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Introduction
At present, the oil exploration and development in China faces 

two severe problems--high water cut and low permeability. Plenty of 
studies have been done on pressure propagation in low permeability 
reservoirs, leading to some significant progress. Pascal1 applied the 
numerical integration methods, which is a finite difference method, to 
solve the problem of consolidation of geotechnical engineering for the 
first time by considering the pressure gradient. Yan Qinglai2 summed up 
the laboratory experimental results of single phase flow characteristics 
in low permeability reservoirs and flow curves’ characteristics of 
distilled water, low saline water and simulated crude oil, which were 
made to flow through artificial and natural cores. Huang Yan zhang3 

derived mathematical equation of percolation for low permeability 
reservoir and studied the percolation feature and regularity of oil and 
water. Yao Yuedong4 analyzed the experimental data of fluid flow in 
porous core with low permeability and plotted typical logarithmic 
curves. At the same time, three typical transient flow models for low-
permeability reservoirs were built and the approximate analytical 
solutions in Laplace space were obtained. Zhu Shengju5 used the 
steady state replacement method to study the propagation of pressure 
wave of unsteady flow of elastic fluid in low permeability reservoirs. 
Based on the percolation features of low permeability reservoirs, Yang 
Qingli6 put forward the continuous model of nonlinear percolation and 
derived the equation of pressure distribution and moving boundary 
spreading for unsteady state flow. Based on the theory of pressure 
wave ellipse constant pressure surface spreading, Qiao Wei7 deduced 
the relationship between pressure wave propagation time and elliptic 
mobile boundary for plane ellipse radial flow and spheroid centripetal 
flow of fracturing well in low permeability reservoir, and compared 
it to the laws of pressure wave spreading of plane parallel flow, plane 
radial flow and spherical centripetal flow.

The Model of pressure propagation
a.	 Model description

Figure 1 shows the model of a finite large homogeneous 

low permeability reservoir, with the thickness of h. The average 
permeability is k under the reservoir pressure. Due to the presence of 
starting pressure gradient in low permeability reservoir, the pressure 
continues to spread deeply to the geological formations with time 
going on. According to the low permeability theory, the following 
assumptions were made for the fluid flow in the circumstances:

The formation of the reservoir is isopachous, bounded and hete-
rogeneous.

i.	 Before the production wells produce, the reservoir pressure is 
equal to the original formation pressure.

ii.	 The fluid of the reservoir is slightly compressible, and flows 
with unsteady single-phase flow instability.

iii.	 The effect of the permeability of the pressure-sensitive is not 
considered, and the fluid of porous media porosity and viscosi-
ty are regarded as constant.

iv.	 The reservoir fluid flow within a limited range to the wellbore. 
Radial flow of fluid occurs

Figure 1 A physical model of the plane radial diagram.

b.	 Non-fracture model derivation

Being different from high permeability reservoirs, low 
permeability reservoir is not in line with the classical Darcy’s law, and 
the most obvious feature of low permeability reservoir is the presence 
of starting pressure gradient, and the seepage law can be written and 
the following equation.8
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Abstract

Fluid flow in low permeability porous media does not obey Darcy’s law anymore, so 
traditional well testing interpretation methods may cause the error in estimation of low 
permeability oil reservoir parameters. This paper describes problems encountered when 
analyzing transient pressure tests in ultra-low permeability oil reservoir. Based on the 
new model, the theoretical well test model for dual-porosity media in low permeability 
oil reservoirs with complex fractures was derived, allowing the influencial analysis 
of non-Darcy’s effect. The model was created by analytical solution and numerical 
approach. Besides, the curves for the pressure responses were plotted. The effects of 
parameters including fracture width, fracture length and the position of the fracture 
were fully investigated. The advantage of the solution is that it is easy to incorporate 
storability ratio and skin factor. Also, it can simplify the computation process and 
make enhance the efficiency. Sensitivity analysis shows that non-Darcy flow mainly 
affects the transition section between the pure wellbore storage and radial flow region, 
and the pressure derivative curves exhibit a gentle transition region compared with 
the Darcy’s flow. These curves provide a better way to characterize the well testing 
pressure response for ultra-low permeability oil reservoir.
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Where k is the reservoir effective permeability and µ is the oil 
viscosity at reservoir conditions.

If 1 2
0c c= = , the equation (1) will be Darcy’s model, if 

1 2
0, 0c c≠ = , the equation (1) will be quasi start-up pressure 

gradient model (quasi-linear flow), if 1 2
0, 0c c≠ ≠ , the equation (1) 

will be three-parameter continuous model, and if 1 32
0, 0, 0c c c≠ ≠ ≠

, different curves can be achieved.8

Flow velocity at any position can be written as:

qB
v

A
=                                                                                                 (2)

A wh=                                                                                              (3)

Where r is the drainage radius and h is the reservoir effective 
thickness. B is the formation volume factor of crude oil under original 
pressure. Q is the ground crude oil production, and A is the seepage 
area.

