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Output control of a single-airscrew helicopter’s
longitudinal motion spectrum

Abstract

The problem of stabilization law synthesis of a single-airscrew helicopter’s longitudinal
motion for lack of information about the vertical speed of its motion is analytically solved.
The solution is based on the method of output control synthesis of the MIMO-system
motion spectrum to be used as the basis of an especially designed multilevel decomposition

of the dynamic system model in state space.
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Introduction

The physical principle of a single-airscrew helicopter’s spatial
motion provides the opportunity to categorize it as a complex
multidimensional dynamic system (control object). At the same time,
it is possible to mark out the following problems in less detail, which
can be attributed to the control of helicopters as multidimensional
dynamic systems.!?

a. The problem of stabilization, or the problem of stabilizing control
law synthesis, i.e. determination of a feedback (of a controller),
which provides stability for a disturbed motion. In searching for
this kind of problem solution, as a rule, modal control methods or
pole control methods are used.>*

b. The closed-loop system decoupling problem, i.e. determination of
a controller’s coefficients that provide decoupling of the control
object’s subsystems. The group of methods used is based on the
analysis and usage of the reference system operators’ kernels.”

the analytical solution to the problem of a single-airscrew helicopter’s
stabilization in the vertical plane with the specified placement of
poles and the incomplete measurement vector of motion parameters
is presented. We use the linearized model of longitudinal motion of a
single-airscrew helicopter (SH) having the following form:'
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Here ¥ — deviation from specified value of the longitudinal
speed; V. ~ deviation from specified value of the vertical speed; 0
— deviation from specified value of the pitch angular velocity; v —
deviation from specified value of the angle of pitch; u, — deviation
angle of a main rotor’s cone in the longitudinal direction; o —
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c. The problem of making a set of stabilizing control laws, i.e.  general pitch of a main rotor; ar, a’, az, HV; ) a::x , a; )

obtai.ning al.l,. or almost all, control laws (.algorithms.), which P d e d s buxx buxx bu: o b'fx b"gyp

provide stability for the closed-loop system, if the solution to the R e T T O O P T

first problem, from those listed above, is not. the only. one. A§ A _ linearization coefficients.®'

rule, the methods used are based on the solutions to Diophantine _ )

equations and the subsequent parameterization (for instance, the We use the following notation

Youla-Kugera parametrization).” 2 T T

P ) x=(AV, AV, Ao, Av) u=(Bu, Aug,) .
It is possible to find other, not so commonly used, statements dal
and solutions to the problem. For instance, there is a statement and also
and a solution to the problem when stability .and decoupling of the 0111:0::)“7 alz:a:y, a13:a;z, @ 4:0,5 ,
closed-loop controlled system, and also specified placement of the * * * *
invariant system’s zeros, i.e. complex frequepcies, on which.the a21:a::x’ azzzazy, a23:a;’;z’ a24:a;~ ,
closed-loop system “locks” completely or partially, can be provided b4 y y b4
simultaneously. The strengthened type of decoupling, when it is P a32:aVy ay=a':
necessary to provide not only the block-diagonal form of the closed- iz’ #y’ i’
loop system’s operator, but also specific placement of the invariant by =b" | by, —b"®
system’s zeros on the complex plane, belongs to it. Many of the y V;:
practically important solutions to the problems listed above are not by=b*, bp=b*,
accompanied by published methods on how to obtain them. The ! v
. . . . . u
analytical solutions have to fill this gap. In this paper for the first time by =b"x, by,=b &,
('OZ wZ
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Output control of a single-airscrew helicopter’s longitudinal motion spectrum

Then instead of expression (1) we will obtain the following
linearized model of the SH longitudinal motion:

i iz 13 dig by b,
a a a a b, b
x| % G2 Gy G O Do )
a ap a0 by by
0 0 1 0 0 0

Here after it will be considered that information about vertical
speed of the SH motion is not available. As a result the system output
vector can be expressed as

y=(AV, Aw. Av)".

Taking into consideration the assumptions made, the initial
mathematical model can be written in the form of a dynamic MIMO-
system of the “input — state — output” type:

Xx=Ax+Bu, y=Cx , 3)

Where x e R”, n=4 is the state vector; ueR" is the input
vector (control vector), wherer=2; yeR"™ is the output vector
(measurement vector), where m=3 . Here R is the set of real numbers.

