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Abstract

We give an elementary proof of the curious binomial coefficient identity, which is
connected with the Fibonacci numbers, by using system of auxiliary sums and the
induction principle. We discover some interesting relations between main sum and
auxiliary sums, where appear the Fibonacci numbers. With help of these relations,
we found a second order linear recurrence with main sums only. We easily solve this
recurrence by using the Binet formula for the Fibonacci numbers and then prove the

desired identity.
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Introduction

We consider the following sum with binomial coefficients:

’1:0’2=0 zk=0 iy iy i

Where 7 is a non negative integer and £ is a natural number greater
than 1. We call this sum S, (n) a main sum. Let us F denote the n

(M

-th Fibonacci number. Namely, F, =0, F, =1,andF, = F | +F ,

; if n > 2 . Our main goal is to prove the following identity:

F}c(n+1)

Sp(n) = @)

k

The Identity (2) can be found' as the Identity 142; and it arises as
a generalization of the Identity 5 (when k = 2) from the same book.
The same variant of the Identity (2), also, can be found in paper? as the
Identity 3 (with small error). The Identity (2) is interesting, mainly,
because of its connection with the Fibonacci numbers.

There are no many proofs of the Identity (2). It is known that
exists' a purely combinatorial proof of the Identity (2). We give an
elementary proof of the Identity (2) by using system of auxiliary sums
and the induction principle.

Method of auxiliary sums is a new method in proving binomial
coefficient identities. This method is introduced by the mathematician
Jovan Mikic in papers.>* In this paper, we show how the same method
works on harder example; such is the Identity (2). In that sense, this
proof of the Identity (2) is interesting, particularly, because of a choice
of auxiliary sums.

First, we introduce the auxiliary sum F, (n) , as follows:

n—i1 n—i2 n—ik
i Iy i —1

We establish our main theorem:

3
=04,=0 =0 @

non n
Pmny=2 > .. X (
b

Theorem |

Let n be a natural number; and let k£ be a natural number greater
than 1. Then the following relations hold between main and auxiliary
sum:

S, (n) =F,

v S (n=D)+F P (n-1)+F",

“4)

P(n)=F -S(n-1)+F_ -F(n-1) 5)

From our main theorem, we derive a second order linear recurrence
between main sums only. We have:

Corollary |

Let n be a non negative integer; and let k£ be a natural number
greater than 1. Then the following relation holds:

2

Se(n+2)=(F + B ) S(n+ D)+ (B = F - Fyy) - Sp(n)
(6)

With initial conditions:

S,(0)=1 0

Se(D) = F + B (3)

Recall that the Cassini identity states that

F’-F_ -F,_ =(-1)"". By the Cassini identity, the Relation (6)

simplifies to

S, (n+2)=(F, +F,H)-LS'k(n+1)+(—1)k_1 S, (n)

k+1

)

More definitions

In order to prove main theorem (1), beside the auxiliary sum £, (n)
, we need to define a whole system of auxiliary sums.

Definition |

Let n be a natural number; and & be a natural number greater thanl.
Let / be a natural number such that/ < k +2. We define auxiliary
sums S, ,(n), as follows:
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(10)

n=1 n n(n-i n—i
S, (=Y X ..X | ‘] *
k.l 0i 20 i 2ol i ;
1,=0z,= L= 5 1
s (n):"il nz—l g % n=l=i\ (n-l=i\(n=i) (n-i
o §=0""i=0i =0 =00 g i iy i

S () =8, (n=1)

) 1<i<k (11)
(12)

Sppea(m) = F (n=1)

Then we define the following sum:

(13)

Definition 2

Let n be a non negative integer; and & be a natural integer greater
than 1. We define the sum S, , _ (n) , as follows:
71

= 5 5 0 n_iz n_ik
Sk,flzn(”) -Zéo'"ikéo(izj( Iy j ( . )

In other words, if we set i, = n in the main sum S, (n) , we get the

(14)

sum S, . _ (n) . In order to calculate the sum S, , _ (1), we need to
i=n k,zl—n
define one more sum:

Definition 3

Let n be a non negative integer; and & be a natural integer greater
than 3. Let j be a non negative integer such that j < n . We define the

sumA, .(n), as follows:
kyj

n n n—j\l n-i n—i_,
A, . = 15
£ ,-}::0 iklzzo( I j( iy j ( by ) (4

There is a connection between these two sums from the Definition
(2) and Definition (3). Namely, when & > 4 , the following equation
holds

Sk,flzn (n) =4, ,(n) (16)

The Equation (16) is true because of the fact that i; = n implies
that both 7, and 7, must be equal to zero.
Main lemmas

Before we prove main theorem (1), we need to prove several
lemmas. Here, we give a list of all lemmas which are important for us.

Lemma |

Let integers n, k, and 1 be from the Definition (1); with condition
| < k . Then the following equation holds

Sk,l (n) = Sk,1+1 (n) + Sk,l+2 (n) a7

Corollary 2

Let integers n, k, and / be from the Defination (1); with condition
[ <k . Let m be a non negative integer such thatm < k +1—1/. Then
following equations hold

Sp,m)y=F, -8, m+F -8 . . (18)

Copyright:
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S, ()= F S ,(n=1)+F, B (n-1) (19)

+1

S,,(m)=F, -S,(n=1)+F,_ B (n-1) (20)

Lemma 2

Let n be a non negative integer; and & be a natural integer greater
than 1. The following relation holds

P (n) =S, ,(n) @n

Lemma3

Let n, k, and j be from the Defination (3). Then the following
equation holds:

_ ) n-j
Ay =EL F

(22)
Lemma 4

Let 7 and & be from the Defination (2). Then the following equation
holds:

Seyon = F 23)

A proof of the lemma (1)

Our proof of the Equation (17) relies on the well-known Pascal’s
formula for binomial coefficients:

(M

Where 7 is a natural number and & may be an arbitrary integer.

24

Due to the Definition (1), our proof consists of four parts. All
proofs of these four parts are very similar. We prove three cases and
give a sketch of a proof for the fourth case.

Proof

The first case:/ =1. Sinceiy <n—1, we can apply the Pascal
formula on the binomial coefficient

n—i
i )
We have gradually:
n=1 n n (n—i n—i n—i
S,m=% ¥ . ..x| ! N N B
’ §=0i,=0 = i Iy i,

2
n=1 n n n—1-i
=X X..x( . '+

i,=0i,=0 =0 i,

k

:n—l n g n—.l—i1 nfi2 [ ni . 25)
i,=0i,=0 lk:() i Iy i)

n—1 n n -1 —i —i

SIS U S I | I F (26)

i,=0i,=0 zk:O i, —1 iy i
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Note that the first binomial coefficient in the Equation (25) perishes
ifi, = n. Therefore, we have

nil g g n—l—il n—i, n—i,

i=0i,=0 i =0 i iy i

=nilnil... g n=l-i\(n-iy) (n-i,
i=0i,=0 i =0 i i i

= S,(,2 (n).

The Equation (26) becomes gradually:

nil % % n—1-i | n-i n—i,

i=0i,=0 ;=0\ i, -1 Iy i

="i1 % g n—1-i [ n-i n—i,
i=0i,=1 =0\ i,~—1 iy i
n—1 n-1 n —1-i —1- —i

SN (n llj(n ! t2j“_(n . Zk)(tz =i -1) (28)
§=02,=0 i,=0 t, iy i

Ifk = 2, then the above sum in the Equation (28) is S, (n—1)

@7

according to the Equation (1). Due to the Equation (12) from the
Defination (1), we have that S, (n —1) = S, (n) = S, ;(n).

If k£ > 2, then the above sum in the Equation (28) is, as follows:

n=ln-1 n n (pn—1-i \[n-1-t¢ n—i n—i
Y Y Y..X ! 2 Bl ot
i =0,=0i,=0 ik=0( t i i i

=S, ;(n) According to the Defination (1) and the Equation

(11). In both cases, the sum in the Equation (28) is equal to S, 5(m)
. Now, from the Equation (25), (26), (27), and (28), it follows that

S, (m) =S, ,(n)+ S, ;(n). This proves the first case.

