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Abstract

Thebound-state solutions of the modified Dirac equation (m.d.e.) forthe modified anharmonic
oscillator (m.a.o.) are presented exactly for arbitrary spin—orbit quantum number % (%) by
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means Bopp’s shift method instead to solving (m.d.e.) with star product, in the framework

of noncommutativity three dimensional real space (NC: 3D-RS). The exact corrections for
nth excited states are found straightforwardly for interactions in one—electron atoms by
applying the standard perturbation theory. Furthermore, the obtained corrections of energies

S k S
are depended on two infinitesimal parameters (®ii , Zij) = gl_/ (@ s lk) which induced by
position—position noncommutativity, in addition to the non-relativistic quantum mechanics

(n,j,lzlil/z,m) and (n,j=Zi§,rﬁ) under spin—symmetry and p-spin symmetry in

Correspondence: Abdelmadijid Maireche, Laboratory of
Physics and Material Chemistry, Physics department, University
of M’sila—M’sila Algeria, Tel +213664834317;

Email abmaireche@gmail.com

Received: November 30,2016 | Published: December 16,
2016

(NC: 3D-RS), respectively. In limit of parameters (@k K ) - (0,0) , the energy equation

is consistent with the results of ordinary relativistic quantum mechanics.
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Introduction

One of the interesting problems of the relativistic quantum
mechanics is to find exact solutions to the Klein—Gordon (to the
treatment of a zero—spin particle) and Dirac (spin 2 particles and
anti—particles) equations for certain potentials of the physical interest,
in recent years, considerable efforts have been done to obtain the
analytical solution of central and non—central physics problems for
different areas of atoms, nuclei, and hadrons, numerous papers of the
physicist have discussed in details all the necessary information for
the quantum system and in particularly the bound states solutions.'*!
Some of these potentials are known to play important roles in many
fields, one of such potential is the anharmonic oscillator has been
a subject of many studies, it is a central potential of nuclear shell
model, etc.?*?! The ordinary quantum structures obey the standard
Weyl-Heisenberg algebra in both Schrodinger and Heisenberg (the
operators are depended on time) pictures, respectively, as (Throughout

this paper the natural unit ¢ = 7 =1 are employed):

[vop, ] = [x0hp,(0)] =18,
|:xi’xj:| = |:pi’pj:| = [xi(t)’xj(t)] = I:pi(t)’pj(t)] =0

where the two operators (x,.(t),P,-(t)) in Heisenberg picture are

(D)

related to the corresponding operators (x,-, pi) in Schrodinger picture
from the following projections relations:

x (1) = exp(iH (t—to))xi exp(—ifl (1—1,))
P, (¢) = exp(iA (11, )) P, exp(—ifl (t—1,))

here H denote to the ordinary quantum Hamiltonian operator.
In addition, for spin % particles described by the Dirac equation,

experiment tells us that must satisfy Fermi Dirac statistics obey the
restriction of Pauli, which imply to gives the only non—null equal—-
time anti-commutator for field operators as follows:

{‘I‘a(t,r),‘f’ﬂ(t,r')} = i(;/o)aﬁ 5 (1) i (3)

with ¥g (t Lt ) =¥y (t b )}/ 0, Very recently, many authors
have worked on solving these equations with physical potential in
the new structure of quantum mechanics, known by NC quantum
mechanics, which known firstly H Snyder.?? to obtaining profound
and new applications for different areas of matter sciences in the
microscopic and nano scales.”* It is important to noticing that,
the new quantum structure of NC space based on the following NC
canonical commutations relations (NCCRs) in both Schrédinger and
Heisenberg pictures, respectively, as follows. >

[ p} {:(fffz,(r)} 6{} - fcl-(offc,-(z)} 0

{ﬁ:ﬁj} = {ﬁi(’)’jﬁ,—(t)} =0

Where the two new operators (fc,-(t), ﬁ[(t)) in Heisenberg picture

=>

are related to the corresponding new operators (fc,- R ﬁi) in Schrodinger
picture from the new projections relations:

X (t) = exp(iH (t—to)) *3 *exp(—iH (t—to))
1 nc 1 nc

ﬁl_ (1) = exp(iﬁnC (t—t() )) * ﬁl_ * exp(—il:lnc (t—to ))

with A . being the Hamiltonian operator of the quantum system
described on (NC: 3D-RS) symmetries. The very small parameters
0" (compared to the energy) are elements of anti symmetric real

(length)2

matrix of dimension and (*) denote to the new star
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product (the Moyal-Weyl product), which is generalized between
two arbitrary functions £ (x) — f(%)and g(x) > g(%)to
F(%)g(2)= (f*g)(x) instead of the usual product (/g)(x) in

ordinary three dimensional spaces.”*%

F)E(3)=(rrg) o) =emiy 9“00 (f)lxp)= fg——o” ' foig

:xyv)w(oﬂ) (6)

where f (%) and g(%) are the new function in (NC: 3D-RS),

the following term (—%Hm"é’;f (x) 6jg (x)) is induced by (space—

space) noncommutativity properties and O (492) stands for the second

and higher order terms of &, a Bopp’s shift method can be used,
instead of solving any quantum systems by using directly star product
procedure. -

Lt ] =[50, ] = i6, and [ B, H 2i(e).b,(0)]0-.7)
The three—generalized coordinates (fc:fcl, )7:)?2,2:)23) in the
NC space are depended with corresponding three—usual generalized

positions (x,y,z) and momentum coordinates (px,py,pz) by the

following relations, as follows.?>28:29.32-3437-47

A 01 2 A 0, 03
F=x-2p = tp. PEy-tp =3P,
................ )
syt O,
2 7x 2 Ty

The non—vanish—commutators in (NC—3D: RS) can be determined
as follows:

(2. ]= 35, ]=[20.]=1.
[25]=i0 ,[%2]=i0 ,[5.2]=i0,,

which allow us to getting the operator };2 on NC three dimensional
spaces as follows,2528:29.32,33.34.37-48

S < S (10)

Where the coupling L® is given by (®i/:9i/'/ 2) :

LO=LO _+L O 4L 0O i (11)
x 12 y 23 z 13

with L =yp —zp , L =zp xp and L =xp —yp .

Furthermore, the new equal—-time anti—commutator for fermionic field
operators’ noncommutative spaces can be expressed in the following
postulate relations:

{%mﬁm%fwwfmo

{‘i‘a(t,r), i a(t,r')} - {‘i‘a(t,r),‘i’ ’g(t,r')} =i9 5" ()

Here T is the time—ordered product. The purpose of the present
work is to extend and present the solution of the Dirac equation with
spin—1/2 particle moving in (m.a.o.) potential of the new form:

(12)

——%Mw LO for the spin symmetric  case
(F)= s Mo'F +——s e (13)
w2 M7 I

———M{u L® for  the p-spin symmetric ~case

w2
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In (NC: 3D-RS) using the generalization Bopp’s shift method
to discover the new symmetries and a possibility to obtain another
applications to this potential in different fields. This work based
essentially on our previously works.>* The outline of our recently
article is as follows: In next section, we briefly review the Dirac
equation with anharmonic oscillator on based to.'*?! In section three,
we give a description of the Bopp’s shift method for the (m.d.e.) with
(m.a.0).Then in section four, we apply standard perturbation theory to
establish exact modifications at first order of infinitesimal parameters
(@, ;() for the perturbed Dirac equation in (NC-3D: RS) for spin—
orbital (pseudo—spin orbital) and the relativistic magnetic spectrum
for (m.a.0.). In the fifth section, we resume the global spectrum and
corresponding NC Hamiltonian for (m.a.o.). Finally, some important
concluding remarks are drawn from the present study in last section.

Review the Dirac equation for anharmonic oscillator
in ordinary quantum

We start this section by considering a relativistic particle in
spherically symmetric for the potential V(r, 9) which known by
anharmonic oscillator, given by in the main reference.?!

