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Abstract

Solution of optimal control problem of spacecraft reorientation using the combined
indicator (in sense of energy consumptions and time for rotation) and quaternion models
is presented in analytical form. The minimized functional combines in a given proportion
the contribution of control forces and the integral of rotary energy, as well as maneuver’s
duration. The construction of optimal turn control is based on a differential equation relating
the attitude quaternion and angular momentum of a spacecraft. Analytical solution is
obtained using the Pontryagin’s maximum principle. The properties of optimal rotation are
studied in detail. Formalized equations and computational formulas are written to construct
the optimal rotation program. Analytical equations and relations for finding the optimal
control are presented. Key relations that determine the optimal values of the parameters
of rotation control algorithm are given. The made numerical experiments confirm the
analytical conclusions. In the case of a dynamically symmetric solid body, the problem of
spatial reorientation with minimum energy and time consumption is completely solved (in
closed form).
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Introduction

The problem of optimal reorientation of a solid (in particular, a
spacecraft) from its initial angular position into a requested angular
position is investigated in detail. Main difference of the proposed
solution is new quality index based on which the optimal control is
formed. Huge number of works study the problems of controlling the
angular position of solid in various formulations and using a wide
range of solution methods.'”?” Some authors propose a synthesis of
optimal control based on analytical design of optimal regulators,'
others construct the program motion on basis of inverse problems
of dynamics and obtain smooth controls to provide the properties of
the programmed trajectory to a polynomial of a given degree with
coefficients calculated by the values of phase variables at the boundary
points of trajectory.> The issues of optimal control are of special
attention.** The methods of optimization are various. In the problems
of solid body reorientation, many authors apply the Pontryagin’s
maximum principle,*? including classical criteria of optimality
(fast performance,*'> minimum energy consumption,'-'*!* minimum
fuel consumption, etc.). Kinematic problems of a turn have been
studied in more detail.’>'7 Optimal control problems in the dynamical
formulation are of particular interest, but here we encounter certain
difficulties when solving the boundary-value problem on turn. In
certain special cases, boundary-value two-point problem is solved by
the method of separation of variables."* Analytical solutions of optimal
control problem of a turn remain practically important. However, it is
extremely difficult to obtain them for bodies with arbitrary moments
of inertia. Several solutions (including analytical ones) are known
for rotations of spherically symmetric bodies'*"® and dynamically
symmetric bodies.”'"°?* In the paper published earlier,’” optimal
angular momentum vector of axial symmetric solid rotates in body
coordinate system around the symmetry axis of body with constant
angular velocity, but remains invariable in modulus (absolute angular
velocity vector of solid body rotates in body coordinate system around

the symmetry axis with same constant angular velocity, remaining
unchanged in modulus); however, the minimized functional used by
the authors did not include controlling torques.

Below we solve the problem of optimal turn of a spacecraft using
new quality indicator that combines time and energy costs, in a given
proportion, integral of rotation energy and contribution of control
forces to perform a turn (in terms of energy costs). Phase variables are
angular momentum of a spacecraft and attitude quaternion.

Equations of motion and formulation of optimal
control problem

Spacecraft’s rotary motion is described by the following equation'?
L+('L)xL=M (1)

and kinematical equation'?

2A=Ao (I''L) )

where L is angular momentum of a spacecraft; M is the control
torque; / is the inertia tensor of a spacecraft; A is the normalized
quaternion'? specified a motion of the related basis relative to inertial
basis ([1[JAI[=1), « © » means multiplication of quaternions.!-2°
Control of a spacecraft around its center of mass is carried out by
changing of the torque M. We assume that spacecraft angular
momentum L is zero in initial and final instant of time. Then, the
boundary conditions for the controlled system (1)—(2) are:

A0)=A, , L(0)=0 3)
A=A, L(1)=0 4)

where T is the time of ending the reorientation, and the quaternions
A, and A satisty the condition CCA, IO=00A DO=1.