The second case: / = k. Sincei, <n -1, we can apply the Pascal

n—i
formula on the binomial coefﬁcient( ) "] . We have gradually:
l]
n=1 n-1 n-l1 _ n—1—i nei
S,,(m=2%2 ... ¥ ¥ ("‘_"‘1)...( 4 k—])( . kj
! §=0 4, =05=0% 2 I I
n—1 n-1 n—-1-1 n—1-i n—l—i
Z Z [ k-1 k i
;=0 ikl=0ik:0( i i i
S nil }El n—1-i n—l-i_ \(n-1-i
§=0 4_,=04=0 L i i -1

=8, (n=1)+ B (n-1) (29) According to the Equation (1) and
the Equation (3).

According to the Equation (12) and the Equation
(13) from the Defination (1), the Equation (29) becomes

Sim=8 ., (m)+S, . ,(n). This proves the second case.

Copyright:
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The third case:!/ =k —1. Sincei, , <n—1, we can apply the

k-1 —

n—i

Pascal formula on the binomial coefﬁcient( .k'l). We have
i
k

gradually:
Skk_](n)=nil... SR R T K =
’ =0 i_,=0i=0 i iy I
=nil... ’El % n—1-i n=1-i,_ [ n-i .
i=0 i,_,=0i =0 i i i

nil nil 2 (n—l—il)m(n—l—ik_lj(n—ik).
=0 “=0i =0 i, i, -1 i

=Sk)k(n)+

”il nil nil (n_l_ilj...(n_l_ikIJ(n_l_tk)
=03 =0 =0\ g t i

In the last equation above, we used substitutionz, =i, —1.
Therefore, from the last equation above, we obtain that

Sex (M) =8, (M) +S, (n-1)

=S m)+S, () (30) (by the Equation (12)). The Equation
(30) proves the third case.
The fourth case:1 <[ < k —1. This case exists only ifk >3 . We

give a short sketch of the proof. The proof of this case is very similar
to the proof of the first case. We use the Pascal formula on the binomial

. n—i n—i n—1-1i n—1-i
coefficient | and we get| = . +| .
U U L U
. Then the sum S, , (1) splits on two sums. It is easy to see that the

first sum is S, ,(n).

For the second sum, we need to introduce the substitution
—1. Then the second sum becomes S, , , (n). Therefore,

L =l

it follows that S, ,(n) = S M+ S, (). This proves the fourth
case.

A proof of the corollary (2)

We need to prove Equations. (18), (19), and (20). All these
equations are direct consequences of the Equation (17).

A proof of the equation (18)

Proof: We assume that integers », &, and / are fixed. We give a proof
by using the induction principle on m. If m = 0, then the Equation
(18) is satisfied, because F, = 0. Thus, we confirm the base of the
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induction. Let us suppose that the Equation (18) holds for some m
such that0 < m < k +1—/. In other words, our induction hypothesis

isS, () =F,, S

m

(W) +F, S, (). Thenl+m<k. By

k,l+m
the Lemma (1) and the Equation (17), we know that

(3D
From our induction hypothesis and the Equation (31), we have that

Sk,l(n) =F., 'Sk,1+m (n)+F, 'Sk,1+m+1(”)

Sk,l+m (m) = Sk,l+m+1 (n) + Sk,l+m+2 (n)

=F S () + Sk,l+m+2 (m)+F, - Sk,1+m+1 (n)

S

ml k,l+m+2(n)

= (Fm+l + Fm) : Sk,l+m+1 (I’l) +F

=F. 'Sk,1+m+1 (m)+F,., 'Sk,l+m+2 (n).

From the last equation above, it follows that Equation (18) is
satisfied form +1; where0 <m +1< k+1—1[. Therefore, the step
of induction is proved. By the induction principle, the proof of the
Equation (18) is completed.

