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Katugampola-type fractional differential equations

with delay and impulses

Abstract

Our aim in this note is to study the existence of solutions of a Katugampola-type
fractional impulsive differential equation with delay. We use successive approximation
method to show the existence of solutions. In the end, an example is given to verify

the hypothetical results.
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Introduction

Because of its wide applicability in biology, medicine and in more
and more fields, the theory of fractional differential equations(FDEs)
has recently been attracting increasing interest, see for instance'®
and references therein. Impulsive differential equations have played
an important role in modelling phenomena, especially in describing
dynamics of populations subject to abrupt changes as well as other
phenomena such as harvesting, diseases, and so forth, some authors
have used impulsive differential systems to describe the model
since the last century. For the basic theory on impulsive differential
equations, the reader can refer to the books’'? and the papers."'*'¢ In
addition, some modelling is done via impulsive functional differential
equations when these processes involve hereditary phenomena such
as biological and social macrosystems. For fractional functional
differential equations, the initial value problem, for a class of nonlinear
fractional functional differential equations is discussed. For more
details, see.'”>* Motivated by the papers,>>*® the aim of this note is to
discuss the existence and uniqueness of solutions of Katugampola-
type FDEs with delay and impulses.

Consider the Katugampola-type FDEs with delay and impulse of
the form,

L D”+ 3(6)=9(,3,), t=t;; t€F:=[0,T];
0

A3(tk)=lk(3(tk))’ k=1’25""m; (1)
3(1‘):1//(1‘), tE[—,U,O],

where 7 D“’ is the generalized fractional derivative in Caputo
sense, a)eR L9 >0, 0= to<t,<t,<.<t,<t,.=T, pcC(IJxR,R) and
I, (R,R) are given functions satisfying some assumptions that will
be specified later. A(3(2,))=3()-3(t;), 3(#;) and 3(z;) represent
the right and left limits of 3(¢) at #=¢, respectively, and they satisfy
that 3(z,)=3(t,) . If 3€€([—u,T],R), then for any ¢€[0,7], define
3,by 3,(0)=3(¢t+6) for 6=[—u,0], here 3, represents the history
of the state from time 7—u to present time ¢,ye€([—x,0],R) and

v (0)=0.

The rest of this paper is organized as follows. In Section 2, we
give some notations and recall some concepts and preliminary
results. In Section 3, the existence and uniqueness of the problem(1)
are obtained by successive approximation method. In Section 4, an
example is given to demonstrate the effectiveness of the main results.

Preliminaries

In this section, we recollect several definitions of fractional
derivatives and integals from the papers?’°

Definition 4.1 The fractional (arbitrary) order integral of the function
el ([a,b],R") of order weR" is defined by

o (t=s5)""
O s, ®

where I' is the gamma function.

Definition 4.2 For a function $) given on the interval [a,b], the
Caputo fractional order derivative of ), is defined by

(D L) == ( I’(z— )y 5" (s)ds, 3)

where n=[o]+1 .

Definition 4.3 The generalized left-sided fractional integral * 7 f)
of order we€(Re(w)) is defined by

c1° X’J)(t)—ﬁf(t )t

for t>a , if the integral exists.

H(s)ds, “)

Definition 4.4 The generalized fractional derivative, corresponding to
the generalized fractional integral (4), is defined for 0<a<t , by
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nwlpl

w-n+1

(D" )0 - ﬁ(n_l)[ dt] IS S(s)ds, (5)
if the integral exists.

Definition 4.5 The Caputo-type generalized fractional derivative,

» D"; 9(¢) is defined via the above generalized fractional derivative

(5) as follows

"]f)k

("D H)0) = PD“{&() R a)} 0, (6)

where n{Re(a)ﬂ .