In addition, we assume that rotary motion is regulated with use of
attitude system that creates torques about three main central principal
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axes of inertia of a spacecraft. Control is optimal if the index

T
G=[( F/Jy+13/1J,+1 5 1Jy)dt +k,
0

T

2 2 2
£(L1/J1+L2/J2+L3/J3)dt kT 5)

is minimum, where k >0, k, >0 are the constant positive
coefficients (k, #0, k,#0); M, are projections of control torque M onto
the principal central axes of the spacecraft’s inertia ellipsoid (these
axes form the related basis); L, are the projections of spacecraft’s
angular momentum L onto axes of the related basis; J, are the main
central moments of inertia of the spacecraft (i=1,3).

The optimal control problem is formulated as follows: it is
necessary to move the spacecraft from position (3) into position (4)
in accordance with equations (1) and (2) with minimal sum (5) (the
time 7 is not fixed). Optimal solution M (7) is a piecewise continuous
function of time. Since A and -A reflect identical angular position in
inertial coordinate system, we consider the problems when A FEN,

The adopted criteria of quality allows determine the mode of
spacecraft rotation, at which a spacecraft moves from its initial
position A, into prescribed final angular position A with minimal
costs of the control resources and energy, and find the relevant control
program. The formulated control problem differs from the problems
considered earlier due to the form of the functional (5), with which
the control variables cannot be unlimited large even in the absence
of constraints on the control. Other difference consists in following:
since no constraints are imposed on the control torque M, the desired
rotational maneuver is implemented at any A, and A " and any values
J Ay, k1 and kz. Since optimization is based on the combination
of quadratic criteria of quality and duration of maneuver 7 (in given
proportion, with the prescribed coefficient of proportionality),
then optimal value T, , relative to that the sum (5) increases with
increasing as well as decreasing of the time 7, exists. The coefficient k|
determines how flat the change in the modulus of angular momentum
will be during an optimal turn. The value of k, determines maximal
modulus of control torque, and relation k,/ & determines maximal
kinetic energy of spacecraft rotation during reorientation maneuver.

Solving the reorientation problem and determination
of optimal control

We solve the considered problem (in formulation (1)-(5)) as
dynamic optimal rotation of a solid,'> where torques M, are control
functions (because they are included in the indicator (5) minimized).
Optimal control is found by the maximum principle,” using the
following variables 7'%:

K= (Aovy + Ry, = Ay, —Ays) 12 ,
1y =AWy + AWy = AW — Aw,) [ 27 1 = (AoWs + 40 = Ay —Ayy) 12

where y, are the conjugate variables, corresponding to the
components )\./. quaternion of attitude A (j=0,3).

Optimal functions r, and the vector r formed by r, satisfy the
equations'1%18

A=Ln ! Jy—Liy!J,, i,=Lry/J —Ln/Js,
Fy=Ln | J, =L,/ J,, F=rx(I"'L)  (6)
(symbol X oznagaer means the vector product of vectors).

Also, we introduce conjugate variables ¢,, corresponding to the
projections of the spacecraft angular momentum L, and write the
Hamilton-Pontryagin function
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H=—k, k(L 1 J,+ L5 1 Jy+ L5/ Jy) [
M2[J=M2 [Ty = M2 [Ty + 6, (M, + (1], ~1/ J)L,L) +
+ ¢, (M, + (11, = VJ)LLY + ¢, (M, + (11J,— 1)L L) +

Lin!Jy+ Ly [ Jy+ Ly [ Jy
The equations for ¢, are”

g =-2L (i-13)

oL,
Therefore, the coupled system has the form:
G =2k L | T+ Ly (1) Ty =1/ J) + Ly (1] T, =1/ J,) =1/ J,
G =2k Ly 1 Ty + Ly (1 T, =1/ Ty + Ly (L) Ty =11 T3) =1y 1 T,

