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Introduction
Around 30 or 40 years ago, most students and kids before entering 

college did not have access to computers regularly.1,2 The situation has 
completely changed. Many families have at least a computer at home.2 
Further, electronic devices such as iPhone and iPad can almost serve 
as a computer. Most students and kids at young age do have access to 
such devices. However, just because they have such access does not 
mean they all have the interest learning programming skills. On the 
other hand, most of them are interested in playing games. Extensive 
studies have been done on serious-game designs.3–5 In particular, 
Lightbot is a good tool to motivate students and kids at young age to 
learn programming skills through playing game to give them a head 
start entering college. It introduces programming concepts like loops 
and subroutines. It has a free version named Lightbot Code Hour 
consisting of 20 levels. The goal is to light up all the lights using a 
robot by giving it fixed instructions. It has been studied in.6,7 However, 
the optimal solutions are not discussed until the recent work8 by the 
first and third author. In that paper, the optimal solutions found add up 
to 174 blocks. Unfortunately, that is not really optimal. The issue was 
the lack of a rigorous way to terminate the search.

When looking for the optimal solutions for Lightbot levels, 
the idea of periodicity comes into play which is shared by another 
game named the Rubik’s Snake invented over 40 years ago.9 The 
applications of the Rubik’s Snake include the study of protein folding10 
and for the construction of reconfigurable modular robots.11–13 Some 
mathematical problems including periodicity concerning a Rubik’s 
Snake have been studied.14 In,15 theorems about MÖbius, palindromic 
and periodic Rubik’s snakes were proved. Further, the study of 
shortest path of Rubik’s Snake knots16–20 also utilized periodicity and 
share the same scheme of optimization with this work.

The rest of the paper is organized as follows: in Section 2, we give 
a simple tutorial how to play Lightbot Code Hour and a complete list 
of number of blocks needed, adding up to 173 blocks. In Section 3, we 
explain level 2-6 in details, which we saved a block compared with.8 
In Section 4, we explain a theoretical bound and an efficient stopping 
criteria, with which we rigorously proved the optimal solution is 
173 overall. In Section 5, we present a sharp theoretical bound for a 

simple model. In Section 6, we present complicated designs with large 
number of periods needed to have an optimal solution. We conclude 
in Section 7.

A simple tutorial for lightbot code hour

Lightbot Code Hour can be downloaded for free from app stores 
on one’s iphone or ipad. From level 1-1 to 1-8, one only need to add 
icons representing forward, left turn, right turn, jump, and light to the 
main program. The blue spots are lights that are off initially. A robot is 
initially at certain position with certain orientation. It cannot go out of 
bound. It cannot jump to more than one level above or jump forward 
to the same level. It cannot go forward if the forward direction has 
uneven surface. If the robot is on a light spot and the light command 
is used, then the light will be switched from off to on or from on to 
off (yellow means on and blue means off). When all lights are on, the 
puzzle is solved and the robot stops even if there are more commands 
not processed. In Stage 1, since we only have a main program and 
the only way is to step-by-step follow the commands, the solution is 
obvious and can be easily optimized to have the smallest number of 
blocks. In Stage 2, subroutine is introduced. In Stage 3, the concept of 
loop is the focus, though the only difference compared with Stage 2 is 
it emphasized loop by allowing only one block in the main program.

We present a complete list of the number of blocks needed for 
optimal solutions below. What is new compared with8 is, first, level 
2-6 is improved from 11 to 10 blocks. Second, this time we used a 
stopping criteria to efficiently and rigorously proved the optimal 
solution.

For Stage 1 levels, the number of blocks are 
3+9+6+8+11+12+12+12=73.

For Stage 2 levels, the number of blocks are 7+7+10+14+10+10=58.

For Stage 3 levels, the number of blocks are 4+4+8+7+10+9=42.

Overall, 73+58+42=173 is the optimal solution. Figure 1 shows 
a screen capture proving that we have reached this solution. To our 
knowledge, this was not known in the literature (Figure 1).
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Figure 1 The overall optimal solution.	

