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Introduction 
In the set of potential geophysical fields, applied for solving 

different environmental and geological-geophysical problems 
(including hydrogeology, searching economic deposits, various 
engineering tasks, etc.), thermal parameters analysis plays one of 
the most significant roles.1–9 Therefore, any precision growth of the 
thermal parameters estimation will allow to increase accuracy of 
physical-geological model construction and to optimize a strategy of 
further investigations.

Due to the similarity in Darcy’s and Fourier’s laws, the same 
differential diffusivity equation describes the transient flow of 
incompressible fluid in porous medium and heat conduction in 
solids.10 As a result, a correspondence exists between the following 
parameters: volumetric flow rate, pressure gradient, mobility, hydraulic 
diffusivity coefficient and heat flow rate, temperature gradient, 
thermal conductivity and thermal diffusivity. Thus, it is reasonable to 
assume that similar to the techniques and data processing procedures 
of pressure borehole tests, can be applied to the temperature well 
tests.11,12

This means that the same analytical solutions of the diffusivity 
equation (at corresponding initial and boundary conditions) can 
be utilized for determination of the above-mentioned parameters. 
Earlier was proposed a semi-theoretical equation to approximate the 
dimensionless heat flow rate from an infinite cylindrical source with 
a constant bore-face temperature. This equation was used to process 
data of pressure and flow well tests and to develop a technique for 
determining the formation permeability and skin factor.3,10,13 A 
utilization of step-pressure test for determination of the formation 
permeability and skin factor was suggested in.3 During a step-pressure, 
test fluid is produced at two successive constant pressure flow periods. 
Application of this methodology is possible in both decreasing and 
increasing pressure sequences.

The objective of this paper consists in suggesting a similar 
technique for in situ evaluation of the values of formation thermal 
conductivity and thermal resistance of the borehole (expressed through 
the skin factor). We will consider below a long cylindrical electrical 
heater (with a large length/diameter ratio). Calculations conducted 

by Mufti1 revealed that for the practical purposes a cylinder with a 
length of 5 times (or more) exceeding its diameter could be accepted 
as an infinite cylinder. In this case, the heater can be considered as an 
infinite cylindrical source of heat. For this case, the temperature field 
in the borehole and around it is a function of: 

1.	 Time

2.	 Radial distance

3.	 Thermal diffusivity of formations

4.	 Borehole thermal resistance. To evaluate the effect of the 
contact thermal resistance on the heat flow rate into formation, 
an effective radius concept is introduced.

An initial application of the basic idea was demonstrated in,13 
where the thermal permeability in boreholes was studied. This article 
demonstrates utilization of the same idea for the enhanced analysis of 
thermal conductivity.

Effective radius of the heater
To take into account the effect of probe’s casing and the contact 

thermal resistance on the heat flow rate we will use an effective 
radius concept. This approach is widely used in transient pressure 
and flow well testing2 to evaluate the effect of formation damage 
(improvement) around the borehole on the pressure at the borehole’s 
wall. Firstly, we introduce skin factor (s)-a parameter which allows to 
determine quantitatively the effect of the well’s thermal resistance on 
the heat flow rate. In our case 
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where rw is the well radius, rh is the radius of the heater, λ is the 
thermal conductivity of formations (around the borehole), λef is the 
effective thermal conductivity of the rw -rh annulus, and rha is the 
effective radius of the heater For an open (uncased) borehole the rw -rh 
annulus is filled with the drilling fluid (or air) and mud cake-a plastic 
like coating of the borehole resulting from the solids in the drilling 
fluid adhering and building up on the wall of the hole. The rw - rh ring 
in a cased borehole is composed of drilling fluid, steel, and cement.
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It is more convenient to express the skin factor through the 
apparent (effective) heater radius.2

( )exp
ha h

r r s= −
                                                  

………………… (2)

Where rha is the effective radius of the heater

Dimensionless heat flow rate 
Let us assume that the thermal probe (at r = rh) is maintained at a 

constant temperature of Th, and the initial (undisturbed) temperature 
of formations is Tf. In this case a relationship between the heat flow 
rate per unit of depth (q) and the time is:
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Where qD is the dimensionless heat flow rate, ρcp is the volumetric 
heat capacity of formations, and tD is the dimensionless time.

We will assume that the volumetric heat capacity of formations 
is known. The function qD is expressed by a complex integral. 
Analytic expressions for the function qD = f(tD) are available only for 
asymptotic cases or for the large values of tD. Sengul14 numerically 
computed values of qD for a wide range of tD. Below we will consider 
Sengul’s values of qD as an “exact” solution of the above-mentioned 
integral. Chiu and Thakur suggested an empirical equation (Eq. (5)) 
for the function qD = f(tD):

1 2
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The values of qD calculated after Eq. (5) and the results of a 
numerical solution, qD*,14 for various values of parameter tD are 
compared Table 1. The agreement between values of qD and qD

* 
calculated by these two methods shows a good correlation.

Table 1 Comparison of qD (Eq. (5)) and qD* [14] values for various tD

tD qD qD* tD qD qD*

2 0.80203 0.80058 50 0.388 0.38818

3 0.71739 0.7162 100 0.34523 0.34556

5 0.62905 0.62818 200 0.31039 0.3108

10 0.53438 0.53392 500 0.27337 0.27381

20 0.46127 0.46114 1000 0.25054 0.25096

During a step-temperature test, the probe is heated at two successive 
constant temperature periods. Figure 1 illustrates the temperature 
distribution of a step-temperature test. For this methodology practical 
employment, either a decreasing or increasing temperature sequence 
may be applied.

Figure 1 A step-temperature test: Schematic diagram.

