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Introduction
The Rubik’s Snake is a toy invented by Prof. Rubik over 40 years 

ago.1 It consists of right isosceles triangular prisms (called blocks) 
that, except for the first and last block, are connected to two other 
blocks at the centers of the square faces. The first design of Rubik’s 
snake came with 24 blocks, which were twisted to form many solid 
bodies. (Bird, cat, caterpillar, frog, flower, spiral etc.) However, more 
complicated design needs more blocks.

The Rubik’s Snake has been used for the study of protein   folding2 
and also for the construction of reconfigurable modular robots.3–5 
There are more applications of robots  presented in.6, 7 Some ideas in 
the study of Rubik’s Snake  such as the use of rotation matrix is also 
shared in the study of rigid Origami folding.8,9 In previous papers that 
the first author published with others, some strategies have been given 
for the design of a Rubik’s Snake,10 and some mathematical problems 
concerning a Rubik’s Snake have been studied.11 Rotations that are 
not 0◦ (or 360◦), 90◦, 180◦, or 270◦ are mentioned in10 but not much 
theoretical work is presented. On the other hand, there are quite 
some theoretical work but only concerned with integer multiple of 90 
degree rotations in.11 In,12 Rubik’s snakes with general rotation angles 
were studied with theoretical work presented. In, 13 theorems about 
Möbius, palindromic and periodic Rubik’s snakes were proved.

Knot theory has been extensively studied.14 However, how could 
a Rubik’s Snake form a knot is not reported    in the literature until our 
recent publication in which possible shortest Rubik’s snake trefoil 
knot paths with 34 blocks and possible shortest tube version (with 
general rotation angles not limited to integer multiple of 90 degrees) of 
Rubik’s snake trefoil knot path were presented.15

For a trivial knot, 4 blocks of a Rubik’s snake can form a closed 
loop, which has the shortest path. In this paper, we study the shortest 
path for a Rubik’s snake non-trivial prime knot with 6 crossings. Knots 
are classified according to their isotopy classes. For non-trivial prime 
knots up to 6 crossings, we have 31 (trefoil), 41, 51, 52, 61, 62 and 63. 

The 31 (trefoil) knot was studied in our previous paper15 and 41, 51 and 
52  studied in our previous work.16 We now focus on 61, 62 and 63. The 
idea is to use certain key patterns: 61 comes from certain 41 path with 
an extra hole as key pattern, 62 comes from a different 41 path with an 
extra hole as key pattern, and 63 based on certain 31 path with an extra 
hole as key pattern. These are combined with local searches.

The rest of the paper is organized as follows: in Section 2, we 
summarize our previous work on non-trivial prime knots up to 5 
crossings. In Section 3, we consider prime knots with 6 crossings. 
All the results are verified by the DT code to make sure they are indeed 
the knot we claimed they are. In Section 4, we apply our findings to 
roller coaster design by using the tube version of the Rubik’s Snake. 
We conclude in Section 5.

Prime knots with up to 5 crossings
The Rubik’s Snake prime knots with up to 5 crossings with 

integer multiple of 90 degree rotations has been studied by us in 
the past. We just briefly summarize the results. In,15 36 solutions of 
possible shortest Rubik’s Snake trefoil knots were given. Among 
those solutions, 6 of them are palindromic, the 30 non-palindromic 
solutions come in pairs and if we do not count the reverse order as a 
new solution, then effectively those are 15 non-palindromic solutions, 
making it 21 solutions overall in this sense. What have been verified 
are the following: there are no Rubik’s Snake trefoil  knots with less 
than 34 blocks that has period more  than 1 (period 2 and 3 are verified15 
and trefoil knot cannot have period more than 3). There are no Rubik’s 
Snake trefoil knots with less than 34 blocks that are palindromic. In the 
construction of the solutions, the key pattern appears to be optimal. 
Based on that, we believe there is no solution with less than 34 blocks. 
In,16 we found possible shortest Rubik’s Snake 41 knot with 46 blocks, 
51 with 52 blocks and 52 with 56 blocks. For nontrivial knots other 
than 31, even exhausting period 2 or palindromic Rubik’s snakes would 
be too expensive. The idea was to use certain key patterns combined 
with local searches.
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Abstract

