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Introduction
Carbon diffusion in metals has received a lot of attention and 

has been the subject of intensive theoretical investigations in recent 
years.1,2 First, this is due to the practical interest in using the Fe – 
C system for a number of technological applications, including the 
creation of radiation-resistant materials, high-hardness tool steels, and 
in automotive applications.1–4

Secondly, carbon diffusion in Fe and Fe alloys is very important 
because this leads to engineering problems associated with carbides 
formation and degradation of high strength steels, reactor materials, 
etc.5,6

Diffusion of interstitial carbon atoms in iron is the rate-limiting 
phenomenon of a number of phase transitions in body-centered 
(bсc) and body-centered tetragonal (bct) phases such as ferrite and 
martensite.7 To quantify the effect of diffusion elements on phase 
transformation, multi-scale modeling is required.8 The numerical 
tools that are applied include ab initio solutions to the Schroodinger 
equation, fitting of effective many-body interaction potentials, 
molecular dynamics simulation, Monte Carlo simulation of defect 
evolution, phase-field modeling and quasicontinuum rate theory.8–15 
These methods are often very complex and have their limits of their 
applicability for modeling steels and alloys.14

In iron crystals, carbon atoms are in interstitials and in the diffusion 
process they pass from one interstitial site to another. In FCC lattice, 
carbon can occupy octahedral type of interstitial sites7 but also diffuse 
through the tetrahedral type of interstitial sites. At the present time, 
the question of the carbon diffusion mechanism in the crystal lattice of 
iron remains. Even in a pure crystal, transitions between interstitials of 
different types are possible, which entails, in particular, the ambiguity 
of the activation energy of carbons diffusion. In addition, as noted in,7 
the redistribution of carbons atoms in interstitial sites due to changes 
in external conditions, for example, deformation, can lead to a change 
in the diffusion parameters. It should be noted that other factors may 
also lead to deviations from the Arrhenius law, in particular, the 
possibility of diffusion jumps of different lengths and the effect of 
crystal lattice defects.10,15 

First principles calculations and classical approaches molecular 
mechanics has been used to study carbon diffusion energy in the case 
of body-centered cubic (BCC) Fe in several papers.7,10,13,16

It is assumed that modern ab initio modeling will provide a good 
description of the geometry, energy, and potential energy surface in 
Fe-C - systems. However, as far as we know, there is no systematic 
derivation of the diffusion coefficients for which quantum-statistical 
effects are taken into account in a wide temperature range. The use 
of such calculations is important for understanding the possible 
mechanisms of hydrogen diffusion in metalls.

The purpose of this work is development a simple statistical model 
of the diffusion of carbon atoms in the crystal lattice of metals and its 
application for calculating the diffusion coefficients of carbon atoms 
in iron and steel.

Development a simple statistical model
The classical atomic theory of diffusion gives an expression for 

the diffusion coefficient self-diffusion. In early works on the statistical 
theory Ya. I. Frenkel and his followers, the dependence of the diffusion 
coefficient on the square of the distance between two atomic positions 
was obtained.17,18 This expression for the diffusion coefficient is also 
commonly used in modern molecular dynamics.19,20 However, due to a 
significant discrepancy between the calculated and experimental data, 
even in these classical works, additional parameters were introduced 
to calculate the diffusion coefficients.

At the same time, it is well known, that the main driving forces 
of diffusion in non-equilibrium thermodynamics are the gradients 
of chemical potentials μi of the components of the system.18,21 This 
position should be taken into account when deriving equations for the 
diffusion coefficient. However, it is very difficult to introduce chemical 
potentials into the diffusion equations in the atomic statistical model.

In solid state physics for the analysis of multicomponent 
systems - solid solutions, etc. - long and widely used methods of 
statistical physics,21,22 in particular, thermodynamics. In statistical 
thermodynamics, equations describing thermionic emission have long 
been known.22 
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Abstract