@)
by =2kiLy | J5+ Ly (1) Ty =11 J) + Ly (1) T =1/ J)) =15 s

When composing the Hamilton-Pontryagin function, the constraint
[[A]l = 1 is not taken into account due to the equality [|A(0)|| = 1, as
previously mentioned. The vector r is stationary relative to the inertial
basis and [r[I=const#0 (the constancy of the modulus |r| follows from
the properties of equations (6)).'>!* The solution r(¢) of system (6) is
determined by the initial A, and final A, positions of the spacecraft.
Optima}j’unction r(7) is calculated through the quaternion A(#):'?

r=Ao ¢, oA,and ¢g =const=A, © r(0) O;\in

where r(0) #0 (otherwise r, =1, = KE 0 u and further it makes no
sense to solve the control problem), is the quaternion conjugate
to the quaternion A."?

The problem on finding optimal control has been reduced to
solving the system of differential equations (1), (2), (6), (7) with
simultaneous maximization of the function H at each current instant ¢
and fulfillment of boundary conditions (3), (4). Hamiltonian H is the
quadratic function relative to M, and the necessary conditions for the
extremum 6/ / OM; =0 determine its maximum. Therefore, optimal
solution is

M=J¢,/2 ®)

We introduce the notation 7, = "Ir (f)[/=const # 0 and pass to the
normalized vector p=r/[Irl], for which p,=r /r, . For the vector p
and its components p, the following equations are satisfied

- -1 .
p=px(I"L), py=Lyp,/J5—Lyps/J,,
Py=Lips /Sy =Lip /Ty, py=Lypy/J,=Lipy/J, (9)

The problem on finding the optimal rotation of the spacecraft
consists in solving a system of equations of angular motion (1),
(2), the coupled system of equations (7) and equations (9) with the
equalities r,= r,p, in the presence of law (8) for the control torques M, .
The desired optimal solution satisfies the following relations:

$=alt)p;/J; (10)
L= b(t)p, (11)

where a(?), b(¢) are the scalar functions of time (b(z) > 0 over the
entire time period t €[0, T]).

Consistent substitution of (10) into (7), bearing in mind (11) and
r, = r,p,, confirms that solution (10), (11) is valid for the system of
differential equations (1), (7)-(9) (relations (11) directly follow from
system (1), (8), (9) taking into account (10)). From (7), (9), (10) we
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see that optimal functions a(?), b(¢) satisfy the dependence

a(t)=2kb-r, (12)

From the equations (8)-(11) we see that control torque M is
collinear the line which is immobile in inertial coordinate system
during optimal rotation. Therefore, for zero boundary conditions
L(0)=L(7)=0, solution of system (1), (7)-(9) describes a motion, when
spacecraft’s angular momentum L has the fixed direction in inertial
coordinate system (vectors M and L are collinear), and this solution
is unique. Angular momentum L(#) (i.e. solution of the system (1),
(7)-(9) taking into account r, = 7, p,) satisfies (11); substitution of (11)
in the equation of motion (1) confirms that it satisfies the necessary
condition of optimality (9) in the presence (8), (10).

For optimal function b (), differential equation b=al/2 follows
from complex analysis of the equations (1), (8)-(11), or

b(t) = %}a([)dt
0

Taking into account last equality and condition (12), we write
i =kya for a(t), and analytical solution

a(t)=C, exp(~t- [k, )+ C, exp(t-[k,)
(13)

where C|, C, are some constants (they depend on time of a turn).
Since L(0)=0 and L(7)=0, then 5(0)=5(T)=0 and
a(0) = a(T) = -1y, whence r, :JE(CI - C,) . Accordingly, the
function b(¢) has the following form for optimal rotation
b(ty=(a(t) +r)/ 2k)=
[y exp(t\fk) = €y exp(=tyfk) + C = G,/ (2

