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Introduction
Nowadays, walking robots is one of the main research priority 

areas. However mobile robots are not adapted to be used in domestic 
environments, due to their large volume and/or weight, and their 
lack of maneuverability in these complex scenarios. Currently, the 
interest in the development of robots is increasing and it is being 
investigated by a great number of research groups in the entire 
world.1,2 The development of robots that copy movements from 
animals, like bipedal walking or quadruped, is of major interest in 
robotics.3 As a result, a wide variety of refined designs have been 
proposed.4 Pfeifer R & Bongard J5–7 explains how the new robotics 
employs ideas and principles from biology (biomechanical studies). 
Normally, walking robots are designed by a high number of actuators, 
that are used for controlling the high degrees of freedom (DOF).8,9 
On the other hand, one of the major drawbacks in robots is the power 
consumption and the weight. In the majority of them, around 30% of 
the total weight is due to the actuators and wires, and more than 25% 
is due to the reduction systems coupled.1 For this reason, our work 
is focused on the design of new mechanisms and kinematic chains 
which, maintaining the robot capabilities, require smaller number 
of actuators. This would reduce the robot mass and hence, its power 
consumption and total cost. The introduction of new mechanisms and 
kinematic chains enables walking robot designs with fewer actuators 
and gearboxes, thereby reducing the weight, power consumption and 
cost of operation without compromising walking functionality.

Different research groups have developed robots based on passive 
walking techniques in the last years10: Robot Ranger of Cornell 
University,11 Robot Toddlers from MIT University,12 Robot Denise 
from Delft University,13 the quadruped Puppy developed by Iida F14 and 
the last robot of interest in the passive theory is the one developed in 
the Nagoya Institute of Technology.15,16 Most of the proposed solutions 
are based on human or animal legs, where the links are connected 
by joints (hip, knee and ankle), all or most of which are operated by 
actuators (such as motors, pneumatic devices and artificial muscles).17 
Alternatively, researchers aim to emulate the walking motion by 
combining various classical mechanisms. Ceccarelli and his team, 
working from the latter perspective, at the Laboratory of Robotics 
and Mechatronic (LARM) have presented the biped robot EP–WaR 
II.18 More recently, the group has developed low–cost humanoid legs 

Caluma19 and has begun working on other designs. The MAQLAB 
group of the Universidad Carlos III de Madrid, from the same 
perspective, has designed and manufactured one walking biped.20,21 
In this article, we present a walking robot, called PASIQUAD, with 
low DOF, which represents a qualitative improvement in the service 
robotic field service. The innovative design has been carried out with 
the combination of classical mechanisms.22 The proposed mechanism 
is an arrangement of links in planar movement that has only one DOF 
In this manuscript, the planar kinematics and dynamics analysis of 
PASIQUAD is presented. The study is performed from a theoretical 
point of view, and aims to obtain the linear and angular position 
coordinates, velocities and accelerations for all links, as well as all 
the forces and torques between links including motor torque, for any 
time in the course of one step. The biped PASIQUAD mechanism, 
defining its subassemblies and parts, as well as the nomenclature 
used is descript in the section “PASIQUAD”; next, how to deduce 
the expressions for the angular and linear position, velocities and 
accelerations for all the links of the walking robot is explained in the 
section “Kinematics of “PASIQUAD”; then, the method to obtain all 
the forces and torques on every link, at every time in the course of one 
step of PASIQUAD is exposed in the “Dynamics of PASIQUAD”; 
and at the last section, the conclusions of this work are presented.