V()= 1Ma)r +L+ 1 ,7—_)0>V() ;Ma)r +— .(14)

M 2Mrsin(6)

where M, @, (a and 77)denote the rest mass, frequency of
particle and dimensionless parameters. The Dirac equation describing
a fermionic particle (spin—1/2 particle) with scalar S(r, &) and vector
V (r, 9) potentials is given by.'$?!
(aP+B(M+S(r.0)) ¥ (r.0.9) = (E-V(r.0)) ¥ (r.0.0) ......(15)
here M are E the fermions’ mass and the relativistic energy while
0 o I 0
(a = % , B = 22 ) are the usual Dirac matrices, the
! o, 0 0 Ly,

spinor ‘I’(r, 0, go) can be expressed as.’!

Lulr F(r)Y5,(0,
v (r04) - "(A) _ L Fulr) /"_’( AN (16)
’ gulr)) "G 7] (0.9)
0 1 0 —i 1 0
where o = , o =|. and o = and are
S R U

2 x 2 three Pauli matrices while & (lg) is related to the total angular
momentum_quantum numbers for spin symmetry ! and p-spin
symmetry / as.'$?!

—(l+1) if -(j+1/2) (s],z,p3,2,elc) j= l+ , aligned spin (k(O)
k= 1 a7
+if j= 1k (pl/z,d3/2,etc) 1_5’ unaligned spin (k)0)

and

- if -(j+1/2),(sl/2,p3/2,etc),j:l~—%, aligned spin (k(0)

=
Il

.(18)
+(i+1) if j:l~+%,(p1/2 ,d3/2,etc),j:l~+%, unaligned spin (k)0)

The radial functions ( F ” (r).G . (7)) are obtained by solving the
following differential equations.'s2

M(LK}
dr \dr r
M —Enk+2(r)

2
dz RO T 1) M=E 5(0)
P

F (r)=0..(19)
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and
dZ(r)(dJrk]

& k(D) ar \dr'r B
E M+E,~A(r )(M—Enk+2(r))+m G_(r)=0.20)
. _dA(r)

The exact spin symmetry corresponding o =0, thus the

radial function E (r) satisfying the following like Schrodinger
equation.”!

&kl _

2 2
dr r

M2—E2(M—E)[1Ma)2r2+ “ HF (r)=0(1)
2 )| ™

The relativistic energy E and radial upper wave F (r) are

given by.”!
M’-E,
. FAn+2L +3 =0 oo (22)
M(M+E,,)
and
M\M+E
F(7)=C exp| - ( : n,k)rz ,“‘Lln“”( M<M+En,k)r2) ...... (23)

L+1/2

where L ( M (M +E, 4 )rz) stands for the associated Laguerre

functions. For, the exact pseudospin symmetry which corresponds

dZ(r)
dr

and radial lower wave

=0, the relativistic energy E .
n,.

Gnk (r) are given by.?!

M*-EZ, .
- FA4n+2L+3 =0 oo (24)
M(M-E,,)
and
M(M-E P
G (r)=C exp —(2”’")r2 rL“LLn*”z( M(M—En’k)rz) ..... (25)

NC relativistic hamiltonian for (m.a.o.)
Formalism of bopp’s shift method

In this section I first highlight in brief the basics of the concepts of
the quantum noncommutative quantum mechanics in the framework
of relativistic Dirac equation for modified an harmonic oscillator

¥ (#) on based to our works.232$2%32-48
ao

Ordinary Dirac Hamiltonian operator H ( pl-,xl.) replace by NC
Dirac Hamiltonian operator A ( f)l.,fci)

Ordinary spinor ¥ (;) replace by new spinor v (;%) ,

Ordinary relativistic energy Enk replaces by new relativistic

energy £ and ordinary product replace by new star product * .

Thus, the Dirac equation in ordinary quantum mechanics will
change into the Dirac equation in extended quantum mechanics for
the (m.a.o0.) as follows:

Copyright:
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A (p)x¥(F)=E

nc—ao

£ 2 (26)

nc—ao
The Bopp’s shift method permutes to reduce the above NC

equation to simplest form with usual product and translations applied

to in space and phase operators:

(ﬁi")%i)w(;) =E

nc—ao

W(F) oo 27
- (f),.,fc,.) can be

expressed in three general varieties: both NC space and NC phase
(NC-3D: RSP), only NC space (NC-3D: RS) and only NC phase
(NC: 3D-RP) as, respectively:

Hﬂc—ao (i)i’j&i) = H(ﬁ[:px

nc—ao

Where the new Hamiltonian operator H
nc

~0;x, X=x— 19..p1.j for (NC-3D:RSP)‘...(28)

Gt 2U

(ﬁ;,a%)zy(p, =piik=x,~ ;9,17]] for (NC-3D: RS) ---(29)

H (,3,.,;@.)511(,31.:, 03,5, xjfor (NC-3D: RP) ...(30)

In recently work, we are interest with the second variety which
present by eq. (29) and by the means of the auxiliary two variables

I
—x -0
NN TP

i

and p = p , the new modified Hamiltonian

H ( j)l.,fcl.) may be written as follows

H (D) = aP + B(M + S(7)) + () — (31)

where the modified anharmonic oscillator V' (#) is given by:

1
V.o (F)==Ma'# +
a0 2 2M7?

The Dirac equation in the presence of above interaction ¥ (7)

can be rewritten according Bopp shift method as follows:
(aP+BM+SPN) ¥ (r,0.8) = (Epeay Vo (7)) ¥ (r.0.) ..(33)

The radial functions (F (r) s Gnk (r)) are obtained by solving
two equations:

[%%} F (r)=[M+E, 4-A(7)]G ()i (34)
{%%} G (r)=[M-E, 45(7)]G (7)o (35)
with A(7) =V (7) - S(#)and 2(7) =V (7)+S(#), eliminating

Fn . (r) and Gnk (r) from Egs. (34) and (35), we can obtain the

following two Schrodinger—like differential equations in (NC-3D:
RS) symmetries as follows:

[

L_k(k+1)_( M+Enc_ao—A(f))(M—Enc_ao+E(f))}Fk (r)=0 ...(36)
Ldr 7 "
and

& k(k-1 A

: k(k=1) : ) ~(M+E,_,p=A(F ))(M—E'mao+2(r))} G (r)=0...37)
| dr r
After straightforward calculations one can obtains the following
two terms: lezfz and @ in (NC-3D: RS) as follows:
2 2MF?
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> M >

2 M7> 2Mr> 2Mr?
Which allow us to writing the (m.a.o0.) potential Vao (f) in (NC-3D: RS) as follows:

Vipao (1, O.M ,a)):{alM * ji(:) for the spin symmetric case

4
; G (39)

v, pao(7:OM ,a)):[az‘—;M * ]i(:) for the p-spin symmetric case
2Mr

It’s clearly that, the first 2—terms represent the ordinary anharmonic oscillator while the rest two parts I}] (r,@,M ,a)) and
p—ao

o1 22
Vao (r)zEMa) r +2Mr2

I}z (r,G),M ,w) are produced by the deformation of space, this allows writing the (m.a.o.) in the NC case as an equation similarly to the
p—ao

usual Dirac equation of the commutative type with a non local potential. Furthermore, using the unit step function (also known as the Heaviside
step function or simply the theta function) we can rewrite the modified anharmonic oscillator to the following form:

N 22 a o o
v (r)—EMa) re— +¢9(E,,C,aa)V1p7ao (r,@,M,a))+9(—E,,C,HD)V2FW (FOM,®) oo (40)
Where
1 for x)0
(x) {0 for x{0 “h

We generalized the constraint for the pseudospin (p—spin) symmetry A (r) =V (r) and X (r) = C = constants which presented in refs.!$2!
ps

into the new form A (f) =V (F) and X (;7) = CA‘pg = constants in (NC-3D: RS) and inserting the potential Vao (7) in eq. (39) into the two
Schrodinger—like differential equations (36) and (37), one obtains:

d*  k(k+1) ¢ c b .

|:dr2 r2 7(M+Encfkb )(MiEncfkbﬂkcps )7[(1}"2 +br7r)(M7Encfkb+Cps )£[2,~32}"GJJ(MEM% JGCS )L®:| Fnk (}") =0 e (42)
d*  k(k-1) c c b L .

er—rz ~(M+E,._y )(M—Em,_kb+CpS )—(ar2+br—;j (M —E, iy tC )—[[M—2r—aDL®(M—Em,_kb+Cm )} G, (F) =0 . (43)