Time of finish of turn process 7 is not fixed, and the Hamiltonian
H does not depend on time in explicit form. Therefore, optimal control
must satisfy the condition H = const =0 at any time ¢t €[0, 7] (over the
entire control interval).’*® At the ends of optimal trajectory (at initial
and final instant) L(0)=0 and L(7)=0, and function H is (taking into
account (8))

H(O)=H(T)=—k, [ (/i@ +Jofs +J3¢5) /4 +

(J1¢|2 *‘J2¢22 ""Jz%z)/z = (J|¢12 +J2¢22 +J3¢32)/4 —k,

or H(0) =H(T)=M}[J, + M} |J, + M} ]J, — k, =0, whence
@(0)=aX(T)=4k)( p} ], + P2 [ Iy + P3[J;).

For motions corresponding to the equations (9), (11), the condition

(14)

plz/Jl + pg/Jz + p3 /J3 =const is satisfied. To check this
statement, it is enough to differentiate the left-hand side of this equality
with respect to time and make sure that the resulting derivative is equal
to zero after substitution p; using formula (9) and then L, using (11).
We have obtained key and very important property of optimal motion
of a spacecraft: the proportion between the square of the modulus of
the angular momentum of the spacecraft and the kinetic energy of
rotation £ is constant value (at any instant within entire time interval
[0, T)).

E=b(pi[J,+p3 [T+ pi[J)2, E/OLC2=
(Pio/ )+ Pao/ >+ Do/ 5 )12 = const
(the dependence b*= [1L[1* directly follows from (11)); p,,=p,(0).

Thus, optimal function a(¢) must satisfy the following requirements:
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a(0) =2k, [C; a(T)=-2Jk, /C, a(T/2)=0
(N:\/PJZO/JJ "’Pgo/Jz +P320/J3 ), m a(0)=a(T) =-r,

Last equality follows from (12), if we take into account
b(0)=5b(T)=0 due to the boundary conditions L(0)=0 and L(7)=0
for optimal turn. The property a(7)=—a(0) follows from the necessary
optimality condition H(0)=H(T)=0 (taking into account (8), (10)).
From solution (13), we can write

a(t) = [l (Cy exp(t[k) — G exp(-1:ky )

At the ends of control interval: a(0)= \/E(Cz -Q), a(T)=

Jk (Cyexp(TJk, )~ C exp(~T+Jk,)) . Equating a(0) and a(T)

, we write the equation C, (exp(T\/ki) -H=C (exp(—T\/l?l) —-1)
,hence C; = ~C, exp(T+[k; ) . From (14) follows 5(0)=0,
b(T)=0. Then, we see that a(T)= —a(0) and a(7/2)=0, since we
have a(0)=C, + C, , a(T)=C, exp(—T\/E) +C, exp(T\/kT) =—
C,—C,,a(T/2)=C,(exp(T[k; / 2) —exp(T [k, Yexp(~TJk; /2))
=0 based on (13). But r,= [k, (C, — C,) =

CiJk (exp(~T+Jky) +1) > 0, whence C,>0, C,<0 (and |C,[>|C,)).

If k, =0 (the hypothetical case), then a(?) is linear function of time

an)=2/B(1-2/T)] .

The closer the coefficient &, is to zero the closer b(¢) is to a quadratic
function of time. With increasing of &, function b(#) is more remote
relative to parabolic change. Figure 1 shows the nature of the change
in optimal functions b(¢) and a(t) (here k,* > k>0, k& >> k @); the
dotted line corresponds to the case k, —; 0. Due to the equation @ = kja
, for greater value of k, derivative @ greater under fixed value a.
The values a(0) and a(7) are fixed (they do not vary if k changes),
a(0)= 2£/C ,a(T)= —2£/C 1 a(T/2)=0. The greater value of
k,, the further greater speed the function a(f) approximates to zero,
starting from the point a(0) = 2\/E / C . Accordingly, the function
b(f) moves to a segment with b =0 more fast. With decreasing of b,
time of finishing the reorientation maneuver evidently increases. Thus,
the greater the coefficient k, the further the function b(#) approaches
to a piecewise continuous function of time dependence, which can be
approximated by function including the following.segments; rotation
with ¢ b= k, /C , further b = const and then b z—\/g/C. With
unlimited magnification &, and k,, maximal energy of rotation £__
approaches to the level £ = k,/(2k ). If k, increases, then duration of
aturn T decreases (if &, is invariable).

a(t)

2 i

@ @
kl kl
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b(f) e k1=0

e

0
0
Figure | The form of optimal functions a(t) and b(t).