In the equations (3) the corresponding matrices can be written as

a4y A Gz G 11311 2’12 100 0

A= Ay Ay iy Ay . B b1 On . Cc=l0 01 0|.4
a3l ap apz 0 by by 00 0 1
0 0 1 0 0 0

If, as a control law(3), to suggest the expression of the following
form:

u=Fy=FCx , 5)

Where F e R™ is a matrix of the output controller, then, in
accordance with? for the system under consideration (3) — (5) a case
of the dynamic MIMO-system output control will take place.

Here after we assume that matrix B € R (4) has a full rank (
rank B=2 in this case), or that its equivalent matrix B" B is invertible,
i.e. det (BTB) # 0. Let us now consider the matrix spectrum 4 € R
(5). It will be understood as a set of matrix A eigen values (poles),
eig(4) = {A,-e(C: det(A,1,—A)=0, i:l,_4} . Here 1I,— identity matrix
of size 4x4,C — the set of complex numbers. Let A be the given
spectrum of the matrix A+BFC of the corresponding close-loop
controlled system, i.e.

A={4, o, s, . ©)
It is required to determine (i.c. synthesize) explicitly the controller
matrix FIR*?, such that the equality A=eig(A+BFC)should be
satisfied exactly. The complexity of this problem is a necessity for
obtaining a solution in explicit analytical form, since ,, >, matrices

in (2) have a piecewise constant form. This paper is dedicated to
solving of the problem.

Decomposition of a dynamic system

As a first step of the given problem solution we will consider the
multilevel decomposition of the SH model suggested.”>!” Since in
this case the inequality m > r (i.e. the number of system’s outputs is
greater than the number of its inputs) is implemented, then, in general,
not taking into consideration specific numerical values for m and r,
we consider the multilevel decomposition of system (3) — (5) of the
following form: —zero decomposition level

Copyright:
©2018 Zubov etal. 158

A=A, B =B, C,=C 7

— kth decomposition level ( k=1, M , where M=ceil(n/r), ’
—is the operation of rounding the number« * yupwards)

A=B 4B, Be=B 4 1Bi_y, Ci=Cri 4B, )

Equations (7), (8) for a set of indices k=0, M involve the matrices
with the following properti¢s:
Bf

! -1
(B0 1B¢") 5| BB=0, BB,
By
G\ :
o |t} act=o acisl,.

Where the superscript « L» denotes orthogonal annihilators
(divisors of zero), and the superscript « + » denotes the Moore-Penrose
pseudo inverse matrices.’>'*" Also, we consider the recurrence
formulae of controllers for the spectrum control on the corresponding
decomposition levels, written down in reverse order:

— M -th decomposition level

Fy={®y By ~Bir |Cir ©)
_k decomposition level ( k=0, M—1)
Fo~{ 04 B; ~Bi 4 |Ci . Bi =B{~F41CyiBf - (10)

The multilevel decomposition procedure considered is then
implemented.

II1. Algorithm for synthesis of the MIMO-system output control

The following statement is true that has been proven' and given
here with an allowance for replacement of matrix annihilators, which
are not possessed of a property of orthogonality, i.e., replacement
with matrices, for which, in general, not necessarily the equality
BiBi-"=I,_, is implemented.

Theoreml. Let m>r , and the following matrices exist and are pair
wise completely controllable:

+ 1 R .
G[:B;Akc,f(B,;C,f) ,H;:(B,;C,f) , k=0, M, Then, there exists a
nonempty set of matrices K i=0, M , such that

©,=G,+ KT H,={ B ACH | Br G| +KT (B7CH), (1) and(9), (10)
satisfy the equalities of spectra

M _
eig(Ak+BkaCk):.Ukeig(®i)a k=1, M,
i=

A=A, By=B, Cy=C,

Ay=Ci A Gy, Be=Bi A Gy, Ce=CiiA Gy, k=L N
moreover, the following matrices exist and are pair wise completely
controllable:

G, = (Bﬁc;)+ B

AC

k" Tk k?

H, :(Bﬁcg)A, k=0, N.

