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Inertial torques acting on a spinning sphere
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New studies of the dynamics of rotating objects have shown the origin of their gyroscopic
effects is more sophisticated than presented in publications. Their rotating mass acting on
bodies generates the system of the kinetically interrelated inertial torques. The method for
developing mathematical models for inertial torques of the spinning objects shows their
dependencies on geometries. The inertial torques generated by the disc, ring, paraboloid,
and others have confirmed this statement. The derived analytical method presents a
new direction for the dynamics of classical mechanics. The several inertial torqueses
acting on any movable spinning objects in space were unknown until recent times. The
gyroscopic effects of rotating objects in engineering and a new method for computing their
inertial torques are the challenges for researchers. The novelty of this manuscript is the
mathematical models for the inertial torques generated by the rotating mass acting on the
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Introduction

In engineering, all spinning objects manifest gyroscopic effects
manifested by the action of their inertial torques that are not well-
described.'* Beginning with the Industrial Revolution, mathematicians
and physicists studied the gyroscopic effects. Only famous L. Euler
derived the mathematical foundation for the one torque that expresses
the change in the angular momentum. His mathematical model
did not describe all gyroscopic effects. Intensification processes
in engineering forced to development of the theory of dynamics
in classical mechanics. Scientists determined the gyroscopes and
dynamics of rotating objects are a significant area in engineering
science.”® The textbooks of engineering mechanics contain a chapter
on the dynamics of mechanisms with simple analytical approaches
in solutions to gyroscopic effects.*!! Many publications described
the original properties of the gyroscopic devices, which remain an
unsolved problem and present a challenge for researchers.!>14

Recent studies in gyroscopic effects showed their physics
are sophisticated than could imagine researchers of engineering
mechanics. The inertial torques generated by the rotating mass of
the spinning objects are kinetically interrelated .'> The mathematical
models of inertial torques for the rotating bodies are different and
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depend on their geometries. The inertial torques of the spinning sphere
at known publication contain errors in the graphical presentation
and mathematical processing.'® Practitioners of engineering need
the method for deriving correct inertial torques of spinning objects
to design the perfect machines. The known method for deriving
the inertial torques for the spinning disc enables developing the
mathematical models for any rotating bodies.'>!® The novelty of this
manuscript is the inertial torques generated by rotating masses of the
solid and hollow spheres.

Methodology
Inertial torques of a spinning sphere

The rotating mass of the spinning solid and hollow sphere generates
inertial torques of the centrifugal and Coriolis forces that are acting
simultaneously about axes of motions. The mathematical modeling
of the action of the inertial forces on the sphere is the same as for
the spinning disc.'” The mass elements are disposed on the surface of
the 2/3 radius for the solid sphere and the middle radius for the thin
hollow sphere. The rotating mass elements produce the centrifugal
forces that are disposed on the random plane that is parallel to its
plane of the maximal diameter of the sphere Figure 1.
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Figure | Schematic of the spinning sphere.
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Inertial torques acting on a spinning sphere

The inclination of the spinning sphere on the angle Ay gives the
change in the vector’s forces f,, | that is parallel to the sphere axis oz.
The integrated product of a change in the forces f, _ acts about axes
ox and oy by sine and cosine laws and presents the resistance torque
T, . and precession torque T, . respectively. The scheme of acting
centrifugal forces and torques of the solid sphere’s plane with rotating
mass elements about axis ox (a) and axis oy (b) is presented in Figure
2. Below is considered the action of the resistance torque, which
expression is the same as for precession torque. The mass element m
is disposed on the radius R, of the sphere, where 7 indicate the solid ss

and hollow &s spheres ( R, = ( 2/3 )R ) for the solid sphere and

R, = R for the hollow sphere). The sphere rotates with an angular
velocity @ in the counter-clockwise direction.
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Figure 2 Schematic of acting centrifugal forces and torques of the sphere’s
plane with rotating mass elements about axis ox (a) and axis oy (b).

The expression of the resistance torque AT, of the centrifugal
force f, ,is:

ATy = Jer 2 Vm Q)

where y = R, sinfisina is the normal to axis ox, other

1
components are as specified above.

The change of the centrifugal force f, _for arbitrarily chosen
plane is:

f, . =/f, sinAy =mro’ sinAy )

2. .
where f,, = mro” is the centrifugal forceof the mass element m;,
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M is the mass of the sphere; 4z is the spherical angle; Ad
is the spherical angle of the mass element; 7 is the radius of the mass
element rotation at the plane o,x,y,; @ and f is the angle of the mass
element’s disposition on the plane x oy and y oz, respectively; Ay is
the angle of turn for the sphere around axis ox (sinAy = Ay for the
small values of the angle), other parameters are as specified above and
in Figure 2.

