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Decay of solutions for 2D navier-stokes equations
posed on rectangles and on a half-strip

Abstract

Initial-boundary value problems for 2D Navier-Stokes equations posed on rectangles
and on a half-strip were considered. The existence and uniqueness of regular global
solutions on rectangles and their exponential decay as well as exponential decay of

generalized solutions on a half-strip have been established.
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Introduction

The main goal of this work is establishing of sharp estimates for
the exponential decay rates of solutions to initial-boundary value
problems for the 2D Navier-Stokes equations:

u,+(u-Vyu=vAu-Vp, in Qx(0,t), (1)
Vu=0 in Q, ulp=0, 2
“(x:y,o)zuo (xzy)r (3)

where Q is either a bounded rectangle or a half-strip in R? with
the homogeneous Dirichlet condition on the boundary of €.

The question of decay of the energy for generalized solutions had
been stated by J.Leray' and attracts till now attention of many pure
and applied mathematicians*'". In all of these papers, the decay rate
of ||ull()2(q) was controlled by the first eigenvalue of the operator
A=-PA, where P is the projection operator on solenoidal subspace of
I2(Q). Associated with stability questions, problems on dimensions

of attractors and nonlinear spectral manifolds also have been
studied.>®’

It is well-known that solutions of the 2D Navier-Stokes equations
posed on smooth bounded domains with the Dirichlet boundary
conditions are globally regular.®'"* On the other hand, the question
of regularity is not obvious in the case of bounded Lipschitz domains
and unbounded Lipschitz and smooth domains. It has been proved
that for Lipschitz domains, bounded and unbounded, there exists a
unique global generalized solution.*!:1*

uu, €L (0,002 ()L (0,00,H' (Q)),
but it was not clear whether

u e L (0,00;H*(Q))
at least for bounded Lipschitz domains.

In this work, we have established this fact for rectangles making
use of ideas." The following inequality holds for rectangles

2 2
2 2 2 V4

flull O+ lu, I,  @O=Clluyll exp(—v(—+—)1)
Hz(ﬂ) ! Lz(ﬂ) 0 Hz(ﬂ) > B

and
2 2 2 WZ’2
[P OHlP, O<Clul?, exp(-2=0)
H (Q) LI (Q) H (Q)
for a half-strip.

Our paper has the following structure: Chapter I is Introduction.
Chapter 2 contains notations and auxiliary facts. In Chapter 3,
existence and uniqueness of global generalized solutions on either
bounded or unbounded Lipschitz domains have been established. In
Chapter 4, regularity and decay of solutions on rectangles and on a
half-strip have been studied.

Notations and auxiliary facts
Let Q be a domain in R?. Define as in:!!

b2 p-?,

Tl Y oy

a\./x +iyl

D/=D/xDJ/y=—"— "
Ox’xop’y

We denote for scalar functions f(x,y,t) by L7(Q),1<p<+owo the
Banach space with the norm

A" =lolf1” dxdy, pe(liteo, IfllL= (D) =ess supplf (x.»)l
f (@)

For p=2, I*(Q is a Hilbert space with the scalar product
(uv)=[u(x,y)v(x,y)dxdy and the norm Hu|\2:j'g|u(x,y)|2dxdy.
The Sobolev space W™ (Q) is a Banach space with the norm

lulrry= X D% lrr ) -

0<|a|<k

When p=2, W"™*(Q)=H"(Q) is a Hilbert space with the
following scalar product and the norm:

()" )= £ (D'u.Dv) |l = |IDul’.

|jl<m H™(Q) |jl<m
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Let D(Q) or D(g)) be the space of C” functions with compact
support in Q or Q. The closure of C* functions in W"™"(Q) is
denoted by W,"*(Q) and (Hy' (Q)when p=2).