A proof of the equation (19)

Proof: The proof is straightforward. Just set /=1 and m =k in

the Equation (18). This is allowed, becausem < k+1-1, som <k
. From the Equation (18), we get

Sk,l(”) =F. S+ E, 'Sk,k+2 (n)

=F, Sn-)+F -Fn-1) (32)

According to the Equations (12) and (13) from the Defination (1).
The Equation (32) is our desired the Equation (19). This proves the
Equation (19)

A proof of the equation (20)

Proof: Again, this proof is straightforward. Just set /=2 and
m =k —1 in the Equation (2). Since, m < k +1—1, this is allowed.
From the Equation (18), we get

Spam)=F S )+ FE_ -8 ,.,(”n)

=F -S,(n-1)+F,_ -P(n-1) (33)

According to the Equations (12) and (13) from the Defination (1).
The Equation (33) is our desired the Equation (20). This proves the
Equation (20) and completes the proof of the Corollary (2).

A proof of the lemma (2)

Proof

This proof immediately follows from the Equation (3) and the
Defination (1). We need to introduce the substitution?, =i —1. We
have:

Pm=-% ¥ .3 (n,_ilj(n._izj---(é_i"j
i=0i,=0 =0\ i, iy i—1

Copyright:
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_ g g g n—i n—i, n—i,
i, =1i,=0 ik:0 i iy i—1

Now, we introduce the substitution?; =i —1. Then the last
equation above becomes

£=0,=0 =0 i Iy f
=ni1nil g n=l-t\(n=-i,| [n-i
1=0i,=0 i =0\ i, i t
=Sk’2(n)

k
According to the Equation (11) from the Defination (1). The
Equation (34) completes the proof of the Lemma (2).

(34

A proof of the lemma (3)

Proof

We give a proof of the Lemma (3) by using the induction principle
on k. We start with k£ = 4 . By the Defination (3), we have

n n— J
A, =
o iazo( Iy )
L=0\ 4

= 2"/ (bythebinomialtheorem)
_ ) n—j

=K K

_ ) n-j

= Fay Fany-

The last equation above proves the base of induction. Let us
suppose that the Equation (22) holds for some k& > 4. This is our

induction hypothesis. Let us consider A, =

n o n n (n—j\(n-i n—i
Appy = 2 2 o X ( ; ])( ; 3)( ~k_1)
’ 13:014:O zk:0 I i i,

0\ 4 )i,=0 =0\ i, A

i

I M=

n n—7j
-2 ", o 35)
L=0\ 4 "3
By the induction hypothesis, it follows that
_ B niy
Moy ) =F2, F, (36)

By the Equation (36), the Equation (35) becomes
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o on=j(n-j i n-j—i
Y 3 3
_F;cl'l.z_lo( i j'sz'F;cl
3 3

= Fkil (F_, + Fkil)"fj (bythebinomialtheorem)

_ J n—j
=Rl G7)

The Equation (37) proves the step of the induction principle. This
completes the proof of the Lemma (3).

A proof of the lemma (4)
It is easily verified, by direct calculation, that

Saya (0 =1

S3,i] =n (n) =1
So, we can conclude, from the above equations, that

Sz,ilzn (n) = Fln; (38)

854,20 (M) = E,. (39

Therefore, the Equation (22) is true, when &k =2 andk =3.

Now, let us suppose that k > 4 . According to the Equations (16)
and (22), we have that

Sk’l.lzn (n) = Ao (n)(bytheEquation (16))

= F" - F"" (bytheEquation (16))

-F". (40)

The Equations (38), (39), and (40) prove the Equation (23). This
completes the proof of the Lemma (4).

A proof of the theorem (1)

Proof

Let n be a natural number. First, we prove the Equation (4). Due
to the Equation (10) from the Defination (1) and the Defination (3),
we know that:

S (n) =8, ,(n)+ Sk,l.] _, ().
By Equations (19) and (23), the Equation (41) becomes

S, (m)y=(F,,-S,(n-D+F -B(n-1)+ F/il The last equation

(41)

above proves the Equation (4). Now, we prove the Equation (5). The
proof of the Equation (5) immediately follows from the Equations
(20) and (21).