The defined parameter is substituted into Eq. (1) that yields:

-for the solid sphere

MRw"

M 2
Lo =——w2A5Ay—Rsin,Bsina =- AOAy sin Bsin a

-for the hollow sphere

M, ) ) MRaw
f, ., =———@ ASAyxRsin fsina = —
4 Ar

ASAy sin fsina
“4)

The integrated torque is the product of the forces f, _ and the
centroid y , (point 4, Figure 1). The latter one is as follows:*”

-for the solid sphere

2

xox T % MR® 2
I I f .y,dadp [ | ASAy sin Bsina x— R sin fsin adad ff
a=0 f=0 a=0p=0 61 3
Ya =T 2 - MRw -
oz ©
[ f, dadp I ASAy sin Bsin ad fda
a=0 =0 a=p=0 671
MR&’ 2 0w
ASAyx—R [ [ sin fsinasin Bsinaddf
67 3 d=0p=0 -
MRo’ Tz
ASAy | | sin BsinadpBda
67 =0 =0
2 o oz
ZR [ ] sin® Bsin’ adfda
3 d=0 p=0

| | singsinadpda

=050
- 3)
-for the hollow sphere
T o T 7 MRa®
I I f  y,dadp [ | ASAy sin Bsin a x Rsin Bsin ad fda
_ a=0p=0 : _a=0p=0 4 B
Vi T - : = MRo -
[0 f, dadp (] ASAy sin Bsin ad fde
a=0 f=0 a=p=0 4
MRo" oz
ASAy xR | [ sin fsinasin fsinadfda
4r =0 =0

MRo® o
ASAy | | sinBsinadpBda
61 =0 p=0

o
N

R [ [ sin® Bsin® adfda

=0 =0

| sin Bdp [sinada
=0 0

(6)
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2 2
MRo MRo i i i i i is
where the component AAy and AGAY s The differential equation of change in the torque T, per time is:
67 4r -for the solid sphere
accepted at this stage of computing as constant for Egs. (5) and (6), P
respectively. dT, MR 72 o dy
Ci
=- — 11
Defined parameter y, is substituted into Eqs. (3) and (4), where dt 18 dt b
V4 .4 1
sina = [cosada , sin B =[cos Bdf, sin” a =—(1-cos2a), -for the hollow sphere
0 0 2
o, 1 . ) dT, MR 7’ & dy
sin” #=—(1-cos2 ) and represented by the integral forms with =- — (12)
2 dt 8 dt

limits for the hemisphere., Then the following equations emerge:
where ¢ = & / @ is the time taken relative to the angular velocity

-for the solid sphere of the spinning sphere.
2 1= 1z da dy
T, MR 2 = . SR Jamcos2pdpx [ 1 cos2a)da The differential of time and the angle is: dt = —; —— = @_ is
g dT, = - id&gdyjcosﬂdﬂfcosadax — - @ dt x
0 0 . .
{Sm ada ﬂj: o pdp the angular velocity of the sphere about axis ox.

(7
The defined components is substituted into Eqs. (11) and (12),

-for the hollow sphere separated variables, and presented by the integral forms with defined

1 = 1= limits:
T, MR 1 7 x . —R[(1-cos2pB)df x—[(1-cos2a)da )
[rar, =- [ a5 dy| cos pd | cos ade x 22 . _ 20 -for the solid sphere
’ 4z 00 0 [sinpdp | sinada )
0 £ wdT, MR 7 &* MR 7" oo,
®) . o, dT, =—— " dqg,
da 18 18
Solution of integral Egs. (7) and (8) yield:
2 2
. r = MR 7~ oo,
-for the solid sphere [dT; = ————da
1 1 1 0 0 18
T I =- MRIUZ X(5 ZK)X(y‘y)XZSin,H /2 x2sina /2 X EXR(ﬁ_ESinﬁa) g x(a _Esmza)‘g 1
al0 o7 0 0 0 0 (eos g x(-cosay T, = MR A 0o, (13)
18
that giving the rise to the following “for the hollow sphere
1
MR 7R|:(”70)70:|x|:(”70)70:| a)dT;, MR2 72'2 (02 MR2 7[2 a)wx
T, = ><(2/z7())><(;/—0)><2(l—0)><2(1—())><6 = =— @, th = da,
P [(1= D)X [T - 1) da 8 o 8
MR 7o 1 -
T € T, =——MR 7" 0o,
-for the hollow sphere 8
T MRo’ ’ 2 2 I = R 2 ww (14)
T, OCt =— x(5|07r)x(;f|g)x2sinﬂ|g ><2sina|g x < 8 X
4r
The torque acts on the upper and lower sides of the sphere. Then
R x l p- lsin 25 |7[ X l o— lsin 20 |” the total resistance torque 7, of Eq. (13) and (14) is multiplied by
272 0757 2 0 two.
(—cos ) |g x (—cos ) |g -for the solid sphere