Definition 4.6 The generalized fractional derivative in Caputo sense,
corresponding to the generalized fractional integral in Caputo sense
(6), is defined for 0<a<t, by

D" )0 = (tl'p%) C1” 5)0)

w-n+l

= r(n_w)( dt] [o(” - H(s)ds. (7)

Remark 4.7 In Caputo sense, the Katugampola fractional derivative
operator D is a left inverse of the integral operator 27, but in
general is not a right inverse,

eoe (1730|300
and the following holds
2ur (130305 g

nwlpl

k") 30 (a). tea.b]. (8)

For readers’ understandlng, we introduce the following notations
for the following lemma and theorem.

Let J=[0,T1, Jo=0.41, 3, =, 1,
Im=ltm.T1and J=3\{11,02,...tp }-

We denote ‘D¢(3)={3:[0,T]—>R\36€(3’,]R)}, 3(¢f ) and 3(%;)
existand 3(#,)=3(¢,), k={1,2,...,m} . Obviously, ‘B&(J) is a Banach
space with the norm ||3||Zf2‘§|3(t)|.

i=1,2,3,....,m-1,

Lemma 4.8 Assume that $He€(J,R), 7>0. A function 3&PE(J) is
a solution of the initial value problem

2D 3(1)=5)(1), t#1;, 1€3:={0.T;
0

A3(t)=1,(3(t,)), k=1,2,...m; (9)
3(t)=‘//(t)7 te[_lu30]

if and only if 3 satisfies the following integral equation

y(), te[-u,0];
_ t -
3()= F(w)f (7 —sP)" sP" lﬁ(g)dw/ZlI (3 (10)
zp jfﬂ( =) PG (s)ds, 1€ty b ] k=0,1,2,0..m.
()i

Proof. Assume that 3 satisfies (9). One can see, from Remark 2.7
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and y(0)=0, that

3( )_1"( )

In view of B(tfr )—3(:‘( )=I,(3(t1)), we get that

J'O(tp —sP) 7 P79 (s)ds, for teF, =ty ]-

1

t*)z[ )
3 ()
It follows that, for te(t,t,],

3(r):3(rr) rl( C: '

- [0t =) s $(s)ds.
)

(" —s")" 5P 9(s)ds

r( )j; (P =s")" " sP™ 1,6(s)ds+

In consequence, we can see, by means of 3(12+ )=3(t2’ )+12(3(t2 )
> p- IHI(

A2

which 1mp11es that for te(t,,t;],

j‘l(t s")"”ls"’]$7J(s)ds+11(3(t1 ))

that
Py 3 (s)ds S, (3(0,).
j=1

lru

3O=E =" s
2
2,0 Iz+1( =s7)" P (s)ds+ 21 ,(3(1))).
ATy -

Repeating the above process, the solution 3(¢) for te(t,,t,,,] can
be written as

3(0_71"(1 w)f: " —s") P 9 (s)ds
IS i ar, 52y P () s+ 31 (3(0,)
()F( )t = J J
i= Jj=1

Conversely, if 3 is a solution of (10), one can obtain by a
direct computation, that fD“13(t)=5§(t), t#t,, t €[0,T], and

A3(t, ):3(t; )73( ty ):Ik(3(tk )) , v(s)/here

k
3003 ﬁ( )jtt“(tH1 —sP) 5P (s)ds+ 1, (3(1)),
i=0 Jj=l1
and
3(tk)—r( ):k (tf —s") 57" ‘fJ(s)ds+1201’f @ )J['“(tﬂ —s”) PTG (s)ds
k-1
FLG)).

=l
This completes the proof.

Existence and uniqueness results

Initially, set C, ={v|ve€ (3,R), v(0)=0}.
denote by v the function defined by

For each,veC, ,we

V(t)=v(t), 0<t<T and v ()=0, —u<t<0. (11)