Carbon diffusion in metals has received a lot of attention and has been the subject of 
intensive theoretical investigations in recent years. The purpose of this work is development 
a simple statistical model of the carbon atoms diffusion in the crystal lattice of metals and 
its application for calculating the diffusion coefficients of carbon atoms in iron and steel. 
The relationship between the diffusion flux of atoms and the gradient of their chemical 
potential, as required by non-equilibrium thermodynamics, is obtained from the basic 
principles of statistical thermodynamics. For a real solid solution of impurity atoms in 
a metal, an expression is found for the diffusion coefficient, the value of which depends 
on physical constants, the atomic weight of the solute, the square of the temperature and 
activity i-element in solid solution. The calculations have a good agreement with the known 
experimental data on the diffusion of carbon atoms in iron and steels and is higher than in 
classical atomic diffusion models. The activation energy of carbon diffusion in γ- phase of 
various steels has values close to 120 kJ. Proposed formula well describes the deviation of 
the carbon diffusion coefficient from the Arrhenius law at medium and high temperature.
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To describe the diffusion of atoms in the crystal lattice of a metal in 
work23 was created the statistical model of diffusion. Large attractive 
forces hold atoms in the crystal lattice of a metal; therefore, the 
potential energy of moving, i.e. diffusing atoms is greater than the 
potential energy of the atoms of the crystal lattice by the value of U - 
the activation energy of the diffusion process.

We can select out in a unit volume of metal V a unit surface 
perpendicular to the x axis (Figure 1). 

Figure 1 Scheme of diffusion in the statistical atomic model.18

The total flux of diffusing atoms in the positive direction of the 
x-axis is equal to the difference in the flux I12 (from the plane x – d/2 
to the plane x + d/2) and I21 (in the opposite direction).18

Only those metal atoms for which the energy ε is larger than the 
potential barrier of the lattice u can pass through this surface in the 

positive direction of the x axis:
2
xp

2m
uε = ≥ (1) and m is the mass of 

the diffusing atom.

The diffusion flux I12 is determined by the number of metal atoms 
or impurities passing through a unit of surface per unit of time. To find 
its expression, it is necessary to calculate the distribution of atoms by 
impulses.

The number of states, whose impulse components are in the range 
of values   between px and px + dpx, py and py + dpy, pz and pz + dpz is 
equal to21,22:
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h h
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h – Plank constant.

We will assume that the number of diffusing atom in each state is 
determined by the Boltzmann distribution21:
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T – Temperature, μ is the chemical potential of diffusing atoms, 
k – Boltzmann’s constant. When
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There dN is the number of diffusing atoms in the metal whose 
pulse components are in the range of values   between px and px + dpx, 

py and py + dpy, pz and pz + dpz, i.e. number of particles with impulse 
and energy given in magnitude and direction:  
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We find now the number of atoms passing through a unit of surface 
per unit of time.22 We direct the x axis perpendicular to the surface 
under consideration (Figure 2). 

Figure 2 Scheme for determining the flux of particles through a single site in 
the direction of the x axis.22

Having performed calculations for the diffusion flux of atoms, 
similar to the calculations of the thermionic emission current,22 was 
find the diffusion flux I12 in the direction of the x axis23:
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Where μ1 is the chemical potential of diffusing atoms on the side 
of plane I (Figure 1).

Similarly, was find the diffusion flux I21, where μ2 is the chemical 
potential of diffusing atoms on the side of plane II. The total diffusion 
flux is equal to:

       

2 2
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(7)

Where μ2 is the chemical potential of diffusing atoms on the side of 
plane II, w=U-μ1, Δμ=μ2 – μ1. Chemical potential of diffusing atoms 
on the side of plane I is taken as the base.

Equation (7) is the most general formula of the statistical model 
for the diffusion flux of atoms in the crystal lattice.23 If the diffusion of 
an element occurs from one phase to another, the chemical potentials 
of which differ sharply, then it is the exact expression (7) that should 
be used. If we consider the diffusion of atoms in the single-phase 
region, then the difference of their chemical potential at the interplanar 
distance d: |Δμ| << kT, then exp(Δμ/kT)≈1+Δμ/kT. According to the 
average theorem, can find:

                        

-w/kT
3

2
e  

mkTd
Ic

hõ

π µ∂
= −

∂                               
(8)

It is the statistical equation of atoms diffusion in a crystal lattice 
of a metal. It directly shows that the diffusion flux of atoms directly 
depends on the gradient of the chemical potential, as it should be in a 
consistent thermodynamic theory.2,18 In this case, equation (8) is the 
limiting case of equation (7) of the simple statistical model.
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Using equation (8) allows us to calculate ab initio the pre-
exponential factor of atoms diffusion in a crystal lattice of a metal.23 
Expression (8) has the dimension of particles/(m2ˑs). For that. In order 
for the flow to have the dimension mol/(m2·s), we divide its value by 
the Avogadro number N. 