that giving the rise to the following 2 2 3 5 ;5
. T, :igMR T oo, =ig7z Joo, (15)
2 7[(7{70)—0jlx|:(7r70)70:|

MRw 4
T, =- x (27 =0)x(y —=0)x2(1-0)x2(1-0)x

Ax [=(=1=D)]x[~(=1=1)] B -for the hollow sphere
MR 7o
g 2 2 3 35
=I— T TOw =IT—T waw
(10) T, =+-MR 7. +270 (16)
8 8

where the change of the limits is taken for half of the sphere.

2 2
The variable angle y of Egs. (9) and (10) depend on the angular where J = 2MR" /5and J = 2MR" /3 are the moment of
velocity @_of the sphere. inertia for solid and hollow spheres, respectively.
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Inertial torques acting on a spinning sphere

The expression for the precession torque generated by the
centrifugal forces of the mass element (Egs. (3) and (4)) is almost
the same as for the resistance torque of the sphere considered above.
The difference is in the change by the cosine law. The direction of
the resistance (sign (-)) and the precession torque (sign (+)) are in the
clockwise and the counter- clockwise direction, respectively.

Coriolis torques of a spinning sphere

The mathematical modeling of the action Coriolis torques
generated by the mass elements of the spinning sphere is the same
as presented for the centrifugal forces (Section 2.1). The scheme of
acting Coriolis forces and torques of the sphere’s plane with rotating
mass elements about axis ox is presented in Figure 3.
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Figure 3 Schematic of acting Coriolis forces and torques of sphere’s plane
with rotating mass elements about axis ox.

The expression for the inertial torque AT = of Coriolis forces of the
mass elements for the sphere is:

AL, ==fo Yy =—ma,y, a7
where y, is represented by Eq. (1).
The expression for a_is as follows:
dV.  d(VcosasinAy) dy
a, =- =—————=-Vcosa— =—R, sin fcosano,
dt dt dt
(18)

where a, =dV_ /dt is

Coriolis acceleration of the mass element along axis oz;
V. =VcosasinAy = R, wcosacosBsinAy is the change in the

tangential velocity V of the mass element; sinAy = Ay for the small
angle; other components are as specified above.

Defined parameters are substituted into the expression f, (Eq.
(17))that brings:

-for the solid sphere

MAS 2 . MRAS .
", =———Rowo_sin fcosa = ®o_ sin fcosa
47 3 61 (19)
-for the hollow sphere
MAS . MRAS .
f.,, =——Rowo_sin fcosa = ow_ sin fcosa
4z ) 4 (20)
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Then, the defined parameters are substituted into Eq. (17) that
yields:

-for the solid sphere

MRow AS
AT, = sin fcosaxy, (21)
6r
for the hollow sphere
MRow A6
AT, = sin fcosaxy, (22)
4

The disposition of the resultant torque is the centroid C of the
Coriolis torque’s curve calculated by Eq. (5).

-for the solid sphere

T oz = 7 MRow A5
I | Adyddadp | | sin fcosax—Rsinasin - a f
a=0 p=0 a=0 p=0 671
Ye T T B MRowo_AS B
T T .
[ [, dadp I b sin Bcosadad B
=0 =0 =0 0 6
MRow A5 = 2 z 2 T, 7
——————— | —Rsinfcosadax [sin fcos fdff —R[sin" fd x [sinacosada
6r a=03 0 3 0 0
MR AS = z o T
7(0% | sin Bdpx [ cosada | sin Bdpx [ cosada
6 w0 o =0 0
(23)
-for the hollow sphere
T oz = 1 MRoo AS
I | Adyddadp | ~———sin fcosax Rsinasin o f
a=0 f=0 a=0 =0 4
Ye T T ) MRoo_AS )
T .
[ ] f,dadp [ * sin fcosadad
a=0 f=0 =0 f=0 4
MRww AS = T, T T,
——— | Rsinacosadax[sin” fdff R[sinadsinax|sin’ Bdf
4 a=0 0 0 0
MRow_AS = z T T
— sin Bd B x [ cosada [sin fd px [ cos ada
4 a=0 0 0 0
(24)
MRoww A6 MRow A6
where the components and areaccepted
61 4