It’s clearly that, the additive two parts I}l ( r,O.M ,a)) and I}2 (r,@),M ,a)) are proportional with infinitesimal parameter © , thus we
. . —ao —ao
can considered as a perturbations terms. ’ ’

The exact relativistic spin—orbigal hamiltonian and the corresponding spectrum for (m.a.o.)
in (nc: 3d- rs) symmetries for ” excited states for one-electron atoms

The exact relativistic spin—orbital hamiltonian for (m.a.o.) in (nc: 3d- rs) symmetries for one-electron atoms:

Again, the two perturbative terms I}lp_ao (r,@,M ,a)) and I}Zp—ao (r,@,M ,a)) can be rewritten to the equivalent physical form for (m.a.o0.)
potential as follows:

W pao(r,©.M ,a))—@[a—lM * JLE for the spin symmetric case
2Mrt (44)

1 == . .
—Mao’® ]LS for the p-spin symmetric case

I;'zpua(r,(a,M,a)):@(
2 Mt

Furthermore, the above perturbative terms I}l (r,@,M ,a)) and 172 (r,@,M ,a)) can be rewritten to the following new equivalent form
. —ao —do
for (m.a.o.) potential: i ’

"

Ip—ao(r’G)’M’w):;@[ -

2Mr*

—lM * ](7 I’ —Ezj for the spinsymmetric case

A — — =2
Vzpao(r,G,M,a)):;@( 2; ” —%sz J[Jz -I’-S ] for the p-spin symmetric case
r

— = 1=y =5 =
To the best of our knowledge, we just replace the two spin—orbital coupling SZ and LS by the expression E(Jz—Lz—Sz) and
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(=2 =2 =2) . s .
5 J-1°-§ ] , in relativistic quantum mechanics.The set ( H o
nc—.

quantities and the spin—orbit quantum number k (k) is related to the quantum numbers for spin symmetry / and p-spin symmetry / as
follows. '8!

(ﬁi,fci) ,J2 , r ’Sz and JZ) forms a complete of conserved physics

k=—(1+1) if —(j+l/2),(sl/2,p3/2,etc),j=l+%, aligned spin (k(0)
k= | 1 e (46),
ky=+l if (j=l+5j,(pl/2,d3/2,etc),j=175, unaligned spin (k)0)

k==l if -(j+1/2)(s,,p5)petc), j=1 —%, aligned spin (k(0)

B!
Il

/'ﬁ
N~
~

N

]éz-!—(i-!—l) if (j:i-i—%j,(pl/z,dm,etc),j:f-i—%, unaligned spin (k)0)

With & (k1) =7 (7+1) and k (k1) = £(1+1) , which allows us to form two diagonal (3x3) matrixes £ (k.k,) and H (kyok,)

ao

for (m.a.o.), respectively, in (NC: 3D-RS) as:

(Ayao),, (k)= kl(i)[ < —;Ma)zJ if - (41712), (810, P32 et j :1+%, aligned spin (k(0)

2Mrt
(H) (ky )=k, 0] —2 v if[ j:1+1],(pm,d3/2,etc), Jj=i-L unaligned spin (€310 (48)
22 oMt 2 2 2
(F]so—ao)B =0
and
(A, ) (k)=k© 2 Vet | i -(74172), (3105 p3y00etc) j =1 L aligned spin (k(0)
a blomt 2 2
- NN N SO Y GRS a1 . .
(Hmaa)zz(kz)—kZQ(ZMr4—2Mw] if [ ]—I+E),(pl,2,d3/2,etc), j=I'+, unaligned spin [(S10) IO (49)

(Hso—ao )33 =0 "
1
The exact relativistic spin—orbital spectrum for (m.a.o.) potential symmetries for 7 excited states for one—
electron atoms in (NC: 3D- RSP) symmetries:

In this sub section, we are going to study the modifications to the energy levels Em’_pem (@,kl,Enk M ,a)) and Enc_p)r'd (@,kz,Enk M ,a))