Level 2-6

We cannot let the loop run forever to verify solutions. In,8 by 
experience, 20 periods were set as the maximum. This works for all 
levels except 2-6, which actually needed at least 22 periods to reach 
an optimal solution. Since we do not know in advance the exact 
number of periods needed, a stopping criteria is required and we will 
discuss that in the next section. Here we present the new result of 2-6 
with only 10 blocks. During the procedure, we take 4 periods to reach 
the center with all lights off (some on and then off). Then we have the 
best symmetry. Each 5 periods let the robot rotate by 90 degrees and 
go back to the center. A quarter of the total number of lights are on. 
Repeat 4 times. There is a minor detail that the last time we only take 
3 periods and the lights are all on. Overall we have 4+5+5+5+3=22 
periods. Figure 2 shows the commands for the optimal solution and 
Figure 3 gives the detailed explanation how the robot moves in 22 
periods (all lights are on before the 22th period finishes and the robot 
stops at the location labeled as 22 with the orientation shown) (Figures 
2&3).

Figure 2 Level 2-6.

Figure 3 Level 2-6 explained.

Theoretical bound and an efficient stopping criteria

Assume each unit square is of unit length. Suppose the map viewed 
from the top has area A. Within 4A periods, we have 4A + 1 states 
(in terms of location and orientation of the robot) at the beginning or 
end of a period. On the other hand, there are only 4A different states 
if only counting the current location and orientation. Therefore there 
must exist a pair of states that are identical in terms of location and 
orientation. From the first of these two to the second, keep track the 
change of the light status. If we repeat this many periods another time, 
all the changes of light status are doubled, and therefore unchanged. 
This implies that within 8A periods, there must exist two state at the 
beginning or end of a period such that they are identical in terms of 
location, orientation and all the status of lights. This means 8A is the 
theoretical bound for a loop, as further moves can only repeat history.

In practice, we use the following efficient criteria to terminate a 
loop: keep track of history. If all lights are on, immediately terminate 
and do not even need to finish the current period. At the end of each 
period, if the location and orientation of the robot as well as all the 
status of lights is a repeat of certain history, then terminate the loop. 
There is no need to count to a theoretical bound of 8A, as in practice 
normally it takes much fewer than 8A periods. This stopping criteria 
on one hand ensures we do not miss any valid solution, on the other 
hand has practical cost.

For each level in Lightbot Code Hour, we test the minimal number 
of blocks with an infinite loop and the minimal number of blocks 
without an infinite loop. Start with the search for a solution with 
one block then add more blocks. If one of the two situations (with 
or without an infinite loop) has a solution for a block number, we 
stop the search. By doing so, we are able to find all optimal solutions 
rigorously. 173 is indeed the optimal number of blocks that cannot be 
further improved. Among all levels, 2-4 is the only level that we used 
the solution found by us in the previous paper and only checked that 
there is no solution with less than 14 blocks, proving we found the 
optimal solution. For all other levels, the computer code found the 
optimal solutions. It is just a matter of computational cost.

A sharp theoretical bound for a simple model

Although the bound of 8A is correct, it is not a sharp bound. 
In practice the number of periods are normally much smaller. The 
problem is too complicated to look for a sharp bound. Therefore we 
present a simple model with an m − by − n flat map and prove a sharp 
bound under certain assumptions.

We label each point (i, j) with i between 0 and m − 1 and j between 
0 and n − 1 for the possible locations for the robot. Consider Main 
with only one block “P1” and PROC1 with only one “P1” and is at the 
end. “P2” is not used. Furthermore, assume the operation sequence in 
PROC1 is a sequence with sum of rotation degrees to be odd integer 
multiple of 90 degrees. We make this assumption because this is 
the non-trivial case. If the sum of rotation degrees is equivalent to 
0 degree, then the bound for number of periods depends on the size. 
We could simply sweep row by row or column by column, ending 
with the same orientation each time. If the sum of rotation degrees 
is equivalent to 180 degree, then the bound for number of periods is 
even smaller than the case we discuss because the robot only has two 
variations of orientation at end of periods.