as constant. The expressions of y. (Egs. (23) and (24)) are substituted

T
into Eqs. (21) and (22), respectively. Where cosa = [ —sinada ,
0

sin B = [ cos fd B are presented by the integral forms:
0

-for the solid sphere

2 . T2
MRoo, > 7stmads1na><£sm pdp

s T n 3
dT, = | déx [ cos pdp | —sinada x
0 6r 0 0 0 3 . Fd
[sin fd B x | cosada
0 0

(25)
-for the hollow sphere
. MRoo. R]rsin ad sinozx:{rsin2 pdp

T

[ déx[cos fdp [ —sinada x
0 0 0

4z [ cosada x [ sin fd
0 0

(26)
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where the limits of integration for the trigonometric expressions
are taken for the hemisphere.

Solving of integrals Eq. (25) and (26) yield:
-for the solid sphere

2
—Rx2
3 2

.2

sin a2 1
- - x—
0 2

sin2 g
2

3

0

)

T,

or /2

MRoo,
T, = u x(é“é” )><(2sina

)x(cosﬂ‘g )x
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T

=Joow
am X

(3D

The analysis of Eqgs. (17) and (31) shows the torques of the
centrifugal and Coriolis forces of the spinning sphere’s mass elements
present the resistance torques acting opposite to the load torque.
The torques of the centrifugal forces and the change in the angular

10 0
6z g/Z (*COSﬂ)‘g

2sina

that giving the rise to the following:

ER(I—O)xl(n—O)
2

MRoo, MRZﬂ(x)a)‘
T, = —x(27-0)x2(1-0)x(-1-1)x =— :
67 2(1-0)]x(=)(~1-1) 9
27
-for the hollow sphere
o 2 .
szsm a ,0,/2 xl(ﬂ_stﬂ)‘g
T MRoo_ X 2 2
T, O“ =T><(5‘g” )X(Zsmﬂ 6:/2 )X(cosa‘g )x

2sina (7)[/2 (*Cosﬂ)‘g

that giving the rise to the following:

1
MRoo R(l—O)x;(zr—O)

x

[
=-—MR" roo,
4

L

x(27=0)x2(1=0)x(=1-1)x

-

4r 2(1=0)(=)(-1-1)

(28)

Coriolis torque acts on the upper and lower sides of the hemisphere.
Then the total resistance torque 7, is obtained when the result of Egs.
(27) and (28) is multiplied by two.

-for the solid sphere

MR2 OO, 5
=2 =-—nJoo, (29)
9 9
-for the hollow sphere
2
MR noo, 3
.= 2x =-—rJoo, (30)
4 4

where J = 2MR /Sand J = 2MR’ /3isthe sphere moment
of'inertia for solid and hollow sphere,>® respectively; the sign (-) means
the action of the torque in the clockwise direction; other parameters are
as specified above.

The torque of the change in the angular momentum is:*”’

Table | Equations of the internal torques acting on the spinning sphere

momentum present the precession load torques.

Attributes of the inertial torques acting on the
spinning sphere

The derived mathematical models for the inertial torques of the
solid and hollow sphere should be used for computing their gyroscopic
effects. The inertial torques of the centrifugal, Coriolis forces, and the
torque of the change in the angular momentum are active physical
components of the spinning sphere. These torques are the components
of the total resistance and precession torques acting about axes ox
and oy of the spinning sphere. The mathematical models for internal
torques of the spinning sphere are represented in Table 1. The inertial
torques of the spinning solid and hollow sphere should be used for
the formulation of their gyroscopic effects. New studies of the inertial
torques have shown that their values depend on the geometry of the
spinning objects that can be different designs in engineering. The
equality of the kinetic energies of its motions defined the kinematic
dependency of the angular velocities of the spinning sphere.' This
kinematic dependency for the solid and hollow spheres is as follows:

-The solid sphere

3 5 5 5 5 3 5 3 5
-——rJoo, ——rJoo, -—r way —Joo, =—rJoo, +Joo -—r Joo, ——1]oo,
18 9 18 18 ©18 9