Define the auxiliary spaces which are projections for the solenoidal
vector functions,

V={ueD(Q),Vu=0}, V=theclosureof Vin H(l) (Q),
H=theclosureof Vin L*(Q),

The space H is eqquiped with the natural L? inner product. The
space V' will be equipped with the scalar produt

((u,v))=(D,u ,va)Jr(Dyu,Dyv)

when Q is bounded. If Q is unbounded, we define the inner product
as the sum of the inner products as following:

([uv]= () +H(u,).

We use the usual notations of Sobolev spaces w17 and H
for vector functions and the following notations for the norms:

i) For vector functions u(x,y,t)=(u,(x,y,t),u, (x,y,t)),

[ldl” =] (e |” Huo|” Ydxdy,
(@)

lleelly - )= 2 [1D“wm|r7 (@) +ID“us 17 (€2) pE(1,+00).

0<|a|<k

The closures of V in I2(Q) and in H(l) () are the basic spaces in
our study. We denote them by A and V' respectively.. Obviously V' is
a subspace of H(l) (Q).

Define the operator
(u-V)u=(uyu, ,+uu,, +u2u1y+u2u2y).

Lemma 4.1 (The Steklov Inequality)'® Let veHé (0,L). Then
n’ 2 2
—IME@O=IvF @) )
L

Proof. Let v(t)eHé (0,7) , then by the Fourier series,

[V (e[ (1)dt.
Inequality (4) follows by a simple scaling.

Lemma 4.2 (Differential form of the Grownwall Inequality)
Let /=[¢y,4;]. Suppose that functions a,b:/—>R are integrable and
a function a(¢) may be of any sign. Let u:I—>R be a differentiable
function satisfying

u'(H)<a(t)u(t)+b(t),forteland u(t,)=u,, 5)
then
fta di 15 a(rydr
w(t)<ugety™” "4 et Oy (5)ds. 6)
0
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X 3 ) . JS a(r)dr .
Proof. Multiply (5) by the integrating factor e and integrate
from¢,to¢.

The next Lemmas will be used in estimates:

Lemma 4.3 (See: ''*) Let veH,(Q), then

2

M1 @y 217 IV @)
Fo L@

Lemma 4.4 (See: '*) Let b(u,v,w)=((u-V)v,w), then

1B Gy, w)|<2" 2 el el Al A2 ot

Yu,v,weHy(Q) . If uel? (0,00 )L (0,00;H ) , then we can define
the operator Bu such that Bu belongs to L*(0,00;/'") and
(Bu,v)=b(u,u,v),
1B,1I2 (o,co;V’)Szl/QH"‘”LOo (O,w;H)HuHLZ 0,005/
Existence theorems

Let Q be a bounded Lipschitz domain. Given u,eH, consider the
following problem:

u,—VAu+Vp+(u-V)u=0inQx(0,t),
Vu=0inQx(0,t),

8
u=00n0Qx(0,t),:>0, ®
u(xvyvo):uo (xsy)yinQ
equivalent to the variational problem given by,"
u'+ Au+Bu=0in(0,?),t>0 ©)
u(0)=u,,

where AueV”’ such that (Au,v)=—v((u,v)) for all veV and BueV"' such
that

(Bu,v)=b(u,u,v). (10)

Theorem 5.1 Given u,eH?*(Q)V, there exists a unique generalized
solutionu to (8) such that for all eV, ®|,,=0 it satisfies the
following integral identity:

Jou, @+v (4, @ A1, @ |, )—u(u-V)®}dxdy=0, (11)
where
uel” (0,037, u,eL”(0,00;H)NL*(0;00;)).