A Rubik’s Snake is a toy that was invented over 40 years ago together with the more 
famous Rubik’s Cube. It can                   be twisted to many interesting shapes including knots. Four 
blocks can form a trivial knot. Previously we have studied the shortest paths for Rubik’s 
Snake prime knots with up to 5 crossings. In this paper we study how many blocks are 
needed to form prime knots with 6 crossings. There are three     different types of such knots. 
The results are classified using the DT (Dowker-Thistlethwaite) code. We also apply our 
findings to roller coaster design by using the tube version of the Rubik’s snake.
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Prime knots with 6 crossings
Now consider the knot 61. The shortest we found has 64 blocks 

shown in Figure 2 with its line representation in Figure 1:

[1, 1, 0, 1, 1, 3, 3, 1, 1, 0, 0, 1, 0, 3, 0, 0, 1, 2, 0, 0, 3, 0, 0, 1, 0, 3, 3, 2, 3, 0, 3, 
3, 0, 2, 3, 0, 0, 0, 3, 0, 0, 1, 2, 0, 1, 1, 2, 1, 1, 1, 3, 0, 3, 3, 0, 3, 1, 0, 0, 0, 1, 0, 1, 1]

Figure 1 The line representation of a Rubik’s snake 61 knot with 64 blocks.

Figure 2 A Rubik’s snake 61 knot with 64 blocks.

The path is based on the following 41 with an extra room   in   
a   hole   to   allow   crossing   another time. [1, 0, 1, 1, 3, 3, 1, 1, 0, 0, 1, 
0, 3, 0, 0, 1, 2, 0, 0, 3, 0, 0, 1, 0, 3, 3, 2, 3, 0, 3, 3, 0, 2, 3, 0, 0, 0, 3, 0, 0, 1, 2, 0, 1, 
1, 0, 0, 0]. Note that the shortest 41 we found has 46 blocks but does 
not have this extra room. This sequence with 48 blocks should be the 
shortest with such extra room needed for 61.

To better understand the construction, we observe that the 41 
sequence has a common subsequence with the 2nd to the 46th of the 
61. The green color in Figure 1 represents the first 16 blocks and the 
red color represents the 49th to the              64th blocks, and the black color is 
for the 33th to 47th. That means if we remove the red color and some 
green and black, then connect the green with black, we will get 41. That 
is exactly what happened.

The DT code of our 61 after the self-crossing is removed is [2, 
−10, −12, 14, −4, −16, 8, 6] (not the best reduction of DT but indeed 
corresponds to 61).  The DT code for the 41 is [4, −8, 10, −2, 6] (not 
the best reduction of DT code but it indeed corresponds to 41). The 
two crossings saved are those two below between red and blue lines. 
To summarize, the construction of 61 is based on 41, going through a 
hole another time.

Now consider the knot 62. The shortest we found has 62 blocks 
shown in Figure 4 with its line representation in Figure 3:

[2, 1, 0, 0, 0, 3, 0, 0, 1, 2, 0, 1, 1, 1, 1, 1, 3, 3, 0, 0, 1, 1, 3, 3, 1, 1, 0, 0, 1, 0, 
3, 1, 1, 0, 1, 3, 0, 0, 1, 0, 3, 3, 2, 3, 0, 3, 0, 0, 2, 1, 0, 0, 1, 2, 0, 1, 1, 0, 1, 2, 1, 1]

Figure 3 The line representation of a Rubik’s snake 62 knot      with 62 blocks.

Figure 4 A Rubik’s snake 62 knot with 62 blocks.

The path is based on the following 41 with an extra       room   in   
a   hole   to   allow   crossing   another   time: [2, 3, 0, 0, 0, 3, 0, 0, 1, 2, 
0, 1, 1, 1, 1, 1, 3, 3, 0, 0, 1, 1, 3, 3, 1, 1, 0, 0, 1, 0, 3, 1, 1, 0, 1, 3, 0, 0, 1, 0, 3, 3, 2, 
3, 0, 3, 3, 0]. Note that the shortest 41 we found has 46 blocks but does 
not have this extra room. This sequence with 48 blocks should be the 
shortest with such extra room needed for 62.

To better understand the construction, we observe that the 41 
sequence has a common subsequence with the 3rd to the 44th of the 
62. The green color in Figure 3 represents the first 16 blocks and the 
red color represents the 49th to the  64th blocks, and the black color is 
for the 33th to 47th. That  means if we remove the red color and some 
green and black, then connect the green with black, we will get 41. That 
is exactly what happened.