Then, there exists a nonempty set of matricesL; , i=0, N,
such that W, =G +H L = (13.;c;)+ B/AC +(BIC;) LI and, for

F =8 (CA;'{JM—AMCL)F =B (c,jwk—Akc,j),
N M k k
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c=c"-c"B F ,
k k k K+1 K+1

k=1, N-1 it holds that
N —

, eig(AFBFCy) = U eig(t). k=N
=

N
eig(Ag+BoF,Cy) = U eig(‘¥;) = A . It should be noted that

here, as in the algorithnlm described,'>'*1? only semi orthogonal and
pseudo inverse matrices are used in the transformations, which at
least do not reduce the condition number of the equations. Moreover,
this approach does not impose restrictions in the form of the
differentiation between the algebraic and geometric multiplicities

of the elements of the spectrum to be assigned; there are also

no restrictions on the size of the problem. This is confirmed by
simulation, which shows a high relative accuracy of spectrum control
and the practical absence of restrictions on the size of system (3).

Analytical synthesis of a single-airscrew helicopter’s
longitudinal motion control

In accordance with the problem statement, it is required to find
explicitly a formula of controller F in the control law (5) that can be
expressed in this case as:

Vi
Vi
Uy, V.
[ J= FC| Y |=Flw,]|,
u o,
2 v
L

And provides for the close-loop system «HS + control system» of
a specified earlier spectrum(6). We perform for the system (2) with

matrices(3), (4) — the multilevel decomposition dei\%ribed in Section
1, which has in this case two eig(A0+B0F0C0) = U eig(®;) =A

1=
The condition m2r in Theorem 1 is not restrictive; it is introduced to

indicate that, in the present case F, matrix from (5) is conventionally
considered as a matrix of controller (i.e. the number of inputs is less
than the number of outputs). For the case m<r , Theorem 1 has a dual
formulation, and matrix F is replaced with the observer matrix L
(the number of inputs is greater than the number of outputs).

Theorem 2. Let m<r, N=ceil(n/m), and the following
decomposition of system (3) hold: decomposition levels ( M =1): zero
level (7) and first level (8). Therefore, we will have

B‘)L:[lg o o (1)] e
oo
0 1

(=]

(12)

1 1
a1 G2

1 1 1 1
an ap | b by | 1
, Bi= , Ci=lcar e >

1 1 1
a; 0 by by A 0
31

A= (13)

Where, taking in view the following notation I"=b; by, —bi,b,; , the
matrices’ elements in(12), (13) is equal to:
lll:b21b32_b22b3l’ 112:—([7111)32—1712[931)’ ] = 1121 +]122 +1,
l* l*

Copyright:
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1 2
alll - a33 + a13lll + 023112 + a}llll + 032]12 +a11111 +

2
+ a22112 + 012111112 + 021111112 ’

1 _ 1 -1 3l _ 1 _
ap=ah+ayly, ay =", by =by,by=by,

1 —
bll - bll(a?al +alllll +a21112)+b21 (032 +alzlll +a22112)+
+b}l(a33 +al3lll + a23112)’
l —
b12 _bIZ(GSI +allll] +a21112)+b22(032 +a1211I +a22]]2)+

+ b32 (a33 + a13lll + a23112)’

1 _ -1
en=(az+ay b +aph)I,

1 _ 1 _ -1 A g1
cp=ay3, 1 =(agz+asl+anhy) ™, =0, c3=1".

159

To check the controllability conditions in Theorem 1, we calculate

the matrices:

by by by 0

G'=(0 1 0 0),B=
by by by 0

presence of the introduced parameter

b =b>b% +b2b2 —2b b b b

11722 11732 11712721 22_2bbbb +

11712731732

242 242 24,2 242
+b12b21 +b]2b3l +[)2]b32 _2b2Ib22b31b32 +b22b3l’

Corresponding elements can be expressed as
b1°+=b' 132 =byby by +by b3 —by by by,
1 0+ >
by :b21b122 —by1Bay by +by b3 —boyby by,
2 JXR >
b10+:b31b122 —by B3y biy +by1 53 —by byybyy
3 b0 )
b0+:b12b221 —by\bayby +b15b3 by byybsy
21 B0 >
PO+ :b22b121 —boby By +boyb5y —Ba byobyy
o)) TR >
b0+:b32b121 —byobs by +byyb3y —byyby by
23 b0+ ’
PO+ :b22b121 —boby By +boybiy —Ba byl
o)) TR >
bg;:bnbﬁ —byobs by +byyb3 —byyby by ]

b0+

Besides, the following equations Ttake place:

1T b0+
Hy={BiC3) =72
by

1
Gy=(BiCs | (Bi Gy =

blonr(alzbl()l++azzb1()2++a32b103+) bl();(a]zbg;r +022b32++a32bg3+)
0+)2 0+)2 0+)2 0+)2
(b12 +(b22 (b12 +(b22

bg; (alzbﬂ++a22b&++a32b1°3+) bg; (alzbgr +a22b32++a32b33+)
0+)2 0+)2 0+)2 0+)2
(bl 2 + (b22 (bl 2 + (b22
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Here we denote linear combinations:

0 I I N B |
b bl bt =by —h (e fiitea fia+efiz)s
CILT Oa BlJr ! : > 0 1 rl 1 rl 1 rl1
Bt bl biy=byy ) (ci fiiteanfiateifis)s
0+_ 1 gl _ 1 ¢l 1 g1
( . H)ﬂ . ( )+ bii=biy —a fii—cufia—Gifiss
H =(B'C -1, H =(H) =1, , (15)
1 L 2 1 2 Bi=—ci A= fia
LT\ Tt g LT\ 0+ Lrl o gl gl
Gl:(Bl G ) (Bl 4G ) =0, by=bt =l (e [ +afatai /),
Where, for brevity, the following notation is used: b =b% —L (e} fh+eh el ),
gl gl gl gl 0+_ 1 ¢l _ 1 ¢l 1 71
I =bi\by,—biyby > bi=bys —ci 1 fr1—Caifaa—631f235
Lpl 1 gl
bl =bs Ikt bis=—bly/ht, by =—b /h, b5 =b{|/hf. For the zero byy=—cirfo1=cn -

According to Theorem 1, we complete the system of the zero
decomposition level using (7). For this purpose we use equation (14)
block matrices (H | 1 G H 1) , (H, { GiH,) as a result we will obtain:  and, applying new notation, we obtain

and first decomposition levels, we calculate the ranks of the following

ay, af,
rank(H, | GiH,)=2, rank(H, | GH,)=2, this corresponds to G, = : 22 ,
the number of “independent” inputs r=2 . Therefore, each level of Where we denote~ \ 221 42
decomposition satisfies the controllability condition in Theorem
1. According to the form of controllers(9), (10) we define a matrix ah=bydi/d , af=byd,/d ,
\ghose Elge.n values will be aSS}gned to the first decomposﬁloq 1ev531. @ =b%d,/d | ab=b%d,/d
ince matrices (15) are invertible, we may choose any matrix O
that has the prescribed spectrum for the first decomposition level. For d=(b% )2 +(b% )2, dy=ay,bii +ayb+ay,bis,

simplicity, we set this matrix diagonal ©1=diag(/€1, /@) , and calculate

. . dy=a,b +a,,b}s +as,bY;.
the pseudo inverse matrix 2=a1200] T Ay TA3003

Now, we should determine O for the zero decomposition level.

1+ 1+ 1+ . .
Che ar a2 a3 For this purpose, we decomposeothe matrices H, G, of the zero
! At ot : level into two sublevels and calculate the corresponding matrices. We
21 € €3 .
obtain

Here, again for brevity, we introduce the notation |
(Ho)y=Ho- (Go),=Go. (Ho ) ={bi3/% 1),

" =(cf 165 )? =2¢l lachicha H(clhch) ) H(clach ) Hehdh ),
clf =ch (clichy—clachy) /e, 011; = _0112 (01116;2 _szcél)/cH’ n b33, /6™
+_
cli=cyi (chach+ehen)c™, i=(chehich—dehien+ehecy)/ e, (Hok™= (B3)*1b" ’
ey =(chdlicl —chhenich +che i) e,

(Ho);=(-bisbga o™ (b3)2/b")

I+ __ 1 o1 1 1 1 1+
a=—c3(aici—cp)/c

Based on equation(9), the first decomposition level yields the Here b"=(b{3)*+(b%), and, in addition,
following formula for the controller: (Go) =(H, ) G ( Ho) — 00 _
M fy A “
F B @ A C ’ m a a jm YUl m
Where the foll . - : 1)-1 {jm fhofs) :(b”)Q(a”M”hz/b”)/b "
t tat :
ere the fo owm% notation is use A +b12b22 (a21 4 a” "/ )/b
dy=abbit b3 A, dy=al\bi +aybi3 ~bii 4, (Ho),=(Ho)? GOHO:b{’{’ .
dy=aj,brf - /12 dy=aj by} +ayb, }—b}f/@, Besides,
and where the components are: O =gy —(b33 (s +aisf b3y B3 b3 /b3 (16)
fi=—aidi—clid,, fli=—cihd\~clid,, fis=—ciidi—ci3d,, Using the values of , ., (16), we then find the matrix (scalar, in this
case) (Hy)/=by1 » where bp“—l/blb