Proof. The estimates that follow may be established on Gallerkin
approximations.'*’ We estimate:

Estimate I - ueL”(0,00,H )L (0,005)) .
Multiply (9) by u to obtain

(v, u)()+(Au,u)(£)=0. (12)
It follows from here that

d

EH””2(0+2V”1’!H2(’)V=0' (13)
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Integrating (13) over (0,6), , we get Remark 5.1 Estimates u,u,eL” (0,00;H NI (0,00;/) were established

|\u\|2(t)+2vj’|\u||2 (s)ds=|u Hz 0. (14) first for Lipschitz domains®!* and were valid also for unbounded
oW o domains with a natural condition [fim,_, .u(x,y,t)=0. We repeat
Hence uel” (0,00;H ) (0,00:7") them because we will need these estimates while establishing decay

of solutions in bounded and unbounded Lipschitz domains.
Estimate 11 - u,eL” (0,00;H )NL* (0,00;)') . )
Regularity and decay on rectangles and on

Derivating (9) and multiplying b ,we get .
e® PYImE By fh,we g the half-strip

d, n 2 -
E”ut” (O+2v][u [l (1)+2b (o, )(2)=0. (15) Consider the Poisson problem in a bounded rectangle Q
Au=f(x,y), (x,y)eQ,
By Lemma 4.4, { drDd (23)
200t 020, YOIt 0t ey =
Remark 6.1 It has been proved!® that for
3 I - =
<ol +2 Ol P 0 O =), 056 1)
v the following inequality holds
and (15) becomes
4 HMHWZ"U(Q”)SC(Q)”fHLp(Q”)'
2””1”2 O A AGE G AHO (16) It is easy to generalize this result for any rectangle in R?.
, Theorem 6.1 The problem (23) posed in rectangle
2 . .
where ¢(t)=7||u||§ (#). Making use of Lemma 4.2, we obtain Q={(x,y)eR? 0<x<L; 0<y<B}, where fel”(Q), 1<p<2,has a

solution ueW *? (). Moreover,

2 2 L p(s)ds
o, |7 (2)<|ju,||” (0)e . 17
2o I O) an (el 27 () <call f1le? (- 24

To prove that |ju,[|(0) is in H,multiply equation (9) by u,() to Returning to the original problem for the Navier-Stokes equations,

et
g u,~VAu+Vp+(u-V)u=0inQx(0,t)
ot P v (a4 )b a0, ) ()0 Vu=0inQx(0,0), 25)
In particular, for =0 we have u=0in0Qx(0,¢),:>0,
u(x,y,0)=u,(x,y),inQ,
OV = (At a1, (0)) bt a1, O)), (s) (7,052 (5.9)
where u,(0)=1im,_,#, (¢), [19]. From this whereu is a vector function fromR”into R”and pis a real
function from R? into R, and making use of Galerkin approximations,
1, (0)[|<v|| Ay ||+ Bug| | (19)  we establish the following result.
[ 0 0 g
By the Holder inequality, Theorem 6.2 Given u,eH 2(Q)V, the problem (25) has a unique
solution (u,p) such that
b v)<lull# () CIVEllA @) Hiva i @ Hi, 2 @IV
<Cllull |l )M, YueH?(Q),¥vel (). (20) ueL” (0,00 NH (), €L” (0,00,H )L (0,0051),
Hence VpeL” (0,00;H). (26)
|Buo|5C||uoHV||“0||H2(Q)5CH”0H2 ) 21 Moreover,
HY(Q) X
—p
. . H”t||(t)+||”H(t)H2(Q)HWPHU)SCE 2, 27)
and by (18), «,(0)eH. This and (16) imply that
u, €L (0,00, H)NL* (0,00:7). 2
where y=v(—+—) and C depends on [jug||;2 q)-
Returning to (12), we calculate I B
VIl (0=t YO (Ol (1), (22)

Proof. Decay of L* Norm
hence ueL”(0,00;/). This and (17) prove validity of (11) and By definition,

consequently the existence part of Theorem 3.1. Uniqueness of ) ) )
. . o 200 el ()= 17 () Hoa, 7 (0).-
the generalized solution,u, u,eL”(0,00;H)NL"(0,00;/') has been

established.”'* Since ul,, =0, making use of Lemma 4.1, we get
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PN PR
| <r>> ||uu ©. |, <r>> Hull 0. Aumf = A Vp (Vo).