Working equations
Application of the superposition principle to obtain the heat flow 

rate for the second heating period presented in Eq. (6):

( ) ( ) ( ) ( )
( ) ( )0 1

0
0

2 ,D D D D
f

T T
q t T T q t q tf T T

πλ
 − = − + ∆
 − 

 ................. (6)

1
1 1

, , .
D D D D

t t
t t t t t t t

t t
∆

= ∆ = ∆ = −

During the second flow period, it is assumed that two heat flow 
rates were obtained qa = q(t = ta) and qb = q(t = tb). Then
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Combining these two equations we can obtain an equation which 
can be used for estimating the dimensionless time tD1: 
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To use a computer program, the last equation should be rewritten 
as

( )
( )
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q t q t q tD Dy
q t q t q tD D
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γ
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= − =
+ ∆            

…………….. (10)

Where ε is a small value and depends on the accuracy of the y 
ratio. 

For solving Eq. (10) the Newton’s method was applied.15 In this 
method, a solution of an equation is sought by defining a sequence 
of numbers which become successively closer and closer to the 
solution. The conditions, which guarantee that the Newton’s method 
in our case will work and provide a unique solution, are satisfied.15 
In the Eq. (10) the empirical function qD (see Eq. (5)) was used. In 
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the subroutine utilizing the Newton method, the following parameters 
were employed: (a) the starting value of tD1 was 0.001, (b) the time 
increment was 2, (c) the absolute accuracy of the ratio y (see Eq. 
10) was e = 0.0001. When N records of q and ∆t are available, then 
N(N-1)/2 values of tD1 can be computed and its average value can be 
calculated.16

From the of tD1 we can determine the skin factor 

1
, ln .ha

ha c hD

rëtr s
rñ tp

= = −

            
…………………. (11)

The formation thermal conductivity is determined from Eq. (6). 
The thermal diffusivity of formations is estimated from the relationship

a
pcp
λ

=
                                                                       

………… (12)

where ρ is the formation’s density and cp is the specific heat. The 
apparent (effective) heater radius and skin factor are calculated from 
Eqs. (2) and (4).

And, finally, the values of λef and R are evaluated from Eq. (1)

ln
1

, , .
ln

w

h
ef w hw ef

h

r
r

R r rrs
r

λ

λ
λ

= = ≠
+

           

…………… (13)

Simulated example
A metallic electrical heater is placed into a vertical open (uncased) 

borehole. The heater operated for ten hours and the transient heat 
flow rate was recorded. During first three hours, the temperature 
of the heater was T0 = 50°C and during the following 7 hours the 
heater temperature was increased on 10°C (T1 = 60°C) (see schematic 
diagram in Figure 1). The borehole radius is rw = 0.10 m, the radius 
of the probe is rh = 0.08 m. The rw - rh annulus consists of mud cake 
and drilling fluid. We assumed that the effective thermal conductivity 
of the rw – rh annulus is λef = 0.9741 W/m°C and thermal contact 
resistance R =1/λef = 1.027 m°C/W. The initial formation temperature 
(Tf) is 40°C. The geological formation is sandstone with the density ρ 
= 2300 kg/m3, thermal conductivity λ = 2.0 W/m °C, and specific heat 
c = 783 J/kg °C. Using the table presented in (Sengul, 1983) of qD = 
f(tD) and Eqs. (7) and (8) we generated the data for the aforementioned 
simulated example (Table 2, columns 2 and 3). The input data were 
chosen to allow to avoid interpolation of qD values. Indeed

2 12 3600
0.0400 , 0.235,

783 2300
a m hr s

c
λ
ρ

−⋅
= = = =

⋅

2

0.04001
(1 ) 1.0.0.235(0.08 )D

t hr
e

⋅
= =−⋅

The results of calculations after Eqs. (1) - (13) are presented in 
Table 2.

This example shows that the basic Eq. (5) can be used to compute 
the thermal conductivity of geological formations and contact thermal 
resistance. Indeed, the assumed and calculated values of λ and R are 
in a very good agreement.

Table 2 Comparison of assumed and calculated value of formation thermal 
conductivity and thermal contact resistance. Assumed parameters: λ = 2.000 
W/m ̊C, R = 1.027 m ˚C / W

∆t1, hrs ∆t2, q1, q2, λ, R,

hrs W/m W/m W/(m·˚C) m·˚C /m

1 3 207.11 165.5 2 1.048

1 2 207.11 179.53 1.998 1.047

1 4 207.11 156.28 2.002 1.05

1 5 207.11 149.5 2.002 1.05

1 6 207.11 144.2 2.003 1.051

1 7 207.11 139.88 2.003 1.051

2 3 179.53 165.5 2.004 1.052

2 4 179.53 156.28 2.005 1.053

2 5 179.53 149.5 2.005 1.053

2 6 179.53 144.2 2.005 1.054

2 7 179.53 139.88 2.006 1.054

3 4 165.5 156.28 2.007 1.055

3 5 165.5 149.5 2.005 1.054

3 6 165.5 144.2 2.006 1.055

3 7 165.5 139.88 2.006 1.055

4 5 156.28 149.5 2.004 1.053

4 6 156.28 144.2 2.006 1.054

4 7 156.28 139.88 2.006 1.055

5 6 149.5 144.2 2.007 1.057

5 7 149.5 139.88 2.008 1.057

6 7 144.2 139.88 2.008 1.057

Conclusion
This article displays a new method for in situ determination 

of formation thermal conductivity and thermal resistance in the 
borehole. This method is based on a novel empirical equation based 
on utilization of the heat flow rate from an infinitely long cylindrical 
source with a constant bore-face temperature. Either decreasing or 
increasing temperature sequence may be used for this methodology 
application. It is important to note that this equation is valid for any 
(arbitarary) values of dimensionless time. This methodology needs 
in experimental application in boreholes drilled in different physical-
geological environments.
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