S of hydrogenic atoms. Furthermore, the above
perturbative terms H,,.,.,. () can be rewritten to the following new

24

5o 2

J-L-§
-
This operator traduces the couphng between spin § and orbital
-

The  set(H,, ,,(r.0,0),9%,1*,8% and J.)
forms, a complete of conserved physics quantities and for
S§=1/2 ,the eigen values of the spin orbital coupling operator are
k. E%{[u%}(liéﬂ)”(l+1),%} corresponding: j=/+1/2 (spin up)

H

so—mg (

r@b’) 2 (ZVOa - j®+2i (25)
7

momentum L S .

and j=/-1/2 (spin down), respectively then one can form a diagonal

(3 X 3) matrix, with diagonal elements are (Hmfmg )“ , (H and

so—mg )22

for NMGESC potential in (NC: 3D-RSP) symmetries, as:

—L(ng)-ki ifj=1+1/2
r 2u

(Hm—mg )33

3

(Hoone) =k, [(zvoa
V. 0

(H oo )22 =yk_ ((21/004 —2—°J®+—#]1f1 =/-1/2  (26)

(Hoone ), =0

After profound calculation, one can show that, the new radial
function Rn,(r) satisfying the following differential equation for
NMGESC potential:

Lo R,(r)=0 @7n

r 2u

Ey g = 7N} (2ﬂ)7272n k, Texp(—v)vzo”1 [Lﬁ‘“l (v)}2 [(21/00:3 —Kg]é) + 2i ]dv
r

0 H

N,/ (28) pac fj exp(—v)v**"! [Li““ (Vﬂ2 [[ZVOQ3 —f—g)@Jri]dV

Edfmg
0 2u

(28)
Now, we can write the above two equations to the new form:

By =7 N2 (28)72 72k, {@T1 (n.a)+0T, (n,a) ﬁLZiT3 (n,a)}
u

Furn = N208) 221 o ()01 )+ L)
¥

(29)

Moreover, the expressions of the three factors

T (n,oz),T2 (n,oz)andT3 (n,a) are given by:
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T (n,a) =20,a’T, (n,a) =20’ JZO a2t exp(fv)[Lff’” (v)}2 dv

(30)
T, (n,a) =-V, (Zﬁ)3 ij(zafl)*l exp(fv)[lj‘”l (v)}2 dv
et oV 1 (o dt_a)"l“(n—g+ﬁ+1)1"(m+/1+l)
I exp(~ot) Ly (o) Ly (o) = minT(1-&+ B)T(1+2)

where y F, (—m,g,g -pBi-n+e, A+ 1;1) is obtained from the

generalized hyper geometric function. ,F, (al,...,ap,ﬂl,....,ﬁq,z)
+o0

for p =3and g =2 while T'(x)= | z""'e™*dz denote to the usual
0

Gamma function. After straightforward calculations, we can obtain

the explicitly results:

F(n)F(n +2a +2)

nPT(0)F(2a +2)

3 F(n+1)l"(n+2a+2)
nfT(3)r(2a+2)

T (n,a) =2V’ Ty (n,a) = 2V 3By (-0, 200+ 2, —n+ 200+ 2,20+ 2;1)

T, (n,a) ==V, (28) 3By (—n,2a = 1,-2-n+ 20— 1,20 + 2;1)

(32)
We have F(O)z(—l)!:oo,F(n+1)=n!andl"(3)z2, allow

th

us the two to obtain the exact modifications E\ g

excited states of hydrogenic atoms with NMGESC potential, which
r,@),é’_ ) as:

and g, ofn

produced by modified spin-orbital effect H,,_,, (

1

Eppg =57 ON,/ (28) " Vok_f (n,)

u-mg

1 (33)
Ed-mg = _57®an2 (2ﬂ)l_2a V()k+f(n>a)

Where f (n,a) is given by:

[(n+2a+2)

m3FZ(—”n2a —1L,-2-n+2a-12a+2]1)

f(n,a) =
(34)

Thus, the extended global quantum group symmetry (NC:
3D-RSP) reduce to new quantum subgroup symmetry (NC: 3D-RS).

The exact modified magnetic spectrum for NMGESC
potential in extended global (NC:3D- RSP) symmetries:

Further to the important previously obtained results, now, we
consider another physically meaningful phenomena produced by the
effect of NMGESC potential related to the influence of an external
uniform magnetic field B, to avoid the repetition in the theoretical
calculations, it’s sufficient to apply the following replacements:

®— 4B 0 o )=
SR :[(2%0{3 —L‘gj®+i]:> (21/00;3 —L%];ﬁi BL
0 — B 2r° 2u 2r 2u (35)
Here y and o are two infinitesimal real proportional’s constants,
and we choose the arbitrary external magnetic field B parallel to the

(Oz) axis, which allow us to introduce the new modified magnetic

Hamiltonian #,,_, in (NC: 3D-RSP) symmetries as:

v, o
Hye =| | 200 =5 |7 +— N 36
m—mg ([ 0 2}"3 jl 2[1] mod—z ( )

JF, (7m,g,gfﬂ;fn +&,A+ 1;1)
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To evaluate the above factors Tl(n,a),Tz (n,a)and T3(n,a), we

apply the following special integration:*!