PASIQUAD
In order to descript the quadruped presented in this article (Figures 

1–4), it be divided into two essential mechanisms:

a.	 The Chebyshov mechanism (Quasi–straight line generator)

b.	 The pantograph (Amplifier mechanism)

The coupling Chebyshov–pantograph mechanism and trajectories 
tracked are shown in Figure 1. The Chebyshov mechanism transfers 
the rotational movement of the motor into a continuous cyclical 
trajectory, which is formed by a quasi–straight section and a curved 
one, point C in Figure 1. As is show in Figure 1 this mechanism is 
then linked to a pantograph mechanism which moves and inverts 
the trajectory of the point C in the point E. Note than the point D 
is fixed. The ratio of magnification of the pantograph is one in the 
PASIQUAD, however, it could be modified to amplify or decrease. 
Thanks of this leg the movement are forced. The two front legs are 
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Abstract

The design of the four legged walking robot “PASIQUAD” is presented in this article. 
It was designed in the university Carlos III of Madrid. It is a quadruped quasi–passive 
robot (with only one motor/actuator). The manuscript is focused on how the PASIQUAD 
walks and the kinematics and dynamics of the movement. In the manuscript the position, 
velocity and acceleration of each of its parts, as well as all the forces and torques on each of 
them, motor torque included, will be explain. The PASIQUAD robot copy the movement of 
animals and it is almost passive. That is a big advantage in energy cost.
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phased out just the opposite of the back legs to obtain the stability in 
every moments of the step. While the right front leg and the left back 
leg are flying the left front leg and the right back leg are in the floor, 
and so on. The points A, B and D (Figure 1) are fixed at the link T 
called “hip”. The opposite leg is phased out π rad and connected to the 
same motor crack, link 1. In Figure 3 the supporting legs and flying 
legs are shown in green and blue and the link 1 in red (Figure 2). 
Angular positions for the links; nomenclature and numeration for the 
supporting leg, the members of the opposite leg will be named with 
primes. As can be seen in Figure 2, each link of the flying leg (green 
one) has been numerated and named, using prime (x’), to distinguish 
from those belonging to the supporting leg (blue one). Each leg has 
7 links, but since the motor crank (link number 1) is shared with 
both legs (hence, there is no link number 1’), the number of links 
for PASIQUAD, including the single hip (link T) is 14. The Figure 4 
shows a sequence for one step of PASIQUAD. It was simulated with a 
mechanical program (Working Model 2D). Note that the right and left 
legs are opposite in front and back.

Figure 1 Chebyshov-Pantograph mechanism and the trajectories of interest.

Figure 2 Angular positions for the links.

Figure 3 PASIQUAD while is walking.

Figure 4 A track for a PASIQUAD (from ϑ1= π/2 to 5π/2 rad).

Table 1 The nomenclature for a general i-link

li Length of the i-link [mm]

ϑι Angle between the ground and the i-link [rad]

ωi Rotational velocity of i-link [rad/s]

αi Rotational acceleration of i-link [rad/s2]

mi Mass of the i-link [Kg]

Ii Inertia Moment for the i-link [Kg mm2]

rij Position vector of the ij joint from the i-link center of mass 
[mm]

rij position vector [mm]

fij Force exerted by the link i on the link j [N]

Kinematics of PASIQUAD 
The kinematical study is focused only on the front (two front legs 

and front hip), the back is the same with the right and left switched 
values. The kinematical study presented here is related to one 
PASIQUAD’s step, having one of its feet (the supporting foot) always 
in contact with a horizontal surface (x axis). No relative motion 
between the supporting foot and the ground is considered, so this foot 
could be referred to as the ground element. Taking into account this, 
the PASIQUAD is a planar mechanism with one DOF, so the angular 
positions of any link can be obtains in function of the angular position 
of the motor crank (θ1):

		  ( )1 , 1, 2, , ...1 ', 2 ' ...i i iθ θ θ= =  	       (1)

Knowing the angular positions of any link in function of the 
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angular position of the motor crank (θ 1), the centers of mass of every 
links can be expressed in function of the angel of the motor crank (θ 
1). 