1
for (-(j+1/2),(s1,2,p3/2,etc) =1 +%, aligned spin (k(0) and spin-up) and ((j=l+%),(pl/z,dm,etc),j =1 —5> unaligned spin (k)0)

and spin down), respectively, at first order of infinitesimal parameter ® , for ground state, obtained by applying the standard perturbation
theory, using Egs. (22), (44)and (45) as:

+ A A
T (1 0.8) O(E a0 Vs pao (1O Bl M)+ 0(=E e W10 By ;M ) [ (1,0.9)r 7 drd 2 =

= H(Encfao)-[F*nk(r)l}lpfkb(r’®’Enk ’M’a))F;’tk(r)dr - Q(Encfao)jGnl;*(r)I}praa(r’®’Enk’M’w)Gnl;(r)dr

The first parts represent the modifications to the energy levels for the spin symmetric cases E (@,kl,E,,k,M ,a)) and
nc—per:u

- (@,kz,Enk,M ,a)) while the second part represent the modifications to the energy levels (Enc_per:d (G),lgl,EOk,Enk,M ,a)),
- (@,122 Eo E M ,a)) ) for the spin spin—symmetry, then we have explicitly:
(©.kEyy M @) = 0(E,ey ) @I;'k(r) L Y Y Y €1
ne—peru sk > s ne—kb 1 n 2Mr4 2 nk
E (©,ky,E, M) = 0(E,_yy ) k. Of Fou(r) Ao Fop(P)r oo (52)
nc—per:u 2 2Ml"4 2
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Inserting the radial function £, (r) given by Eq. (23) into the above two Egs. (51) and (52) to obtain:

Em»,pe,/:u (®’k2 ’Enk ’M’w) =0 (Encfaa) ®k1

+00 2
¢ fexp(—4/M(M+En!k)r2)VZL”[LTW( M(M+En,k)r2)}[ = —lMa)zjdr ............... (53)
0 oMt 2
+o0 2
E  (0k.EMw)=0(E,_,)oOk, cf 7 exp(—q/M(M+E,,,k)rz)rzuz[Lﬁ”/z(«/M(M+En,,{)r2ﬂ( . _leszr ............... (54)
nc—peru 0 2MI"4 2
To evaluate the integrations here, we rewriting the above two integrals to the useful forms:
2 &
E o (0.4, B, M 0) = 0(E,_,,) Ok |C,| ZlTao(Enk,M,a)) e (55)
=

E . (0k.E,M0)=0(E,.,)ok, e’ 5 TH(Ep M) oo (56)
: o
Where the factors Ta’; (Enk ,M,a)) (u=1,2) are given by:

T:O (Enk ’M’w) _ % +j>c exp(_ M(M+E,,,k )rz)FZL—ZIiLIY;H/Z( M(M+En,k )rz)}zdr
0

R S A e N e |
0

The above two equations, after employing an appropriate coordinate transformation r? =t , transforms to the following form:

1 a '? (L_fj_l L+1/2 :
T (E.M.0) =7 ! exp(— M(M+Emk)t)t 2 [Lﬂ ( M(M+Eﬂ,k)t)} dt
0

1 +o [L+EJ—1 2
T (EgM.0) =~ Mo | eXp(—\/M (M +En,k)t)t 2 [Lﬁ*”z(,/M(Mwn,k)tﬂ di
0

Now, to obtain the modifications to the energy levels for n"™ excited states we apply the following special integration.®
T 57T (n—a+p+1)I(m+A+1)

a-1. i B

t =o0t)I" (ot)T" (ot)dt = F (- —fi— AL e 59
i . exp( ) m( ) n ( ) m'n'l"(l—a+ﬂ)l"(l+/1) 3 2( m,a,x ﬁa }’H‘G{, + > ) ( )

where 3F2 (—m,a,a—ﬂ;—n+a,l+l;1) obtained from the generalized the hypergeometric function qu (a] seesO s BrovenesBy ,z) for p=3

and g =2 while T'(x) denote to the usual Gamma function. After straightforward calculations, we can obtain the explicitly results:

2L-1

M(M+E, )| 4 T(n+2)0(n+L+3/2
T (Enk,M,w):i[ ( +)] (me2)( ) F (~n,L-1/2,~1;L-n~1/2,L+3/2;1)
“ M (n)’T(2)r(L+3/2) 2
............................................. (60)
2L+3
M(M+E, 4 T(n)[(n+L+3/2

7’ (Enk,M,a))=—lMa>2[ (M+,.)] () ) F (—n,L+3,1;L—n+3/2,L+3/2;1)

“ 4 (n!)’T(L+3/2) 32 2
Hence the exact modifications £ (G),kl,E"k,M,a)) and E " (G),kQ,E,,k,M,a)) of £ . (G),kz,Enk,M,a)) excited states which

produced by spin-orbital effect: e e
2
E_ o (OkyEy M) =0(E, )0k [C[ T (EyM @) i (61)
2

E_ 0k By M) =0(E, )0k [C[ T (EgMo) oo e (62)

Where T (Enk ,M,a)) is the sum of two factors 7;10 (Enk ,M,a)) and 7:; (Enk ,M,a))
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i
The exact relativistic magnetic spectrum for (m.a.o.) for ” excited states for one-electron atoms in (NC:
3D- RS) symmetries:

Having obtained the exact modifications to the relativistic energy levels Enc_pem (@,kl,E,,k M ,a)) and E (@,k2 E oM ,a)) for

ne—per:d
n" excited states which produced with relativistic NC spin—orbital Hamiltonian operator, our objective now, we consider another interested
physically meaningful phenomena, which also can be produce from the perturbative terms of anharmonic oscillator related to the influence of
an external uniform magnetic field, it’s sufficient to apply the following two replacements to describing these phenomena:

oMt 2

( LO—>— Z[a—lM * JEZ for the spinsymmetric case
o 1 2J

i 2 - o e (63
2Mr LO->— z(a—;M * ]BL for the p-spin symmetric case 63)

2Mr*
® — yB
here 4 is infinitesimal real proportional’s constants, and we choose the magnetic field B = Bk for simplify the calculations, which allow

us to introduce the modified new magnetic Hamiltonian bii (r,E,,k M., )() on the (NC: 3D-RS), as:
mag—ao

a 1 (Ej—gﬁ) for the spinsymmetric case
(rEgMo.z) = 1 ’

mag—ao

oMt 2 (§7—§§)for the p-spin symmetric case

where (—§§,§§) denotes to the two ordinary and pseudo Hamiltonians of Zeeman effect. To obtain the exact NC magnetic modifications

of energy Ema x.mE, .M ,a)) for (m.a.0.) under spin—symmetry case which produced automatically from the effect of operator

2-20

(r,Enk M., Z) , we make the following two simultaneously replacements:

mag—ao
kl M ANA O > F ettt ettt bt ekttt ekt h et a bt h e et h e e h bt b e bbbt a e an (65)

Then, the relativistic magnetic modification of energy E
m

x.m,E, .M ,a)) corresponding ground state on the (NC-3D: RS) symmetries,
can be determined from the following relation:

ag-a0 (

2m,E ,M,a)) = H(E

nc—ao)

ymBO

ao

G

mag-ao (

Where m denote to the angular momentum quantum number satisfying the interval, —/ < m < +/, which allow us to fixing ( 2/ + 1) values
for this quantum number.

Themain results of exact modified global spectrum for (m.a.o.) for one-electron atoms under spin-symmetry
and p-spin symmetry in (NC: 3D-RS):

This principal part of the paper is devoted to the presentation of the several results obtained in the previous sections, we resume the

n" excited states eigenenergies ( E (@,kl,;(,n,m,Enk,M,a)) E J (@,kz,;(,n,m,Enk,M,a)) )of modified Dirac equation corresponding
ne— ot

s
u nc

. . 1 . . . 1 1 . .
for ( -(J+1/2) , (51/2,p3/2,etc) ,j=1 +E , aligned spin k(0 and spin—down) and ( j =/+ 3 ,(pl/2 ,dm,etc) ,j=1- 7> un aligned spin k)0

and spin up), respectively, at first order of parameter ® , for (m.a.o.) potential in (NC: 3D-RS), respectively, on based to the obtained new
results(61), (62) and (66), in addition to the original results (22) of energies in commutative space, we obtain the following original results:

E (0k.ynmE,Mo)=E, - 0(E,e o) Ok |C[ T (EfM.0)+0(E, ,,) ymBOIC,[ T (EyM.@0) o 67)
and
E _(0k.ynmEMo)= Ep, * 0(E, )0k [C[ T (EyM.0)+0(E, ) ymBOIC,[ T (EyM.0) o (69)

As it is montionated in."® in view of exact spin symmetry in commutative space (E, — —Ej ,V(r) - —V(r),k —> k+1 and

F (r)>G R (7)), we need to generalize the above translations to the case of NC three dimensional spaces, then the negative values
i n

E (@,Igl,;(,m,n,Enk ,M,a)) and E » (@,Igz,z,m,n,Enk ,M,a)) are obtained as:

nc—u
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Ok zmnE M0)=~E (04, 1.mnE, M)

Eree i (0 201, E, M0V S Ey_ g (0,5, 20,1,E o M o0 == E, (O 7.1, By ,M )

V(F)—>-V(7)

k >k +1 and k —k +1
1 1 2 2

It’s clearly, that the obtained eigenvalues of energies are real is Hermitian; consequently, the modified quantum Hamiltonian operator

( j)l.,fci) is Hermitian and may be expressed as follows:

nc—ao

G)(a—lMa)z]Sm- Z[a—lMa)z](BJ—SB)for the spin symmetric case
A (A A ) o ( )+ 2Mrt 2 2Mrt 2 (70)
e PN )= H D . . Y [
@( —Ma)zlSL+ ;([ —M wzj(BJ—SB)for the p-spin symmetric case
oMt 2 oMt 2
Where I:Iwm w ( pi,xl.) is given by:
~ 1 2 2
(pix))=aP+BM +Sr)+=Mao'r’ + ST RSN €4 b
com—ao 2 2Mr2

Denote to the ordinary Hamiltonian operator in the commutative space. In this way, one can obtain the complete energy spectra for (m.a.o.)
potential in (NC: 3D-RS) symmetries. Know the following accompanying constraint relations:

a-The two quantum numbers (72,m) satisfied the two intervals:

I <m<+l and—I<m<+l, thus we have 2/ +1 and2/+1
values for these quantum numbers,

. |
b-We have also two values for p-spin symmetry j =/ +§

|
and j =1/ -3 and two values for spin symmetry j=1[+ 5 and

1
=l
J 2

Allow us to deduce the important original results: every state in

usually three dimensional space will be replace by 4(21~ +1) and

4(21+1) sub—states under p—spin symmetry and spin symmetry,

n-1
which allow us to fixing the degenerated states to the 4 X (2/+1) = an’
i=0

values in (NC: 3D-RS) symmetries. It is easy to see that the obtained
originally results reduce to the ordinary results described on

quantum mechanics when the noncommutativity of space disappears
(©,%) = (0,0), equations (67), (68) and (69) reduces to (22) and (24)
and one recovers the standard textbook results. Finally one concludes;

our obtained results are sufficiently accurate for practical purposes.
These results are in agreement with the ones obtained previously.** 4

The important concluding remarks
Let us summarize our results as follows:

The solution procedure presented in this paper is based on the
both of Bopp’s shift method and standard perturbation theory, we

investigate the bound state energies of n" excited states for (m.a.0.)
described on (NC: 3D-RS).

Itis found that the energy eigenvalues depend on the dimensionality
of the problem and non-relativistic atomic quantum numbers

(j:iil/Z,j:lil/Z,Ezil/2,l,i) and the two angular momentum

quantum numbers (m,ﬂz) in addition to the infinitesimal parameters

We have also constructing the corresponding NC Hermitian
Hamiltonian operator A . ( ﬁi,fci) which presented by eq. (70).

The energy eigenvalues are in good agreement with the results
previously. Finally, we point out that these exact results (67), (68) and
(69) obtained for this new proposed form of the modified potential
(39) may have some interesting applications in the study of different
quantum mechanical systems, nuclear physics, atomic and molecular
physics.
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