(€2))

.l
Here N =BJ-N,denote to the modified Zeeman

mod—-z

> .
effect while X, =-SB is the ordinary Hamiltonian operator of
Zeeman Effect. To obtain the exact noncommutative magnetic

modifications of energy £, (n,m,a) , we just replace k, and ©

in the eq. (33) by the following parameters: m and y , respectively:
1
Epag-mg (nsm, ) = -7 AN (2B) " Vok_f (n,a) Bm (37

We have -/ < m <+l which allow us to fixing (2 +1) values for
discreet number m .

1-2a

Results

In the light of the results of the preceding sections, let us
resume the modified eigenenergies E . (n,j,L_,v,m,g) and
Erc -dmg (n,j,l,s,m,a) of a hydrogenic atoms with spin S=1/2 for

MSE with NMGESC potential obtained in this paper, the total energies
corresponding n” excited states in (NC: 3D-RSP) symmetries are
determined on based to our original results presented on the Egs. (33)
and (37), in addition to the ordinary energy E,, MGESC potential,
which presented in the eq. (13):

1 - .
Encoamg (o 1ossma) = By == 77N, (26) ™ Vik o f (m) Ok, + Bmz)

E (38)

. 1 1-2a
e dmg (Mo oL s,m,0) = E, = EzyN,,,Z (28) " Vok_f (n,a)(®k_+ Bmy)
This is the main goal of this work, It’s clearly, that the obtained
eigenvalues of energies are real’s and then the noncommutative
diagonal Hamiltonian #,,._,,, is Hermitian, furthermore it’s possible
to writing the three elements: & as follows:

(Hpeorg), =~ ﬁy FHo
(Hoemg),, =~ iﬂ g (39)
(Hpene), = _% -2 (14 (1+ ar)exp(-2ar))
Where
A _A-0 oL
2u 2u

o =~ L{1 (1 ar)rp(-2a0) 7100 2 ) 20~

H.

int—-dmg ~

&(1 + (1 + ar)exp(—2ar)) + 7(k_® + ZNmod_z)[2V0a3 _ng
g r
(40)

Thus, the ordinary kilr/letic term for MGESC potential —2A and
ordinary interaction 7—0(1 +(1 +Aar)exp(72ar)) are repladed by

new modified form of kinetic term —< and new modified interactions

2u
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and H,

modified to the new form ( H, int—dmg

int—umg ). On the other hand,
it is evident to consider the quantum number m takes (21 + 1)
values and we have also two values f0r2 27 +1)° thus every state
in usually three dimensional space of energy for NMGESC potential
will be 2(2[ + 1) sub-states. To obtain the total complete degeneracy
of energy level of the NMGESC potential in noncommutative three-
dimension spaces-phases, we need to sum for all allowed values of [ .

Total degeneracy is thus,

25 (20+1) =202 @)
i=0

ne -mg

2

E 2
_any
(njjJ’S’m’a):_Voe_mO +2u M 1
n+l+1

Paying attention to the behavior of the spectrums (38) and (42)
(Enc -umg (
to recover the results of commutative space (12) when we consider

",j,l,S,m,a)andEnc_dmg(n,j,l,s,m,a)), it is possible

(G), ;() - (0,0) . Finlay, we can say that the results we have obtained
in our recently research are more profound than the results listed in
our reference.”

Conclusion

In this paper three-dimensional MSES for NMGESC potential has
been solved via Bopp’s shift method and standard perturbation theory
in (NC: 3D-RSP) symmetries, we resume the main obtained results:

1. The exact energy spectrum(E“ng(,,,jjl,s,m,a),gmdmg(,,,j,l,s,m,a))

for n'

excited levels, for hydrogenic atoms,
2. Ordinary interaction (—E(l+(l+ar)exp(—2ar)) were replaced
r

by new modified interactions 3) (H int—umg @A Hyye_ dmg) for
hydrogenic atoms.

3. The ordinary kinetic term 72A modified to the new form

o —> H
ﬁ = M for NMGESC potential,
2u 2u

4. Spectra of bounded diatomic molecules (CO,NO) were studied
analytically. NMGESC potential has been used to model the
molecules (CO, NO)

5. We have shown that, the group symmetry (NC: 3D-RSP)
corresponding NMGESC potential reduce to the symmetry sub-
group (NC: 3D-RS).

6. It has been shown that, the MSE presents useful rich spectrums
for improved understanding of hydrogenic atoms and molecules
(CO,NO) influenced by the NMGESC potential and we have
seen also that the modified of spin-orbital and modified Zeeman
effect were appears du the presence of the two infinitesimal
parameters (®, ) which are induced by position-position
noncommutativity property of space.
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Note that the obtained new energy eigen values

(E (n,j,l,s,m,a)andEnc_dmg(n,j,l,s,m,a)) and E . (n,j,l,s,a,m)

ne -umg

now depend to new discrete atomic quantum numbers (n, 7l ,s)and m
in addition to the parameter & of the potential. It is pertinent to note
that when the molecules (CO, NO) have§ # 172 , the total operator
can be obtains from the interval |l - s| <j< |l + s| , which allow
us to obtaining the eigenvalues of the operator (7 g §2) as
k(j,l,s) =j(j+1)+I(+1)-s(s+1) and then the non-relativistic energy

spectrum E,

ne -mg (n,j,l,s,m,a) reads:

(42)
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