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Introduction
Lateral earth pressure has been a very important civil engineering 

problem, both in terms of theoretical and practical significance. 
There are several methods of analysis of this problem: lower bound 
approach, upper bound approach, limit analysis and plasticity based 
approach. It is generally accepted that the plasticity based approach 
yields the most accurate results at the expense of complicated 
numerical computation. The method of characteristic (plasticity 
based approach) considers the yield and equilibrium of a soil mass 
controlled by the Mohr-Coulomb’s criteria, and the occurrence of slip 
plane under ultimate limit state of soil mass has supported the use of 
this method in many geotechnical problems. A typical slip line system 
is shown in Figure 1, and the equations are governed by the α & β 
characteristic equations as given by Sokolovskii.2 Figure 1 α and β lines in slip line solution
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Abstract

Lateral earth pressure for smooth retaining wall with inclined backfill has been obtained by 
Rankine1 and is used for many years without being questioned. Some interesting problems 
associated with the classical Rankine’s earth pressure with sloping ground which should be 
noted for engineering design is investigated in the present work. The Rankine’s active and 
passive pressure coefficients can give unreasonable behavior with different ground sloping 
angle. From the results of analysis, it can be concluded that the Rankine’s equations are 
unnecessarily conservative for sloping ground condition. Based on the rigorous solution of 
this problem by the slip line method (method of characteristic), it is also demonstrated that 
the assumption used in the original Rankine’s equation is not appropriate.

Keywords: lateral earth pressure, rankine, coulomb, slip line

MOJ Civil Engineering 

Research Article Open Access

 :    sin 2 2 [sin( 2 ) cos( 2 ) ] 0        (1)

 :    sin 2 2 [sin( 2 ) cos( 2 ) ] 0          (2)

p y x
characteristic R

S S S S

p y x
characteristic R

S S S S

α α α α

β β β β

θ
α µ γ µ µ

θ
β µ γ µ µ

∂ ∂ ∂ ∂
− + + α + + α + =
∂ ∂ ∂ ∂

∂ ∂ ∂ ∂
+ + α − + α − =

∂ ∂ ∂ ∂

γ=unit weight of soil, ( )/4 /2 ,µ π φ φ= − is the angle of shearing 
resistance of soil, θ is the angle between the direction of principal 
stress and y-axis, Sα and Sβ are the arc length along the α & β lines, α 
is the angle between the direction of the body force and the vertical 
direction (y-axis), p and R are the mean stress and radius of Mohr 
circle at state of failure defined by
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By solving the slip line equations as given by equation (1) & (2), 
solutions too many geotechnical problems have been developed and 
used. Detailed treatment about the solutions of equation (1) & (2) are 
given by Sokolovskii & Russell,2–10 and others. A detailed and updated 
treatment of this problem has also been provided by Cheng et al.11

Lateral earth pressure is a classical soil mechanics problem, and 
the lateral earth pressure coefficients by Rankine1 are well known 
to engineers Bowles &Terzaghi et al.12–14 For a retaining wall with a 
backfill inclined at angle β as shown in Figure 2,11 assumed that (1) the 

retaining wall is a vertical wall with a wall friction equal to β, (2) the 
stress acting on the vertical face CD is parallel to the backfill ground 
angle or θ=β, (3) the total force acting on the bottom face DE which is 
parallel to the ground line AG is vertical in direction, (4) the backfill 
soil cohesion c is 0. Based on the above four assumptions, Rankine 
obtained the active and passive earth pressure coefficients (Ka and Kp) 
as Clayton.15
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Since backfill soil cohesion is not considered in the original 
Rankine’s equations, equation (4) & (5) cannot be applied for soil 
with cohesion strength. The equations for lateral earth pressure are 
further extended by Gnanapragasam16 using Rankine’s assumptions 
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(1) ~ (3). The original Rankine’s equations will be the special case of 
the equations by16 by setting c=0. The use of equation (4) & (5) have 
also been adopted in the retaining wall design code (Geoguide 1 in 
Hong Kong), the famous textbook by Clayton et al.17 and others. In 
view of that, the accuracy of these two equations becomes important 
and critical towards a realistic and economical design of retaining 
structures.