If 3is a solution of (1), then 3(.) can be decomposed as
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3(O)=v()+¢(¢) for —pu <t <T,which implies that 3,=v,+¢, for
0<t<T, where

k
X[ ) T

#()=0, 0<t<T ,and ¢(t)=y (t), —u<t<0. (12) j=1
Therefore, the problem (1) can be transformed into the following Py b ol p-l sup = _
fixed point problem of the operator N:€ ;—>R, <F(a))j (17 =57)7 57 a(8) Vs ()72 ()]s
1_
Nv(t)= [ (17 =s")"" 5P 9(s,v,+¢, )ds o- s
r( )t z p Il+l(t - ) ls,D la(s)xEPOS] V- l(x) vn Z(X)‘ds
oL (@)
V5L (o 57, s Eo
O + [T ()5, @)
=
k
+ 21,V (1)), te(ty by, 1, k=0,1,2,....m. (13) 0 P i e
" i W Kotk < ak(l‘(a)-:l))+zai(l"( +11)) 2L, Ve vl
Now, let us present our main results. =1 =l
. . m+l TP
Theorem S.l For t/'ze'zfunctzons HeC(IxR,R) and I,:R->R, assume <4 Yo +ZL "Vn — 2"
the following conditions hold -1 pT(w+]) o

¢ There exists a continuous function af{0,7]—>R* satisfying - Nl""n -y 2" (15)

|ﬁ([9pt )_ﬁ(taqt )|Sa(t)sup se[O,t]lp(s)_q(s)la pJqERa ZE[O,T];
which implies that ||, =v,_,[<N,||v,_,—v,_,| with N,<l. Note that

e There exists a constant L,>0 such that forany r>n>0, we have

m+1 a.T'D‘”
1 (p)~1 (|<Ly 2o, 5 r7+ZL <, [ ey Y N TR N
where akztsg(l; , )a(t); i-1 PT(0+1)  j=1
kotk+1 S(N{I+N1n+l+...+N{_l)HVI —VOH

» There exists a constant M >0 such that | 9, ¢z)|§ M, where §

is defined in (12).

( ) HV -V, H< HV] VOH (16)

Proof

) for sufﬁc1ently large numbers r,n, it follows from the above
To complete the proof, we shall use the method of successive  jnequalities with Ny<1 that |[v,~v,|-0. Thus, {v,(t)} is a Cauchy

approximations. Define a sequence of functions v,[0,7]-R, sequence in PE(3). Since PE(J) is a complete Banach space, then

n=1,2,... as follows: ) )
[v,~v|>0  (n—>), for some vePE(J), which means that v, (1) is

v (£)=0,v,(t)=Nv,_,(¢). (14) uniformly convergent to v(¢) with respect to ¢.
Since v, (£)=0, itis easy to see from(11) that (v, )S=0 for s€[0,7]. In what follows, we shall show that v(¢)is a solution of the
Thus we have, equation (1). Observe that
t P pro-1 _p-1 1, 1
|V1(t) Vo(l)|<r( )J (" =s")""s |~‘7J(S ¢(s))|ds+21 0) ft (" =5")" " 527953, ) 4, yds—2 jf (7 =s")7 527 (s, (v, +4, ) ds
Jj=1 F(a)) F( )
Se J’“( £a=s")" s (s g (s))lds I’ (17 =s")" P55, )5 +4,) =957, +4,)|ds
o L(@)t; F(w)
M SO WV (T Vi W o ,
( Vg MUEZZED 511 o) IF ae)t? =) 5Py ol ()7 (o)l ds
P T(w+l) i p°T(w+) r( )k :
AN (100 1 P ,
sz¥+z|1 (O)=No, k=1,2,...m, 771’ a(n)(e?—s")" 5P v, (0)-v(x)|ds.
=1 p°T(w+l) = ['(w) % '
it follows that Since v,(t)>v(t) as n—>+oo, for any &>0,there exists a
Hvl (H)-v, (I)HS N, sufficiently large number n,>0 such that for all n>n,, we have
Furthermore,
v, ()=, 1(t)‘<r( )J‘t (1P —sP )" 5P l‘yj(s V1) +8)=9(5,(V, 2+, )|ds |vn(x)—v(x)|<min Ms,*s .
YaT™ YL,
i=0 =1

p z+1 _ p w-1_p-1 — = —
lz;‘)r( )I ( ) s |S;J(S9(vn—l)s+¢s) S‘)(S’(Vn—Z)S+¢x)|ds Therefore,
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<g,