It is understood that the atoms of the diffusing element fill the 
entire volume. For alloying elements in expression (2), instead of 
the volume V, their partial volume in the alloy should be substituted, 
equal to:

                                        
·i iV V C=

                                          
(9)

Where Ci is content of i - element in an alloy in atomic parts.

If we further consider the real solid solution of the atoms of a 
substance in a metal, then we can write the following expression for 
element i 18:

                              
0 ( )   i i iÒ kT lnaµ µ= +
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Where i i ia cγ= ⋅
                                                                     

(11)

ai - activity, γi - activity coefficient of element i in solid solution.

Whence 

                                  

i

i

akT

õ a x

µ ∂∂
=

∂ ∂                                        

(12)  
  

Substituting expression (9) - (12) into (8), we find diffusion flux of 
i-th element in solid solution:
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(In equation (13) it is assumed that the activity coefficient γi does 
not depend on the x coordinate).

When the pre-exponential factor in our case is:
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We see that the diffusion coefficient depends at three points (k, N 
and h), in two parameters (mi is the mass of the i-diffusive atom and 
d is the interplanar distance), the amount of substance in the volume 
Ci, their activity coefficient γi and temperature of the metal in square. 

We write the mass of atoms of the diffusing element in the form 
of the expression:

                                         
·i am N m=                                        (15)

Where Ni is the atomic number of the element;

ma is the atomic mass unit. 

We also take into account that Nm is related to the concentration of 
Ci by the expression:

                                   
· /i mi iC N N ρ=

                                   
(16)

Where ρ is the alloy density.

Nmi is the number of moles of the diffusing element per unit volume.

Then the expression for the diffusion coefficient of the atoms of the 
dissolved element in the metal takes the form:

                            

2
2 2

0 3

2i a
i i

m k d
D A N T

h N

π

ρ
= ⋅ ⋅ ⋅

                       
(17) 

Where Ai = γi· Nmi - activity element i in solid solution. The activity 
of this element is generally unknown and this parameter is need to 
be determined from experimental data on diffusion or performed 
calculations. 

Expression (17) of the developed statistical model significantly 
differs from the expressions obtained in classical atomic models.17,18 
The interplanar distance d enters into this expression in the first 
degree. Nevertheless, this formula assumes the dependence of D0 
on the square of the atomic number of the diffusing element and the 
square of the diffusion temperature. 

If we compare expression (17) with the classical formula for the 
diffusion coefficient16–18: 

                                   
2 D K ν= ∆                                            (18)

Where Δ is the length of a single jump of an atom during diffusion, 
ν is the jump frequency of atoms, K – coefficient (usually 1/6); and in 
formula (17) we put that d = Δ, then for the jump frequency we can 
find:
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We propose to use this expressions (17) and (19) for a more 
accurate calculation of the carbon diffusion coefficients in molecular 
dynamics (MD)13 and centroid path-integral molecular dynamics 
(CMD).19 The parameters, calculated in this way, can be called the 
parameters of the statistical model (SM).24 The classical expressions 
for calculating diffusion coefficients does not take into account the 
Boltzmann distribution of diffusive particles in energy. Therefor the 
parameters of the statistical model should be used to compare and 
evaluate the accuracy of both models – MD and CMD.

For practical calculations of multicomponent systems - steels in 
the developed statistical model (SM) the diffusion coefficient D we 
can calculate by the formula, following from (17):

                           0 0( / )D D exp U RT= −
                               

(20)

Where D0 = A0Т
2.

Results of research
Let us perform the appropriate calculations for the diffusion of 

carbon in iron and steels and compare them with the experimental 
data given in (Table 1).16,25

It was shown in16 that the diffusion of carbon in α-iron deviates 
from the Arrhenius equation, which is an additional indication of the 
dependence of D0 on the diffusion temperature. Similar experimental 
results were also obtained.25

The calculated data for diffusion parameters of atoms carbon in 
α-iron and steels, performed by formula (20), given in Table 2.