For a retaining wall with a backfill inclined at angle β as shown 
in Figure 2, the values of Ka and Kp from equations (4) & (5) are 
independent ofφ  and are equal to 1.0 when β=φ . These two 
coefficients are equal and are independent of the friction angle. These 
results are obviously not acceptable, in particular for equation (5) 
which decreases with increasing β and is physically unacceptable. 
The values of Ka and Kp are independent of the strength of soil as 
predicted from equation (4) & (5) for the case of β=φ  and this will 
contradict the physical observation soil with a high friction angle is 
physically stable while soil with a low friction angle is not. In the 
present paper, the basic assumptions in Rankine’s equations will be 
examined by comparisons with the slip line method. Besides the slip 
line method, Coulomb’s method which is well known to be not good 
for passive pressure but acceptable for active pressure determination 
will also be compared with the Rankine’s equations. Even though the 
values of Coulomb’s passive coefficient is not correct, the general 
trend of Kp with increasing β is more reasonable than the original 
Rankine’s passive pressure coefficient.

Figure 2 Rankine active or passive pressure with inclined backfill.

Studies for Rankines active earth pressure equation

Assumed11 that the direction of active earth pressure is parallel to 
the backfill ground AG but has not clearly specified the wall friction 
angle δ. This is based on the assumption that the ground pine AG 
extends to infinity and every section (CD) is similar to the other 
section (EF). For the stress state along AG and far away from the 
wall, the assumption by Rankine is correct. For any section close 
to the retaining wall, it is actually different from a section far away 
from the retaining wall as the stress state is largely controlled by the 
condition of the retaining wall. In this respect, the basic assumption of 

“same internal stress at every section” by Rankine will not be correct 
for the section close to the retaining wall, which is equivalent to that 
the Rankine’s lateral pressure may not be correct under this case. 
For the case where AG is horizontal and the wall friction is zero, the 
stress along AB will be equal to that along CD or EF, so the Rankine’s 
coefficient will be correct under this case.

Clayton & Gnanapragasam16,17 have suggested that Rankine’s 
assumption has implicitly implied that δ is equal to β which is 
however not clearly mentioned in Rankine’s original study. In fact, 
the wall friction angle is controlled by the roughness of the retaining 
wall as well as the soil type but is not necessarily controlled by β 
which is a major limitation of equation (4) & (5). More importantly, 
it will be demonstrated that even if the wall friction angle is β, the 
Rankine’s coefficients are still not correct. The active earth pressure 
values as determined from Rankine’s equation, Coulomb’s equation18 
and method of characteristic are given in Table 1. The lateral earth 
pressure coefficients are determined by the method by3 and the values 
have been checked to be similar to those by Kerisel & Absi.19 When 
β is close toϕ , there are great differences between the three results. 
Rankine’s Ka value tends to 1.0 and is independent of the internal 
friction angle! On the other hand, the values by Coulomb’s equation 
or slip line solution are close. Coulomb’s active pressure is hence a 
good solution and it has been used frequently for engineering design. 
The slip line solutions by Cheng3 are practically equal to the values 
as given by19 As active pressure coefficient is less sensitive to wall 
friction δ but is more sensitive to ground slope angle β, it appears that 
equation (4) can be applied without major problem if β is less than 2/3
ϕ . Beyond that, equation (4) appears to be unnecessary conservative 
and is not suggested to be used for design purpose.