J-t (tp Y,D)ru lqp ]fJ(Y (v ) +¢ )dv_r( )J-t (tp vp)"’ lv” 157)(Y (v +¢ Yds

amn

F(a))

J '“( 20=s) 7 5P 9 (.7, +4, )ds
[0)

et J 1 (8, -s7) 5P (5.7, +4,) ds

oL (@)

<zp

1+1
> o )J (

A B L CARTASLIEICRVAEE

()T Pty 0 b ()-v(olds<e. (18)
p°

i=0

nd

k k

2L, ))-2L,0 ()
=1 j=1 =1

P )-vpl<e. (19)
j=1
In consequence, we can see that for a sufficiently large number
n=ny,
|v(t)—Nv(t)|
SOV, 1 (O[HV, 11 (=N, (O+ Ny, ()-Nv(@)]

o)y O+, (D)~ [F(I)It (17 =5")""' s 9(s,(V, ), +4, ds

zrp 05 55, 5,), 41 s B, (5, 1))
i=0 ( ) Jj=1
E}%It - p)aHspflfj(s’(vn)x_'_%)d‘3 e )Itt, (t°=s")*7 sP (5,9, +4, )ds|
L g5y 51555, 49,
r
ST(@)
_ o' L pyo-1  p-1 = LI & (5(+.
Zr(m)J (tha=s")""s ﬁ(ssvsﬂ/%)ds+j§11,-(vn(l,-)) Ell,(\)(t,))‘

Thus, in view of the convergence of the two previous and (17)-??,
one obtains that |v(t)—Nv(t)|—>0 , which implies that v is a solution
of (1).

Finally, we prove the uniqueness of the solution. Assume that
v;,%,10,7]>R are two solutions of (1). Note that
(O, (02— (s e (5) M ) (s

(@)l

Z p

r@ )I =) s () o[ (0T (s
i=0

k
+ X))

j=1

Copyright:
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+1 ‘Tﬂ)ﬂ
Sl . N T
=1 T (w+l) =1

According to the conditions (4;), the uniqueness of the problem
(1) follows immediately, which completes the proof.

An illustrative example

Consider the following Katugampola-type fractional impulsive
differential equation with delay of the form

£ 07 3= 131

———, t€[0,1], t;tl, 0<w<l;
ot (9+¢')(1+[3,)| 2

(20)

30w

Let us take, a):%, p=1, F(a)+1)>%, A is a non-negative

constant. 3,(8)=3(t+6) for —u<f<0 and 0<r<l.

—t

Set 9(1,3)=— 5 3 ,
O+ )(143) 3+3

Now, we can see that

|92, p)-9(1.91)|]F

, 1(3)= for (¢,3)€[0,1]x[0,+0).

—t

|pt qtl <
©+) (]P0, ~ 91y
Sa(t)jgfo’,]lp(s)—czt(s)l,

where a(t)=

(4)) is satisfied.

t_qtl

so the condition

; 1
and a="" a(t)=—,
te[0,1] ( ) 10

9+e")

On the other hand, we get that

o 3|
[1(p)-1(q)|= Grp)Gra) 3Ip ql, p.g>0,

which satisfies the condition (4,) of Theorem 3.1 with L:%.

By a direct computation, we obtain that
S N T U

izlp“’l"(a)+1) j=1 7 10F(a)+1) 3

and

,t |3t| W € 67 <i te [0 1]

©re') 143 g4t 107
As a result, the equations in (20) satisfy all the hypotheses in
Theorem 3.1 which guarantees that (20) has a unique solution.

91,3,

Conclusion

In this note, the existences of solutions of a Katugampola-
type fractional impulsive differential equation with delay were
investigated. The successive approximation method was employed to
show the existence of solutions. The example reflects the applicability
of the proposed method.
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