We estimate

This implies ||uH,,(t)>(—+ )||u|| ). (28) 1B uI(O=((w- V)OI [ull(0) 2 (o) 1|0 1} () VIO 2 ()
Returning to (12), we obtam
gro2) <CllP (1)} MO 2 (38)
2
d by (30),
e (r2r(" (0=, (0 4ty GO)
B? 3
4
2 2 H(“'V)M||(1)L4/3(Q)Sce )

L impli
Define y=v( B +B2 ). Then (29) implies Returning to (9), we obtain
5 Y HA"‘||L4/3(Q)(t)SHB””L‘m(Q)(t)+HutHL2(Q)(t)~ (39)
el | ()< g || €4 (30)
1

1
-t
Decay of /7" Norm It follows by (38) and (34) that [|4u][(r) 43 <Ce 2" . By Theorem

Rewrite (15) in the form of de Rham,'” one can check that there exists Vp such that'!
d
P O F OOl 1)<0, € ~Vp=u,+Au-+Bu (40)
and
3
where ¢=2—Hu||§(t). Acting similarly to the proof of (29), we VPN () (Ol |12 () O H w43 0 ()
obtain v
1
2 2 ——zt
T +|Bul[,4/3 o, (t)<Ce . 41
e 02+ P o). (32) 1Bl o ()=Ce 2 4D
' B Since feL¥?(Q), due to Theorem 6.1,

Hence (31) reduces to the form

i 2 0,2 Sl Y9I )
EH%H O+ =), || (£)=0. (33) v
By Lemma 4.2, +||(“ V)“H 4/3(9)0) (42)
[ ROEO (34) |
——xt
Si 2(0.50.1'), then by (14) and by (42), we get [[u][(£);243 ,<Ce 27 By the Sobolev
ince ue ,0,/"), then by ) theorems,
(51 < P, 10, »
v A
and it follows from (13) that Il o (E)<Clly 247 e (1)<Ce 2 “3)
This implies

VIl (OY<Gaea YO ) ) .
HB”H(f)SCH“H(f)Lw(Q)H”H(f)y(l)(g)EL ().

<ot ||t HevHuOH s (35) To prove that the norms |u,[|2 | [[Vpl|2(q) and [|(u-V)ul/2? o, have
exponential decay, we use the equality (10)
EN
- Vul|(£)=||Bu||(2),
Thrsore B < ol (36) =i

where BueL*(Q)' such that

*H ol (B”:V>=Jg(u1”1x"1 Uy Vo byl V) U Y, ) A

3
o

and [l (D<(- N [ A P (37

Hy(Q) v for every vel*(€). We calculate

|6 (et u,(OZC |, (@ @) |“||H(]) ) @IMI@). (44)

. . . Since the right-hand side of (44) has exponential decay for every
In order to estimate |||y o) (¢), we will use Theorem 6.1. First vel2(Q), it follows

write (8) as

Decay of H”-Norm
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5

-V )ul(1)<Ce 4" (45)

Returning to (9), we obtain the decay rate for the operator Au
([Aul[ (<[ Bul[(1)+ae [[(2)- .
It follows from (34) and (45) that HAuH(t)SCejlt. By (40),

1

V.2 (0)<]le, (0 +] Aul (1) +|Bul|(£)<Ce 2™ (46)

Since now fel?(Q), substituting (34), (45), (46) into (24) and
making use of Theorem 6,1, we prove
1

— . . -
[llls2 () (£)<Ce 2" . Tt means that a unique generalized soliution
is regular.

The proof of Theorem 6.2 is complete.