Theoretically, the direction of active earth pressure close to 
the retaining wall should be determined by the wall fiction instead 
of the backfill slope angle. Consider the case of wall fiction angle 
δ=0°, φ=30 and β=10° (unit weight of soil assumed as 20kN/m3), 
the direction of the active earth pressure with different D/H ratio see 
Figure 2 from slip line analysis is shown in Figure 3. The active earth 
pressure at the back of the wall is horizontal as the wall friction is 0 
and is not parallel to ground surface as assumed by Rankine.1 If the 
point under interest moves away from the wall along AG, the direction 
of active earth pressure varies with distance D in the neighborhood 
of the retaining wall at a small D/H value. When distance D is far 
enough, the direction of active earth pressure will be constant and is 
parallel to backfill ground line which is equal to the original Rankine’s 
assumption.20 The direction of active earth pressure as obtained is 
clearly different from Rankine’s assumption at 0δ =  . In Figure 4, 
the direction of the minimum principal stress along ground line AG 
is constant and varies with β. Figure 4 demonstrates that the angle 
between the minimum principal stress and backfill ground line AG is 
not equal to the inclined angle, and this has proved that the direction 
of the minimum principal stress is not parallel to the ground line AG. 

If δ=β, Rankine’s assumption on the direction of the lateral 
earth pressure is correct which is shown by θ=β at all locations in 
Figure 3. Equation (4) is however still not acceptable as Ka=1.0 and 
is independent of φ, though the horizontal component of the active 
pressure is still dependent on /φ β . Besides the assumption on the 
direction of active earth pressure, the vertical stress σv acting on face 
DE along line AB (see Figure 2) is assumed to be equal to γH by 
Macquorn Rankine.11 Shukla21 For any section which is very close to 
the retaining wall, from slip line solution or even simple reasoning, σv 
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will not be equal to γH if δ is not 0 (should not mix up with normal 
stresses acting along DE which isγHcos2β . For example, when 30ϕ= 

, 0δ =   andδ β=  , the active pressure by Rankine, Coulomb and slip 
line method are shown in Figures 5 & 6. Coulomb’s method has 
implicitly (not explicitly) implied that σv acting on face DE is different 
from γH by the force equilibrium relation even though stress is not 
directly considered in Coulomb’s equation. From Figure 7, we can 
see that σv from slip line method is less than γH because of the effect 
of wall friction. Since the vertical stress σv is smaller than γH, it is 
not surprising that Rankine’s equation will be different from slip line 
solution even when δ=β, and its values are largest among the three 

methods as discussed in the present study.22 It is interesting to note 
that σv is slightly smaller than γH when δ is less than 2/3ϕ However, 
σv drops significantly with δ when δ>2/3ϕ  which is a major limitation 
of the Rankine’s assumption. The effect of σv appears to be a very 
critical factor for the problem of Rankine’s equation, and the original 
Rankine’s equation has neglected the effect of the wall friction in 
equation (4). In conclusion, equation (4) has different fundamental 
problems for the cases of δ=0 and δ=β, and it is not correct in the 
basic assumptions. In conclusion, both Coulomb’ method and slip line 
solution are applicable for general active pressure determination while 
Rankine’s active pressure is acceptable only for the case δ<2/3ϕ .

Table 1 Comparisons between active earth pressure coefficients from Rankine’s equation, Coulomb’s equation and slip line method at fiction angle 30φ °=

β Rankine
Coulomb/Slip line

0δ = ° 5δ = ° 10δ = ° 30φ = ° 20δ = ° 30δ = °
0 0.333 0.333/0.333 0.319/0.319 0.309/0.310 0.301/0.304 0.297/0.301 0.297/0.307