P, (n) = §, (n)(bytheEquation (21))
=F S, (n-1)+F_, - P (n—1)(bytheEquation (22))

The last equation above proves the Equation (5). This completes
the proof of the Theorem (1).

Copyright:
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A proof of the corollary (1)

Proof

The Corollary (1) directly follows from the Theorem (1) and
from its Equations (4) and (5). Let us suppose that n is a natural
number. First, we prove the Equation (6). We express sums F, ()
and £ (n—1) by main sums with help of the Equation (4). Then we

use the Equation (5), in order to get relation between main sums only.
First, from the Equation (4), we obtain that:

S, (m-F, ;

Bn1)= S, (n-1)-F

k1 (42)

B

If we use the substitution n — 1 = ¢, the Equation (42) becomes

t+1
P(t) = S G+ -F, S0 -F .

F,

(43)

Where ¢ is a non negative integer. Therefore, when 7 is a natural
number, the Equation (43) implies that

n+l
o Si(m)—F, (44)

Fy

S, (+D-F,

P, ()

Now, we use the Equation (5). By Equations (42) and (44), the
Equation (5) becomes gradually:

n+l

S ) -F - S,(m-F :FL'S,‘(W_I)+E(71~S/‘(")7F;‘ S, (n=-1)-F_,
R, R,

+1

n+l

S+ )= F S (m)-F_ = szSk(” —D+F (S (m) = F S, (n 71)7Fkn-1)

S, (n+1)=F,, S, (n)=F.S,(n=1)+F,_ (S, (n) = F,,S, (n 1))

Sp(n+1) = (£, +Fk71)'Sk(”)+(sz = Fy  Fy) S (n =1,

If we use the substitutionn—1=¢, the last equation above
becomes

2

S (t+2) = (B + E ) S G+ D+ (B =By - Fyy) - S, (0

(45)

+1

Where ¢ is a non negative integer. The Equation (45) is same as the
Equation (6). Therefore, the Equation (6) is proved. Now, we prove
Equations (7) and (8). The Equation (7) directly follows from the
Equation (1). Obviously, from the Equation (3), it follows that

F.(0) = 0 (46)

Therefore, the Equation (8) follows from Equations. (4), (7), and
(46). We set n =1 in the Equation (4)

1
S = Fy -5, O+ £0)+ F
=By 140+ B,

= Fath

The last equation above proves the Equation (8). This proves the
Corollary (1).
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A proof of the identity (2)
By using Equations (48) and (49). The general solution of the

Finally, we prove our main Identity (2). We use the Corollary (1) Equation (6) is, as follows:

and the Binet formula for the Fibonacci numbers. Recall that the Binet

formula states that Sp(m)=Cp -4 +Cy- 2y
1 1 \/> n \/> n
J *f'_glg] @7) —C(@—ﬂﬁ 46 (5 (Bqns(syand(ss)
Vs 2 2
Further, we use facts that -, ( \/g)kn ) (1 - \/g)kn (56)
- C, (—)".
2 2

145, F +F_ +F f
( ) = ; (43)