Taking into account the expressions (8), (10), (11) and optimal
values of C| and C, for the functions a(¢), b(¢), optimal control and
optimal rotation are determined by the laws:

M, = Cilexp(~t k) = exp((t = T)Jk) )] p, 12 (15)
L,=G[1+exp(-T\ky) —exp(=tJk ) — exp((t = T)k)Ip: [ 2k

(16)
where p, are the components of the vector ~p, that
satisfies  the  equations(9 p =AoA o p,° L\, °A,

C, =2k, / (C(1—exp(=T+/k;))),and C,= ZJE/C* C,.

Solution of optimal turn problem is described by the equations
(10), (11), (15), (16); control functions M, and projections of angular
momentum L, change according to the formulas (15), (16). The
desired vector p, is found after solving the two-point boundary-value
problem on turn. The programmed value M and the quaternion A are
related by formula

M =a()A o A, 0p,°A, o A2

in which a(#) changes according to (13).

For optimal control, property of symmetry is characteristic

(primarily, for functions a(¢) and b(¢)), and we have the following
regularities:

a(0)=—a(T)>0, b(t)=0, a(T —t)=—a(t), b(T—t)=h(?)

T/2 T T/2 T
[a@|dt= [ |a@)|dt, [ b(t)dt= | b(t)dt
0 02 0 )

0/2

AoM(T-f)oA=-AoM(f)oA, Ao L(T—1)oA=AoL(t)o A

max [M()] =k, /C ., L,,, = max\[I{ + I3 + I3 =|L(T /2)|
<t<

0<t<T

Lmax = (ro + \ r02 - 4k1k2 / C2 ) / (2kl) or Lmax =

(\/(1\71—]\72)2/4—k2/C2 (R AYRYN

From (11) it follows that p is the unit vector of angular momentum
L. Optimal functions L(t), ¢,(¢), p,(#) meet requirements (10), (11),
where p, () is the solution of system (9). Optimal control is determined
by expressions (15), the vectors M and L are collinear at any time
t € [0, T']. Control torque M changes its direction to the opposite at
time = 7/2 (modulus | L | has its maximum, | L (7/2)| =L

max )
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Results and discussion

The given solution differs from all known ones; both the control
functions and phase variables are smooth functions of time during
optimal turn. The considered problem differs from other problems with
the combined criteria of optimality in the type of quality functional,
which includes not only the control and phase variables.’>* The
presence of an integral of rotation energy in the minimized functional
leads to a limitation of kinetic energy during the rotation, and control
variables are limited even in an absence of control constraints due to
the presence of controlling torques. Time factor limits duration of a
turn.

For example, we consider a turn of 180 ° in position corresponding
to the quaternion /\/.with elements (| =0; [J,=0.7071068; [1,=0.5;
[, =0.5. In the initial position, the directions of the same axes of the
fixed and inertial bases coincide, and L(0)=L(7)=0. We determine
the optimal control program for transferring the spacecraft from
state (3) to state (4) under condition that kinetic energy of spacecraft
rotation does not exceed 10 J. Numerical solution on the problem of
the controlled turn (in formulation (1)—(5)) is given for case when
k,=0.002 s? and k,= 0.04 W/s, and inertial characteristics of a
spacecraft are accepted as follows: J, = 63559 kg m*,J, = 192218.5 kg
m?, J, = 176809 kg m*.