5 0.338 0.352/0.352 0.337/0.337 0.327/0.327 0.320/0.321 0.317/0.319 0.318/0.327

10 0.355 0.374/0.375 0.360/0.360 0.350/0.350 0.343/0.344 0.340/0.342 0.343/0.351

15 0.386 0.402/0.406 0.388/0.390 0.379/0.380 0.373/0.373 0.371/0.372 0.376/0.382

20 0.441 0.441/0.45 0.428/0.434 0.420/0.422 0.415/0.416 0.414/0.415 0.424/0.428

25 0.545 0.505/0.527 0.493/0.508 0.487/0.496 0.485/0.490 0.487/0.490 0.505/0.508

26 0.578 0.523/0.551 0.513/0.532 0.507/0.520 0.506/0.513 0.51/0.513 0.53/0.533

27 0.619 0.547/0.572 0.537/0.552 0.533/0.540 0.533/0.534 0.537/0.538 0.561/0.564

28 0.674 0.577/0.606 0.568/0.586 0.565/0.573 0.567/0.568 0.574/0.575 0.603/0.604

29 0.755 0.62/0.653 0.614/0.632 0.614/0.618 0.618/0.619 0.628/0.629 0.665/0.669

30 1.0 0.75/0.82 0.753/0.754 0.762/0.769 0.777/0.779 0.798/0.800 0.866/0.870

Figure 3 Direction of active earth pressure with horizontal for different D/H 
along AG (

30=φ , 10β=  , 0δ =   and β).

Figure 4 Direction of the minimum principal with respect to horizontal for 
different inclined angle β along AG.

( 30ϕ=  , 0δ =  ) 

Studies for Rankine’s passive earth pressure equation

The passive earth pressure values calculated from the Rankine’s 
equation, Coulomb’s equation and the slip line method are given 
in Table 2. The passive earth pressure coefficients from Coulomb’s 
equation and slip line method are much larger than the Rankine’s 
values, particularly when δ is large. When δ is large, Coulomb’s 
coefficients are particularly high which is well known to be incorrect 
because of the assumption of straight line failure surface. Rankine’s 
passive pressure coefficient as given by equation (5) decreases 
with β and tends to 1.0 (independent of ϕ ) is also an unreasonable 
prediction. In Table 2, Rankine’s passive pressure coefficients 
decrease with increasing β and this is obviously wrong. The reason for 
such major discrepancy is that Rankine assumed the direction of the 
passive earth pressure to be parallel to the backfill ground line and this 
is equal to δ=-β. In fact, the direction of passive earth pressure cannot 
be negative as the sign of friction angle is controlled by the failure 
mechanism. Consider the case of φ=30° and β=10° as shown in Figure 
8, it can be seen that the direction of the passive earth pressure at the 
back of wall is 0 (δ=0) or –β (δ=β) and tends to the Rankine’s original 
assumption at a distance far behind the wall which is similar to the 
Rankine’s active condition. For region close to the retaining wall, 
Rankine’s assumption is not applicable. It is shown from Figure 8 that 
the angle between the maximum principal stress and backfill ground 
line varied with distance D away from the retaining wall. From Figure 
9, the angle between the maximum principal stress and the backfill 
ground line AG is not equal to the slope angle of the ground line, and 
this has proved that the direction of the maximum principal stress is 
not parallel to the ground line. 
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For the vertical stress σv as shown in Figure 10, it increases 
significantly with δ and this is the main reason why passive pressure 
is large (σv=γH by Rankine and is true for δ=0 only). Coulomb’s 
passive pressure tends to a very big number when δ is high and is 
well known to be incorrect as a straight line failure surface has been 

used in the formulation. Based on the results in Figure 11 & 12, it 
can be concluded that Coulomb’s method is suitable only δ and β are 
small while slip line solution is a more reasonable solution. Rankine’s 
passive pressure is acceptable only for the case of δ==0.

Table 2 Comparisons between passive earth pressure coefficients from Rankine’s equation, Coulomb’s equation and slip line method at fiction angle 30φ °=

β Rankine
Coulomb/ Slip line

0δ = ° 5δ = ° 10δ = ° 15δ = ° 20δ = ° 30δ = °
0 3.0 3.0/3.0 3.505/3.482 4.143/4.021 4.977/4.615 6.105/5.257 10.096/6.561

5 2.954 3.492/3.479 4.183/4.071 5.086/4.740 6.31/5.479 8.049/6.277 14.885/7.868

10 2.818 4.08/3.974 5.028/4.696 6.314/5.510 8.145/6.409 10.903/7.379 23.468/9.306