By Equations (7) and (8), from the Equation (56), we evaluate
2 2 .
constants C; and C, . We get a system of equations, as follows:
1- \/g k F}H—l + F F}( : \/g
( 5 ) 5 . (49) C+C, =1 57)
. . 1+ \/g \f
Namely, Equations (48) and (49) are consequences of following C .(7) +C, (7) =F,  +F_ (58)
relations: 2 2
1445 , 1+ \/g After short calculation, from Equations (57) and (58), we obtain
) =F (—)+F_; that
2
Sk
1-Vs 1-4s G, = : : (59)
e e R e Ra /AT J'F
2 2
. . . . e -1 1—\/g p
Which can be easily proved by the induction principle. Proof: The C, = (—)". (60)
characteristic equation of the recurrence (6) is \/g -F, 2
2
~Fa ) A+ E By - F)=0. (50) By using Equations (59) and (60), the Equation (56) becomes
The discriminant of the Equation (50) is, as follows gradually
= (Fy + 1) —4- (B By sz) 1 5. 1+N5 4, 1_\/gk 1—\/g n
Sk(n)*\/f [( ) ) = ( ) )]
= (R =) 4o E, i ? ? ?
= sz +4- sz (bythedefinitionoftheFibonaccinumbers) _ 1 1 (1 +V3 )kn+k _ (1 - ‘/g)kwk]
5-F 2 2
e 5
From the last equation above, it follows that _ L ( 1 .[(1 NS ke _ (1 ~ \/g)k(nﬂ) D
D=5-F. (51) Fos 2
By using the Equation (51), it follows that roots of the Equation _ L F,, . (theEquation (47))
(50) are F (n+D)
k
Rt Bt RS o < fon
2 F,
F,, +F,_ -F, \E The last equation above proves the Equation (2). This completes
) = 5 . (53)  the proof of the Equation (2).
Acknowledgements

Equations (52) and (53) can be written, as follows:
I want to thank to my professor Dusko Joji¢. I am also grateful to

1++5 4 Stamatina Theofilou.
A= (—)" (54)

Conflict of interest

A = (_7) ; (55) The author declares no conflict of interest.

Citation: Mikic J.A proof of the curious binomial coefficient identity which is connected with the fibonacci numbers. Open Acc | Math Theor Phy. 2017;1(1):1-7.
DOI: 10.15406/0ajmtp.2017.01.00001


https://doi.org/10.15406/oajmtp.2017.01.00001

Copyright:

A proof of the curious binomial coefficient identity which is connected with the fibonacci numbers ©2017 Mikic
References 2. http://math.sun.ac.za/%20hproding/pdffiles/Double
1. Benjamin AT, Quinn JJ. Proof that Really Count. The Art of Combinato- 3. Miki J. A proof of Dixon’s identity. J Integer Seq. 2016;19:1-5.

rial Proof. The Dolciani Mathematical Expositions, Mathematical Asso-

o . 4. Miki J. A proof of a famous identity concerning the convolution of the
ciation of America; 2003. 27:209.

central binomial coefficients. J Integer Seq. 2016;19:1-10.

Citation: Mikic J.A proof of the curious binomial coefficient identity which is connected with the fibonacci numbers. Open Acc | Math Theor Phy. 2017;1(1):1-7.
DOI: 10.15406/0ajmtp.2017.01.00001


https://doi.org/10.15406/oajmtp.2017.01.00001
http://www.jstor.org/stable/10.4169/j.ctt6wpwjh
http://www.jstor.org/stable/10.4169/j.ctt6wpwjh
http://www.jstor.org/stable/10.4169/j.ctt6wpwjh
http://math.sun.ac.za/%20hproding/pdffiles/Double
https://www.elibm.org/ft/1012217
https://cs.uwaterloo.ca/journals/JIS/VOL19/Mikic2/mikic15.pdf
https://cs.uwaterloo.ca/journals/JIS/VOL19/Mikic2/mikic15.pdf

	Title
	Abstract
	Keywords
	Introduction
	Theorem 1 
	Corollary 1 

	More definitions 
	Definition 1 
	Definition 2 
	Definition 3 

	Main lemmas 
	Lemma 1 
	Corollary 2 
	Lemma 2 
	Lemma 3 
	Lemma 4  

	A proof of the lemma (1) 
	Proof

	 A proof of the corollary (2) 
	A proof of the equation (18) 
	A proof of the equation (19) 
	A proof of the equation (20) 

	A proof of the lemma (2) 
	Proof

	A proof of the lemma (3) 
	Proof

	A proof of the lemma (4) 
	A proof of the theorem (1) 
	Proof

	A proof of the corollary (1) 
	Proof

	A proof of the identity (2) 
	Acknowledgements
	Conflict of interest 
	References