Visual illustration of spacecraft motion during optimal rotation
when costs (5) is minimum with the desired reduction in rotational
energy is shown on Figures 2-5 (as results of mathematical modeling).
After solving the boundary-value problem on turn from position
[1(0) = 1], to position [(7) = L, we obtain p, = { 0.49535062 ;
—0.11725655 ; 0.86074309 }. Accordingly, maximal control torque
is M(0)= 70.2 H('m. The boundary-value problem of a turn can be
solved by the method of successive approximations®' or method
of iterations,® as we used in control system®? (or by more modern
methods).” Value of constant r,= 6.2768 W. Angular momentum has
maximum L =1561.9 N m s at time # = 135.6 s. Rotational energy
during a turn has maximal value £ _=9.907 joules. Figure 2 shows
graphs of changes in the projections of the angular momentum on the
axis of the fixed coordinate system L,(?), L,(), L,(f) (projections L, are
given in N m s). Figure 3 illustrates the change in quaternion elements
A(f) during the optimal maneuver (A (¢), [ (¢), [1,(9), [1,(¢) reflect
the current attitude of a spacecraft). The behavior of the components
p,(D), p,(0), p,(f) is demonstrated in Figure 4 (values p,, as well as }\.j,
are dimensionless quantities), and the projection p, changes slightly.
The change in the modulus of angular momentum during optimal turn
is given on Figure 5. Evidence that OX is the longitudinal axis of
the spacecraft, is the fact that L is of constant sign, and the nature
of its change repeats the behavior of the angular momentum module
(unlike L, and L,). For optimal control variables p, and [ are smooth
functions of time; L, are smooth functions of time (except for =0
and t=T).

L

1000 -
600 +

200 4

75 150 225

-200 -

Figure 2 Changing the components of spacecraft angular momentum during
a turn.
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A
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Figure 3 Changing the elements of the attitude quaternion /A (t) during a
turn.

0.9 -
»
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pu
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/ 75 150 225

-0.3 -

pP3

Figure 4 Behavior of the functions p,(t), p,(t), p,(t) during optimal turn.

L

1200 -

800 -

400 -

0 75 150 225

Figure 5 Change in angular momentum modulus during optimal control.

Data of mathematic simulation confirm that for any k and £,
kinetic energy of rotation E(¢) < k,/(2k,). Presence of control torque
in the minimized index (5) provides to the following: firstly, a
narrow-mindedness of control and, secondly, to the fact that angular
momentum is smooth function of time. However, the larger k,, the
greater the control torque at the beginning and at the end of a turn
and the longer will be rotation period when M is close to zero and
| L | = const. The smaller the coefficient &, the smaller the maximum
control torque [M(0)|.

In practice of space flight, it is necessary to take into account
the conditions (as the restrictions for spacecraft motion): M| < M

max

and E(?) < E,. This specified requirements will be satisfied if

Copyright:
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kySCMpy and k = k,/ 2E,) (or k2C'Myy ! 2E,,)),

because k,=C*|M(0)[*.

Conclusion

In this research work, new control method of spacecraft attitude
on a basis of quaternion variables is presented; the used criteria of
optimality is new and specific: indicator of quality of control process
combines, in a given proportion, time and energy costs as the sum of
an integral of rotation energy and contribution of controlling forces
to perform a turn (in terms of energy consumption). The solved
problem is very topical. Significance and importance of the executed
investigations consist in the fact that chosen criterion of optimality
minimizes kinetic energy of rotation within the given interval of time.
The obtained method is differs from all other known decisions. Main
difference consists in new form of minimized functional which allows
to turn spacecraft with minimal rotation energy if maneuver time is
given. This useful quality is advantage of presented control mode
because it significantly saves the controlling resources and increases
the possibilities of spacecraft control. An example and results of
mathematical modeling that confirm the practical feasibility of the
developed method for attitude control of a spacecraft are given.
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