15 2.59 4.807/4.493 6.119/5.364 7.989/6.337 10.815/7.413 15.422/8.573 41.533/10.871

20 2.269 5.737/5.049 7.593/6.070 10.404/7.216 15.004/8.485 23.373/9.851 91.831/12.555

25 1.836 6.982/5.621 9.699/6.805 14.158/8.138 22.304/9.614 39.794/11.201 356.35/14.346

26 1.731 7.284/5.737 10.233/6.954 15.167/8.326 24.431/9.844 45.218/11.478 552.56/14.718

27 1.615 7.608/5.856 10.816/7.104 16.295/8.514 26.896/10.076 51.883/11.756 974.32/15.103

28 1.484 7.957/5.966 11.456/7.255 17.565/8.704 29.777/10.310 60.209/12.036 2173.25/15.43

29 1.325 8.334/6.081 12.161/7.406 19.001/8.894 33.178/10.543 70.813/12.316 8612.95/15.902

30 1.0 8.743/6.189 12.94/7.558 20.638/9.087 37.238/10.780 84.632/12.601 ∞/16.191

Figure 5 Coefficient of active earth pressure with different backfill inclined 

angle (Rankine’s results with Coulomb results).

Figure 6 Coefficient of active earth pressure with different backfill inclined 
angle (Rankine’s results with slip line results).

Figure 7 /v Hσ γ  for different slope angle β  for active pressure slip line 
solution when δ=β (adjacent to the retaining wall).

Figure 8 Direction of passive earth pressure with horizontal with different 

D/H ( 30ϕ =  10β=  , 0δ =  and β)
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Figure 9 Direction of passive earth pressure with horizontal line for different 

β along AG ( 30ϕ=  , 0δ = 

)

Figure 10 Coefficient of passive earth pressure with different backfill inclined 
angle (Rankine’s results with Coulomb results).

Figure 11 Coefficient of active earth pressure with different backfill inclined 
angle (Rankine’s results with slip line results).

Figure 12 /v Hσ γ  with different slope angle β  for passive pressure slip 
line solution when δ=β.

Discussion and conclusion
In this paper, the slip line method has been used to study the 

Rankine’s earth pressure coefficients with inclined backfill. The use 
of this plasticity based method can overcome the basic limitations in 
the Rankine’s original assumptions on lateral earth pressure. From the 
above analysis, it can be concluded as follow:

The differences between the Rankine’s active earth pressure, 
Coulomb’s earth pressure and the slip line solutions are small for 
β<2/3φ . When β>2/3 ϕ , the differences between the three values are 
relatively major and the Rankine’s active earth pressure is conservative 
for design. The two major problems of the Rankine’s active pressure 
is that the direction of active pressure is not parallel to backfill ground 
line for δ=0 and the base vertical stress is not equal to γH when δ=β 
(close to the wall). In fact, the direction of the active earth pressure 
should be determined by the wall friction which in controlled by 
the soil and the retaining wall and is practically independent of the 
slope angle of backfill. Active earth pressure is generally not sensitive 
to wall friction and it is found that Rankine’s active earth pressure 
equation should not adopted for δ>2/3φ .

Rankine’s passive earth pressure value is good only for horizontal 
backfill. Other than this condition, equation (5) is a very poor solution 
to the passive pressure. Rankine’s passive pressure decreases with 
slope angle of backfill ground which is obviously wrong. Furthermore, 
Rankine’s passive earth pressure value is much smaller than 
Coulomb’s passive earth pressure value and slip line passive earth 
pressure. The two major problems of the Rankine’s active pressure is 
that the direction of active pressure is not parallel to backfill ground 
line for δ=0 and the base stress is not equal to γH when δ=β. In fact, 
Rankine’s passive pressure is equivalent to δ=-β and this is physically 
unacceptable. The direction of passive earth pressure is parallel to the 
ground line only at distance far away from the retaining wall for δ=0 
or δ=β. The problem with Rankine’s passive pressure is major and is 
not recommended for use except for level backfill.
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