(32)
Transformation of Eq. (32) yields:

57r3 +57+9
il [

x

(33)
S57-9

For the hollow sphere

3, 3 3, 3, 3, 3
——rJoo, -—rloo, -—r Joo, -Joo, =—1 Joo, +Joo, -—71 Joo, -—1)oo,
8 4 8 8 8 T4

(34)
Transformation of Eq. (34) yields:

370 43744
—_— (3%
3r—-4

Equation for the spinning sphere

Type of the torque generated by

Solid Hollow
Centrifugal forces (axis ox) 3 3
T, =—nrnJoo, T, =—7 Joo
Centrifugal forces (axis oy) 18 8
5 3
Coriolis forces T =—rnJoo T =—rnJoo.
cr X cr X
9 4
Change in an angular momentum T =Jow
am X
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The ratio of the angular velocities of the spinning spheres should
be used for the mathematical models for their rotation about axes ox
and oy.

Working example
The sphere of a mass of 0.5 kg, a radius of 0.08 m, and spinning

Table 2 Substituting the initial data into equations

Copyright:
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at 2000 rpm. The sphere rotates with an angular velocity of 0.02 rpm
under the action of the external torque. The values of the inertial
torques acting on the spinning sphere should be determined Figure 1.
Substituting the initial data into equations of Table 2 and computing
yields.

Torque generated by Solid sphere Hollowsphere
3
3 5 3 2 3 3 3z 2
T =|—|rJoo, =| — |7 x—x T ={—|nJoo, =] — [x—x
Centrifugal fore 18 18 > 8 8 3
200027z 0,02x27
T 0,5><O,O82>< 9 _ 0,5)<0,082X2000X2”X0’02X2”:
60 60 60 60
0,004835 Nm 0,010880 Nm
3 3 2
T = E rJow. = i ﬂ'xzx T, =—nloo, =—7xx—x
! 9 * 9 5 4 4 3
Coriolis forces
) 2000X27[ 0,02X27[ 2 2000)(272' 0,02)(272' _
_ 0,5%x0,08" x X =
0,5x%0,08" x X = 60 60
er 60 60
9,799514 x 10_4 Nm 0,002204 Nm

am
5

Chnge in the angular momentum

2000x27  0,02x27
X

2 2
=Jow, =—x0,5%x0,08" x

2 2
T, =Joo =—x0,5x0,08" x
3

2000x 27 0,02x27
X =

am

60

60

5614708 x10™ Nm

60 60

9357847 x10"  Nm

Results and discussion

The known publications with the mathematical models for the
inertial torques generated by the rotating mass of the spinning sphere
contained errors in the graphical presentation of the acting forces and
processing of the integral equations. The issues had the wrong title of
the precession torque generated by the rotating mass of the sphere.
The new graphical scheme and vectorial diagrams of the acting forces
derived the corrected mathematical models for the inertial torques
of the centrifugal and Coriolis forces of the spinning sphere. The
corrected inertial torques and the ratio of the angular velocities of
the sphere about axes of rotation enable getting the exact solutions
in computing the gyroscopic effects and present the novelty for the
dynamics of rotating objects.

Conclusion

The modified method of graphical and analytical approaches for
deriving the inertial torques generated by the rotating mass of the
spinning sphere developed their correct mathematical models. The
expressions of inertial torques and the ratio of the angular velocities of
the sphere about axes of rotation enable planning mathematical models
for its motion in space. The analytical models for the kinetically

interrelated inertial torques of the spinning sphere describe its physics
of gyroscopic effects and yield a high accuracy of computing. This
analytical solution for inertial torques opens new possibilities for
solving gyroscopic problems of spherical objects.

Notation

f..» [, — centrifugal and Coriolis forces, respectively, generated
by mass elements of a spinning sphere

J—mass moment of inertia of a sphere
M — mass of a sphere

m — mass element of a sphere

R —radius of a sphere

T — external torque

T, T, T, —torque generated by centrifugal, Coriolis, and a
change in the angular momentum, respectively

¢ —time

¥y, ¥, — centroid and distance of disposition of mass element
along axis
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Aa , o —increment angle and angle of the turn for a sphere around
axis of spinning, respectively

[ — angle of disposition the mass element of a sphere

AJS —spherical angle of the mass element

Ay —angle of inclination of a sphere

@ — angular velocity of a sphere

o, o - angular velocity of precession around axes ox and oy,
respectivefvy.
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