	     ( ) ( )1 ; 1 , 1, 2, , ...1 ', 2 ' ...xi xi yi yi iθ θ= = =  	       (2)

The angular position of the motor crank (θ1) is a time dependent 
function, then the positions of every link and their angels are also 
a knowing time dependent functions. The linear velocities and 
accelerations of the center of mass and the angular velocity and 
accelerations of every link are calculated by taking the first and 
second derivatives of the functions of the positions and the angles 
mentioned above. Actually, the robot kinematics is based on two close 
loop kinematic chains (one for each mechanism previously described) 
which lead to the following two equations systems (The dimensions 
of the links have been particularized for the designed PASIQUAD, so 
that l1=1):

The chain of chebyshov mechanism (links number 1, 
2, 3 and T)

In a Chebyshov mechanism, the distance between link 1, motor 
crank, and fixed crank, link 3, (a and b in Figure 1, respectively) is 
2l1, the length of the link 3 is 2.5l1, the length of link 2 is 5l1, and the 
link 3 and link 2 are joined at the middle point of the latter. The close 
loop of the kinematic chain of Chebyshov mechanism is (Figure 5): 

		  32 12.5 2.5 2 0
jj je e e
ϑϑ ϑ

− + + + =  	     (3)

The projection equations are written in a Euler’s formula. See Eqs. 
(3) to (5), where were j is the imaginary unit. 

Figure 5 The chain of Chebyshov mechanism.

The chain of pantograph mechanism (links number 2, 
3, 4, 6 and T)

In our model, the distance between fixed point B and D is 8l1, so 
the close loop of the kinematic chain of the pantograph is (Figure 6):

	 3 52 42.5 2.5 2.5 2.5  8 0
j jj je e e e j
ϑ ϑϑ ϑ

+ + + − =         (4)

The x–projection and y–projection of the two close loops are 
shown below: 

	  2 3 1

2 3 1

2 5 2 5 2 0
2 5 2 5 0
. cos( ) . cos( ) cos( )
. sin( ) . sin( ) sin( )

θ θ θ
θ θ θ

− ⋅ + ⋅ + + =
− ⋅ + ⋅ + =

	

4 5 2 3

4 5 2 3

0
3 2 0

cos( ) cos( ) cos( ) cos( )
sin( ) sin( ) . sin( ) sin( )

θ + θ + θ + θ =
 θ + θ − + θ + θ =

	    (5)

Solving the system of equations of the close loop of the Chevyshov:

 

						    
						      (6)

And, the solution of the close loop of the Pantograph: expression 
for the second system (in function of the first systems solutions) 

2 2 2 2 2 2 2
2 3 2 3

4 2 2

2 2 2 2 2 2 2
2 3 2 3

5 2 2

D C 3 2 4 D C D Ca
2 D C

D C 3 2 4 D C D Ca
2 D C

(cos( ) cos( )) ( ( )) ((sin( ) sin( ) . ) ( ( ) ( ( )) )cos( )
( )

(cos( ) cos( )) ( ( )) ((sin( ) sin( ) . ) ( ( ) ( ( )) )cos( )
( )

 θ + θ ⋅ − + + θ + θ − ⋅ ⋅ + − − +θ =
 ⋅ +

 θ + θ ⋅ − + − θ + θ − ⋅ ⋅ + − − +
θ =
 ⋅ +

 

						      (7)

Where 
2 2

2 3 2 3 2 3D +C =12.24-6.4 sin(q )-6.4 sin(q )+2 sin(q )sin(q )+2cos(q )cos(q )

Figure 6 Pantograph chain.