Let us now assign the Eigen value as a scalar matrix ( o), =, and
calculate the matrix of feedback coefficients for the first sublevel of
the zero decomposition level. We obtain & =— I,”(a{” —/13) . Next, we
BB BT calculate the matrix

To calculate matrix B, that is needed for determining the zero
level controller, we use the second formula in(10). As a result, we
obtain the expression

B_:B+_FCBL: . (= m aa_ 7 m mpm [ m
0 0 110 by by By, bl Iy =by11bi ((af = 4)/ by +b3b3, /6™,
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Where

iy =y ibf3((af ~) b3 +B3b3 16",
h,oz_sz”(al"“ 25 )+(b3)?/b™ , and specify again the matrix of Eigen

\ialue)s of the zero sublevel of the zero decomposition level by
D,) =4 .
0

4

Finally, we find matrix K, by the rule

K, =(®), (Hy)y —(Hy), G, = (Kii Ki),
Where in the case under examination

K, =al ((Bnbl /b" —b | bl(a =2/ b= as (b

12722 11712 pll

(@ =)

+ (B0 6" )= A, (b [ b" = b

12722

bl (a = 2)1b),

pl1 12 22

7 aa a m\2 m a aa a
Ky =2, (@ =2)+Gn) 16" =l (b, (@ = 2) +

pll
m\2 m a my m m m, aa 7 m
+(B3)" 10" ) +al, (B, /b —bp“blz(a1 -4,)1by).
As a result, we obtain using equation(11), the matrix O, , whose
eigen values 43 , A4 , are ensured by the output controller, namely,

m
LY SN
an— B dat iy
2

m
a bzz a
ap=" Ky, a5tk

2
Further calculations, which were described, for instance, 171
finally yield the following formula for the SH output controller vector:

F:[.ﬁl ﬁ2 le]<17>

D =

f21 f22 f23

Here elements of the following notation:

b . .
d21:a1‘12—7,[<12: dy=a5,+Ky,, dy=aj;- - Ky, dyp=a5+K,,
2 2

Can be expressed as

Ju=blidy —b5ay —bi3a3, bl +b5id, 5,
J2=b{3d\1—b{3a33 b3 +b33d,,

Ji3=biady —bi3az—b{1a;3—blyay, +b5d,
Ju=b{1dy =bYay —bYsaz —bjay +051dy,,
J22=bl3dy —bYsas3—b5,+b3d,
Jas=bl4dy 1 —b33az,—b3ay,—bi a3 +b54d ;.

The synthesized controller (the SH control system laws) ensures
exactly the specified spectrum (6) for controlled longitudinal motion
of the helicopter. This assertion can be directly checked with the help
of appropriate analytical calculations. For this purpose it is sufficient
to make use of the package Symbolic Toolbox Matlab; namely, one
can use the eig instruction to calculate the eigen values of the A+BFC
matrix, where matrices can be expressed as(4), and the F matrix is
determined by (17).

Numerical analysis

Suppose that we want the closed-loop system “SH + control
system” to have the following multiple real spectrum

Copyright:
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A={-15-15-15 -15} .(18)

Let use for the hypothetical SH the 4, B and C (4) matrices having
the following numerical values:

—0.0598 -0.0233 0.1095 -0.1703
m —0.0268 -0.8899 -1.2091 -0.0135
1.5158 -2.3207 -2.3464 0o
0 0 1 0
—0.3050 -0.0228
5 -1.2817 2.0890
28.178  22.7255
0 0

With use of equation (17) for the controller we obtain the numerical
value for the matrix F. As a result we have
_(3.6163 -1.8622 -3.4996
1-2.7936 22309 3.6237 )

The computation of Eigen values of the matrix A +BFC yields
the set

eig(4+BFC)={-1.5, -1.5151, -1.4924+0.0131i}, Which lies
quite close to the specified values (18). Note that to implement the
sets (18) using the method? is not possible.?*?!

Conclusion

The problem of a hypothetical single-airscrew helicopter’s
longitudinal motion stabilization for lack of information about
the vertical speed of its motion has been analytically solved. The
solution is based on the method of the output signal control synthesis
that provides a specified spectrum of the MIMO-system’s motion,
presented 31619,
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