Existence and decay on the half-strip

Theorem 7.1 Consider the half-strip Q={(x,y)eR?;0<x,0<y<B}.
Given quH2 Q) the following problem:

u,—VAu+Vp+(u-V)u=0inQx(0,t),
Vu=0inQx(0,t),
u=00n0Qx(0,t),t>0,
lim|u(x,y,0)=0, >0,

X—>0

u(x,,0)=uy (x),inQ

47

has a unique solution (u, p) such that
ueL” (0,003H, (@), €L” (0,00, (),
VpelL” (0,007 (Q)). (48)
Moreover,

1

——0t
|‘ut|‘(t)+|‘u||H(l)(Q)(t)+||vp||L4/3(Q)(I)SCZe 2, (49)

2
where 9:1/”—2 and C, depends on v, |lug|l52 q)-
B

Proof. Obviously, the variational formulation of (47) is also (9).
Repeating the proof of Theorem 5.1 (see Remark 3.1), we can proof
the existence and uniqueness of the generalized solution'® to problem
(47). Note that (14) holds for the problem (47). Using the Steklov
inequality with respect to variable y, we obtain

2
2 T 2
[l I 2;””” )

hence, similarly to (13),

d p
leullz(t)ﬂv;llu\|2(t)+2v\|ux\|2(t)so. (50)

Copyright:
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2

—2v
By Lemma 5, |ju|*(6)<|uo|e 5> .

(51

Since (31) holds for the problem (47), making use of Lemma 4.4,
we estimate

P O#2v1 O <2 Ol 0 (52

which we rewrite as

Sl Oyl -2l Ol P 0150, 53
t v

By Lemma 4.1,

2
T
Hutyllz(t)zgllut\lz(t)

and (53) becomes

2
PO BP0 e

By Lemma 5, (54) provides

3 pt 2
i i 2—[ ol )ds v
0 B
lu I @ <lu | ©e e B,

hence

T
2 —t

e P (O 2@ e 2 (55)

Returning to (35), we estimate

3ﬁ2
—-v—t

2
ll? O 2 1o L@ 2, 1, 1@ e 227
(56)
Decay for Pressure
In order to obtain decay for [|[Vpl|4/3 q,(), we start with

(|2t Y| 473 (Q)([)=HB”HL4 (Q)'(t)s

where L*(Q)'is the dual of the space L*(€2). Since
Au=—u,~Bu,
repeating calculations of (38) and making use of (34), we get

1
|| Aul|(2) L4/3(Q)£clejgt. Observing that (40) holds for the problem
(47), we obtain

va||L4/3(Q)(t)SHut”LZ(ﬂ)(t)+||Au||L4/3 @@

iet
+||Bu||L4/3(Q)(t)Sc2e 2 .

Jointly (55), (56) and (57) prove (48), (49).

(57)
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Conclusion

In our work, we tried to respond some questions posed by J.
Leray,' namely, regularity of global solutions of the Navier-Stokes
equations and their decay. Therefore, our results can be divided in
two parts: the first one concerns decay of global regular solutions of
the 2D Navier-Stokes equations posed on rectangles.” It is known
that there exist global regular solutions for the 2D Navier-Stokes
equations posed on smooth bounded domains,*!*!":* but regularity in
nonsmooth (Lipschitz) domains, such as rectangles, is not obvious. For
bounded rectangles, we have established the existence of an unique
global regular solution which decays exponentially as t—+o. We
demonstrated that the decay rate is different for different norms, see
(26), (30), (36), where y is defined by the geometrical characteristics
of a domain Q.

The second part of our work concerns decay of solutions for
the 2D Navier-Stokes equations posed on a half-strip. In existing
publications,*" the decay rate of |ul|2 ,(¢) is controlled by the first
eigenvalue of the operator A=—PA, where P is the projection operator
on solenoidal subspace of I?(Q). It is clear that this approach does
not work in unbounded domains Q. On the other hand, our approach
based on the Steklov inequality with respect to y, allowed us to
estimate the decay rate of a generalized solution for the 2D Navier-
Stokes equations posed on a half-strip.

We must emphasize that this estimate is the first in the history
which gives an explicit value of the decay rate for unbounded
domains. Results established in our work can be used in constructing
of numerical schemes for solving initial-boundary value problems
for the Navier-Stokes equations appearing in Mechanics of viscous
liquid. From the physical point of view, decay estimates show that the
decay rate of perturbations of solutions caused by the initial data is
bigger for bigger values of viscosity v and smaller values of the width
and length of the rectangles and the width of a half-strip.
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