We track the positions and orientations when repeating PROC1. 
Let (pi, oi) be the sequence of positions, pi, and orientations, oi, after 
repeating PROC1 i times for i = 0, 1, 2, 3, ... Let pi = (xi, yi) for all i.
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Lemma. (1). The sequence ( ) 4i ix ∞
=  is periodic with period of 4. (2). If 

m = 1, then ( ) 0i ix ∞
=  is periodic with period

of 4. (3). If m = 2, then ( ) 2i ix ∞
=  is periodic with period of 4.

Proof. To prove (1), we just need to prove x8 = x4.

We assume that the length of PROC1 is k. From the initial position 
(x0, y0), we now focus on applying PROC1 four times. Note that there 
are 4k moves. For each i = 1, 2, ..., 4k, define ci as follows: ci = 1 if 
the operation is forward to the right; ci = −1 if the operation is forward 
to the left; ci = 0 otherwise. This represents, in general, the change 
amount of the x-coordinate for each move, except the case when the 
robot hits a boundary. Note that ci+2k = −ci for all 1 ≤ i ≤ k. Hence, the 
total sum is 0. It means x4 = x0 if the robot does not hit a boundary. 
Assume that the robot hit (that is, attempting to walk out of bound but 
getting stuck) the left boundary a times at x = 0 and the right boundary 
b times at x = m − 1. Then x4 = x0 + a − b. We consider the following 
three cases.

Case 1. Assume there exists i, j such that | ci + ci+1 + ... + c j |≥ 
m − 1. Without loss of generality, we may assume ci + ci+1 + ... + c 
j ≥ m − 1. Then, no matter what starting position is given, the robot 
reaches the right boundary at x = m − 1 after j moves. Due to this, the 
movement after that is always the same and so the ending position is 
always the same. Hence, by choosing the starting position to be x0 and 
x4, respectively, we get the ending position x4 = x8.

Case 2. Assume that both a = 0 and b = 0. In this case, x4 = x0. By 
performing PROC1 four more times, we get x8 = x4.

Case 3. Assume Case 1 and Case 2 are not satisfied. Then the robot 
will hit one boundary but not the other. Without loss of generality, 
we may assume that the robot hit the left boundary a times but does 
not hit the right boundary. When the robot hits the left boundary, the 
starting position can be changed from x0 to x0 + 1 without affecting 
the movement after the original hit and therefore without affecting 
the ending position. Note that the robot will not hit the right boundary 
after the change otherwise it would become Case 1 By repeating the 
argument, we can change the starting position from x0 to x0 + a without 
affecting the ending position. So, x4 = x0 + a. Now by performing 
PROC1 four more times, we get x8 = x4.

This completes the proof for part (1). Part (2) is trivial because x4 
= x0 = 0.

For part (3), we just need to prove x6 = x2. We can revise the proof 
in part (1) by focusing on performing PROC1 two times instead of 
four times. If PROC1 has no “forward” operation, than it is trivial that 
x6 = x2 = x0. Otherwise, Case 1 always happens and so no matter where 
it starts (x0 or x4), the ending position is the same, i.e., x2 = x6. This 
completes the proof for the lemma.

Based on the lemma above, we have the following theorem:

Theorem. Consider an m−by−n flat map. Assume Main has only 
one block “P1” and PROC1 with only one “P1” and is at the end. “P2” 
is not used. Furthermore, assume the operation sequence in PROC1 
is a sequence with sum of rotation degrees to be odd integer multiple 
of 90 degrees. Then the sequence ( ), 4i ip O i

∞
=  is periodic with period 

of 4. The Lightbot game will either stop within 11 repetitions or will 
never stop.

Proof. By the lemma, ( ) 4i ix ∞
=  is periodic with a period of 4. 

Similarly ( ) 4i iy ∞
=  is periodic with a period of 4 and so ( ) 4,i i ip O ∞

= is 
periodic with a period of 4. For the Lightbot game, let Si be the status 
(including robot position, orientation, and lights on/off status) after 

applying PROC1 i times. Then S4 = S12 as the lights being switched 
from S4 to S8 are switched again from S8 to S12 and so changed back 
to the status of S4. Repeating the argument, we have Si = Si+8 for i ≥ 4. 
Therefore, if the Lightbot game does not stop within 11 repetitions, 
then it will repeat status S4 to S11 forever and never stop. This 
completes the proof.