The DT code of our 62 is [4, 8, −12, 2, −14, −6, −10]    (not the best 
reduction of DT but indeed corresponds to 62).
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The DT code of the 41 is the standard [4, 6, 8, 2]. The three crossings 
difference between these DT codes are the two red- green crossings and 
the right and a red-blue crossing in the middle. To summarize, the 
construction of 62 is based on 41, going through a hole another time.

Finally consider the knot 63. The shortest we found has 64 blocks 
shown in Figure 6 with its line representation in Figure 5:

[0, 0, 1, 0, 0, 3, 2, 3, 3, 2, 0, 0, 1, 0, 1, 2, 1, 1, 3, 0, 0, 1, 0, 0, 2, 3, 0, 0, 0, 3, 0, 
1, 2, 1, 0, 1, 0, 1, 2, 1, 0, 3, 0, 0, 3, 0, 0, 1, 3, 0, 0, 1, 0, 0, 1, 1, 0, 2, 3, 0, 3, 0, 3, 3]

Figure 5 The line representation of a Rubik’s snake 63 knot       with 64 blocks.

Figure 6 A Rubik’s snake 63 knot with 64 blocks.

The path is based on the following 31 with an extra         room   in   
a   hole   to   allow   crossing   another   time: [1, 1, 0, 1, 2, 1, 1, 3, 0, 0, 
1, 0, 0, 2, 3, 0, 0, 0, 3, 0, 1, 2, 1, 0, 1, 0, 1, 2, 1, 0, 3, 0, 0, 1, 2, 0]. Note that the 
shortest 31 we found has  34 blocks but does not have this extra room. 
This sequence with 36 blocks should be the shortest with such extra 

room needed for 63. Also note that for the last hole if we go across the 
opposite way it would have been a 52 knot instead of a 63 knot.

To better understand this construction, we observe that this 31 
sequence have a common subsequence with the 13th  to the 48th block 
of the 63. The green color in Figure 5 represents the first 16 blocks 
and the red color represents the 49th to the 64th blocks. That means 
if we ignore the red part and most of the green part starting with the 
connection point to red, and then reconnect using a short path, we 
will get a trefoil knot 31. This is exactly what happened in that figure. 

In addition to two self-crossings that can be easily removed, we 
could also remove two red-blue crossing because  the red line is below 
the blue line for both crossings above. That gives a DT code of [4, 8, 
10, 2, 12, 6] corresponding to 63        knot. The corresponding trefoil knot 
saves 3 crossings (two red-blue and one green-black) and has a DT 
code of [4, 6, 2].

To summarize, the construction of 63 is based on 31, going  through 
a hole another time.

Just like the knots with less than 5 crossings, we found many other 
solutions for 61, 62 and 63 that tied for the shortest as well. The idea is 
that we could keep some key patterns and let the computer do a local 
exhaustive search for about 12 blocks.

Application to roller coaster design
In,12 the tube version of the Rubik’s Snake is introduced. The idea 

is that each block of the Rubik’s Snake corresponds to a tube of the 
same shape. The connection is smooth with the first order derivative 
continuous. The roller  coasters in parks typically has a path of just a 
trivial knot. It would be interesting to build a roller coaster with a non- 
trivial knot, especially with more crossing numbers than just a trefoil 
knot or a figure-8 knot.

Figure 7 shows the design of a roller coaster using the tube version 
of Rubik’s snake 62 knot with the shortest path we found (62 blocks). 
The view angle is different from the earlier pictures but the snake 
sequence remains the same. The reason to choose the shortest path is 
to save the cost while keeping the complexity. Note that this is under 
a simplified model and in practice the design does not have to strictly 
follow the rule of having identical basic blocks.

Figure 7 The tube version of Rubik’s snake 62 knot with 62             blocks for roller 
coaster design.
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Conclusion
Finding the shortest path for a Rubik’s snake nontrivial knot is 

challenging. With each joint having 4 choices, the total number of 
attempts is too many to have an exhaustive search. By using certain 
key patterns combined with local searches, we found possible shortest 
Rubik’s Snake 61 knot with 64 blocks based on a 41 knot with an extra 
hole that the path could go through, possible shortest 62 knot with 
62 blocks based on a 41 knot with an extra hole that the path could go 
through, and possible shortest 63 knot with 64 blocks based on a 31 
knot with an extra hole that the path           could go through. All the results 
are verified by the DT code         to make sure they are indeed the knots we 
claimed they are. It would be interesting future work to see if these can 
be proved to be optimal.
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