Note that the solution of the close loop of the Pantograph is 
in function of the Chebyshov system solutions. These equations 
determine the angles for all the links as functions of the angle of the 
motor crank, θ1, which is also a function of time. The others values of 
angles involved are the same to one of the given ones in the Eqs. (6) 
to (8), in particular (Figure 2):

			 
6 5

7 4

ϑ = ϑ

ϑ = ϑ
		

	 (8)

A phase out of π radians on ϑ1 is applied for the links belonging to 
the opposite leg:

			   ( ) ( )1i i iϑ ϑ ϑ ϑ π= +  		  (9)

The positions of the center of mass for all the links are easily 
obtained using trigonometric relations (for example, x5=L5cosϑ5/2, 
y5=L5sinϑ5/2; x4=L5cosϑ5+L4cosϑ4/2, y4=L5sinϑ5+L4sinϑ4/2; and 
so on). Then, the linear velocity and acceleration of its center of mass 
are calculated by time differentiating once and twice for every link. 
The angular velocity and acceleration for every link is founded also 
by time differentiating once and twice. Therefore, the kinematics of 
PASIQUAD for every link is solved during the whole step.

2 2
1 1 1 1 1

2
1

2 2
1 1 1 1 1

3
1

-4×cos(q ) -13×cos(q )-10+sin(q )× (-16×(cos(q )) +60×cos(q )+100)
q =acos( )

-25-20×cos(q )

-4×cos(q ) -13×cos(q )-10-sin(q )× -16×cos(q ) +60×cos(q )+100 )
q =acos( )

25+20×cos(q )








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Dynamics of PASIQUAD 

As the kinematics study, the dynamical study is focused only on the 
front (two front legs and front hip), the back is the same with the right 
and left switched values, and the overturned torque transmitted by the 
hip will be the opposite. The inverse dynamics, which calculates the 
forces and torques that produce kinematics (movement). Then inputs 
for the dynamical problem are the kinematic outputs. The dynamical 
unknowns involved are the motor torque, T, and all the forces between 
links, fji (exerted by link j on link i) and the torque to one hip to the 
other. Forces and torques acting on an i–link are shown in Figure 7.

The dynamics of i–link is described as follows where Newton’s 
third law has been used to reduce the number of unknown forces:

			 
  

i i i

ij ji

on i

F m a
i
f f
T Ii

i
α

=∑



=− ⇒
=∑ 






 

( ) ( )

ji ik i ix x x

ji ik i i iy y y

ij ji j ji ik ik ik ik i ix y y x x y y x

f f m a
j i k i

f f m g m a
j i k i

T r f r f r f r f Ii i
j i k i

α




− =∑ ∑
 < >


⇒ − = + ∑ ∑
 < >

 + − − − =∑ ∑
 < >

			   2, 3, , ...7, ,1 ', 2 'i T= 	     (13)

Because there are 3 equations for each link, and there are 14 
links, the dynamics system of the PASIQUAD consists of 42 linear 
equations. The linear equation system (Eq. 13) is expressed in a 
matrix form (Eq. 14) as follows:

 [A(42x42)]x[F(42x1)]=[I(42x1)] where

	

1,1 1,2 1,3 1,42

2,1 2,2 2,3

40,41 40,42

41,40 41,41 41,42

42,1 42,40 42,41 73,42

a a a . . . . . a
a a a . . . . . .

. . . . . . . . .

. . . . . . . . .

. . . . . . . . .[A]=

. . . . . . . . .

. . . . . . . a a

. . . . . . a a a
a . . . . . a a a

 
 
 
 
 
 
 
 
 
 
 
 
 
  

	    

1,1 1,2 1,3 1,73 2,1 73,73, , .... , ....a a a a a a  are the coefficients that multiply the 
forces. 

[F] Is the vector of forces and torques. The 42 unknowns. [I] is the 
vector of inertias.
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⇓

=







   







 			 
						            (14)

Then, this system of equation for every position is solved via 
matrix inversion.

Figure 7 Forces and torques acting on a i-link.

Figure 8 The PASIQUAD.

Conclusion
The design of a quadruped quasi–passive walking robot called 

PASIQUAD has been presented in this article. Also a methodology 
to obtain the dynamics has been presented. All the kinematics and 
dynamics have been solved for this robot during the walking. The 
main advantage is that the program is parametric, and we can modify 
all parameters to optimize or improve the design. In Figure 8 the 
complete design of PASIQUAD is shown.
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