The data of Table 1 and Table 2 show that the diffusion of C in the 
γ -phase is slower than in the α-phase at the same temperatures. The 
activation energy of carbon diffusion in γ - phase of various steels has 
values close to 120 kJ, which can be used in the corresponding models 
for calculating the structure and properties.26
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Table 1 Experimental data for diffusion coefficient of carbon atoms in iron and steels25

Steel Diffusion coefficient, m2/s

T, ° K 773 873 973 1173

Fe –С [16] 4.5ˑ10-12 2.9ˑ10-11 2.6ˑ10-10 5.0ˑ10-10
T, ° K 1273 1373 1473

Fe –1.07 Cr – 0.93 С 1.39ˑ10-11 3.7ˑ10-11 8.9ˑ10-11
Fe – 2.66 Cr – 0.92 С 4.1ˑ10-12 1.19ˑ10-11 2.81ˑ10-11
T, ° K 873 973 1073
Fe –21.4 Cr– 18.9 Ni 6.24ˑ10-15 6.51ˑ10-14 1.92ˑ10-13
T, ° K 990 1136.5
Fe – 0,1V 5.46ˑ10-11 5.14ˑ10-10
T, ° K 1173 1223 1273 1323
St 20 3.3ˑ10-12 4.3ˑ10-12 8.5ˑ10-12 1.7ˑ10-11
T, ° K 723 773 873
St 10Cr2Mo 1.56ˑ10-15 1.34ˑ10-14 1.77ˑ10-13  

Table 2 Calculated data for diffusion parameters of carbon atoms in iron and steels

Steel
Phase of diffusion

Diffusion parameters

 U0, J A0, m2K-2s−1
Fe – С α 73057 6,517ˑ10-13
Fe –1.07 Cr – 0.93 С γ 121982 8,697ˑ10-13
Fe – 2.66 Cr – 0.92 С γ 127286 4,237ˑ10-13
Fe –21.4 Cr– 18.9 Ni γ 117363 8,627ˑ10-14
Fe – 0,1V α 125976 2,477ˑ10-10
St 20 γ 120303 5,467ˑ10-13
St 10Cr2Mo α 152335 3,03 ˑ10-10

This formula (20) well describes the deviation of the carbon 
diffusion coefficient from the Arrhenius law at medium temperatures, 
shown in Figure 3.

Figure 3 Comparison of calculated and experimental data for diffusion 
coefficient of carbon atoms in α-iron and steels (individual points are 
experimental data from works,16,25 dotted lines are calculated data).

Separately, graphs were plotted for the diffusion coefficients of 
carbon in γ - phase of some steels (Figure 4).

As can be seen from the experimental data presented in Figure 
4, the high-temperature diffusion of carbon in the γ-phase of steels 
corresponds to the Arrhenius equation to a much greater extent than 
diffusion in the α-phase. However, in this case, the proposed equation 
(20) gives a more accurate and adequate description of the carbon 
diffusion coefficients, shown in Figure 4.

Figure 4 Comparison of calculated and experimental data for diffusion 
coefficient of carbon atoms in α-phase of steels (individual points are 
experimental data from work,25 dotted lines are calculated data).

Conclusion
Thus, a simple statistical model of the diffusion of impurity 

atoms in the crystal lattice of metals is developed in the article. The 
relationship between the diffusion flux of atoms and the gradient of their 
chemical potential, as required by nonequilibrium thermodynamics, 
is obtained from the basic principles of statistical thermodynamics. 
For an real solid solution of impurity atoms in a metal, an expression 
is found for the diffusion coefficient, the value of which depends on 
physical constants, the atomic weight of the solute, the square of the 
temperature and activity i-element in solid solution. The calculations 
are compared with the known experimental data on the diffusion of 
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carbon atoms in iron and steels with a fairly good agreement between 
the results. This agreement for the given special cases of diffusion 
is higher than in classical atomic diffusion models.17,18 Deviations 
from the Arrhenius law at high temperatures are also observed during 
the diffusion of C in W and Ta,27 which can also be explained by the 
proposed statistical model.

Undoubtedly, this model does not take into account many specific 
factors affecting the diffusion parameters of carbons atoms in a metal, 
such as the interaction of impurity atoms and metal, the presence of 
vacancies, etc. Further development of this model will allow taking 
into account the influence of these factors on the diffusion of carbon 
in iron and steels.
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