We present an example with 11 periods under the same assumption 
as the above theorem. The main program calls P1 with “light, forward, 
right, right, forward, forward, right, P1” in P1. Figure 4 shows the 
first 4 periods and the last 7 periods. Yellow lights mean that they are 
on after the first 4 periods. The 11th period only executed the light 
command and then stopped, based on the rule of the game.

This example also better explains the lemma. A key idea in the 
lemma is counting the number of hits (that is, the forward command 
not working because of the boundary) at one boundary. On the left of 
Figure 4, we could see that the robot bumps into the left wall at the 
beginning of the third period and the lower wall at the beginning of 
the fourth period. This is Case 3 in part (1) of the lemma (the robot hit 
the left boundary one time but not the right boundary) with a = 1. By 
applying the lemma once in x direction and once in y direction, the net 
effect is that the robot is shifted one unit to the right and one unit up 
after four periods, which is consistent with what we observed in the 
figure after four periods (Figure 4).

Figure 4 The first 4 and last 7 periods with “light, forward, right, right, forward, 
forward, right, P1” in P1 called by main.

Complicated designs with large number of periods 
needed for the optimal solution

Now we turn our role from gamer to designer. Level 2-6 can have 
22 or 23 periods for different designs of optimal solutions. Other 
levels have less periods for optimal solutions. Can we construct 
some puzzles with a larger number of periods needed for the optimal 
solution?

The idea is as follows. First, choose some line segment with 
length not all the same but close. Second, design a path with such 
line segments such that each turn is 90 degree to the left. Third, let the 
number of segments be odd. In the end, we are mapped to somewhere 
with orientation changed by 90 degree times an odd number. Repeat 
4 times, the shifts automatically cancel each other (assuming we 
are not hitting the boundary) and the orientation is back to original. 
For simplicity, put lights together with each left turn. Note that if a 
same spot has even number of left turns on it, we do not put a light, 
otherwise it will be hit even number of times. Finally, design some 
blocks one level higher and design a sequence in one period such that 
it works for all line segments.

We present two examples of designs. In Figure 5, we designed an 
8 − by − 8 map that has an optimal solution with 9 blocks and with 
period 28, which is 4 times an odd number. The solution is to call P1 
from Main then have “forward, forward, jump, forward, forward, left, 
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light, P1” in P1. In Figure 6, we designed a 9 − by − 9 map that has an 
optimal solution with 9 blocks and with period 36, which is 4 times an 
odd number. The solution is to call P1 from Main then have “forward, 
jump, jump, forward, jump, left, light, P1” in P1. For both designs, the 
beauty of symmetry and periodicity is demonstrated. The length of the 
paths for each period are not necessarily the same due to the difference 
in local maps. We rigorously verified that these are indeed the optimal 
solutions by using exhaustive search.

Note that the optimal solutions are not unique. There are other 
ways to solve and tie for 9 blocks for each of the two designs. The 
number of periods before all lights are on could be changed, too. 
These make the designs more interesting, as players can explore some 
variations. Even if players are unable to find optimal solutions, by 
deigning a path to cover a quarter of the lights then repeat, players can 
finish with more blocks provided that there is no strict limitation for 
the number of blocks in each subroutine (Figures 5&6).

Figure 5 The optimal solution with 28 periods of “forward, forward, jump, 
forward, forward, left, light, P1” in P1 called by main.

Figure 6 The optimal solution with 36 periods of “forward, jump, jump, 
forward, jump, left, light, P1” in P1 called by main.

Conclusion
Although Lightbot Code Hour is a game for kids to learn 

programming skills, finding optimal solutions and designing 
interesting levels are non-trivial tasks. We proved some theoretical 
bounds and proposed a practical stopping criteria to ensure the 
solutions we found are indeed optimal, that 173 is the overall optimal 
solution, instead of the previously published 174. We also provided 
some interesting designs for new levels.
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