Substitute equation (2) and (3) into equation (1), by ignoring high 
order infinitely small quantity, (1) can be rewritten as
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By solving equation (4), we have
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Steady successive substitution method noted that in unsteady flow, 
pressure distribution can be approximated as a steady flow process at 
a certain time, and the pressure spread boundary radius is the function 
of time t, which is represented by r(t). By integrating equation (5), 
bottom whole pressure and pressure distribution at any time can be 
obtained. 
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The situation of p(r) is complicated and it is difficult for the follow-
up studies on pressure propagation, therefore, by using the method of 
curve fitting and approximation, the equation (5) is rewritten as the 
following.

ε
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By integrating equation (10), we have
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When the well producing oil ata steady yield of q, after producing 
a given time t, the total crude oil production can be obtained.

0p
N B qtρ=                                                                                  (13)

Where
0

ρ is the average oil density under the formation pressure, 
and 

p
N  is the total crude oil production.

According to the principle of conservation of mass, after producing 
a given time t, the output of crude oil without considering wellbore 
storage efficiency can be written as the following.

r( ) 2 [( ) ( ) ]t
dre rrp w

N rhπ ρφ ρφ= −∫                                                     (14)

Where ( )
r

ρφ  is the mass of oil in the unit volume of rock, which is 
away from the well center r under the conditions of original formation 
pressure. ( )epφ is the mass of oil in the unit volume of rock, which 
locates re away from the well center as well as under the condition of 
boundary pressure.

From the seepage mechanics, the state equation of rock9 can be 
approximated as the following.

0 0
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f
c p pφ φ= + −

                                                            
 (15)

0 1 0
[ c (p p )]ρ ρ= + −                                                                    (16)

Multiply equation (13) and (14) multiplying and ignore high order 
infinitely small quantity, we have

00 0
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t
c p pρφ ρ φ= + −                                                          (17)

The mass of oil in the unit volume of rock can be obtained from 
the equation (17).

e 0 0 0
( ) [1 ( )]

et
c p pρφ ρ φ= + −                                                (18)

0 0 0
( ) [1 ( )]

tr
c p pρφ ρ φ= + −                                                      (19)

By combining equations (12)-(14) and (18)-(19), we have
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By integrating equation (20), we have
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The relationship between the pressure propagation and production 
time is exponential for low permeability reservoirs, which is different 
from high permeability reservoirs. Because in high permeability 
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reservoir, the relationship between the pressure propagation and 
production time is linear. In the low permeability reservoir, the pore 
throat is small, and under the condition of the pressure-sensitive 
effects, the pore-throat diameter is reduced to 70%of the original 
value.10 Starting pressure gradient exists in reservoirs with low 
permeability, especially when the reservoir capacity is insufficient 
(Pressure coefficient is too small, which is less than 1). The pressure of 
the pore fluid is unable to spread to the wellbore, and at this moment, 
the effect of starting pressure gradient becomes more apparent. 
The slowing down of the pressure propagation in low permeability 
reservoir is the principle change under the effect of starting pressure 
gradient and pressure sensitivity.11

For the actual development of oil fields, in order to increase the 
pressure propagation velocity, we have to rely on foreign energy to 
supply the formation energy, such as water or gas injection. These 
foreign energies can help the reservoir to improve pore fluid pressure 
in porous media, and reduce or eliminate the effect of starting pressure 
gradient. In a word, all these methods are used to make the low 
permeability reservoir development like high permeability reservoir. 
Fracturing is often used to modify the low permeability reservoir 
formation and establish a “mobile network” in the reservoir, which 
can link more seepage routes in the reservoir and increase the flow 
area. What’s more, by coupling with external water or gas injection, 
the formation energy has been supplied in advance.12 All in all, via 
increasing the reservoir pressure and reducing the reservoir fluid flow 
resistance, the low permeability reservoir pressure gradient is reduced 
or “disappeared.”

c.	 Model validation

i.	 Nonlinear parameters measurement: In order to measure the 
nonlinear parameters in equation (21), laboratory experiments 
need to be carried out to obtain the values of the nonlinear pa-
rameters, which are c1, c2 and c3. The experimental apparatus is 

showed in Figure 2. In compliance with the safe operation of 
the laboratory rules, the following steps were used to measure 
the nonlinear parameters.

Figure 2 Schematic diagram of the experimental apparatus.

Step1. Take 4 representative core samples from the actual low-
permeability rectangle reservoirs, and their basic parameters are 
shown in Table 1.

Step2. Get the oil mixture by mixing the kerosene and crude oil in 
different mass ratio, and the viscosity of the oil mixture is measured 
at 158˚F. Adjust the mass ratio of the kerosene and crude oil until the 
viscosity of the oil mixture measured at 158 ̊F is 1.4mPa.s

Step3. Adjust the compound ratio of NaCl, CaCl2 and MaCl2 
until the viscosity of the salt water measured at 158°F is 1.21mPa.s. 
By changing the displacement pressure gradient of oil flow to drive 
the core sample, the quantity of the oil flow is measured at 158°F. 
The relationships of pressure gradient and flow were drawn, as 
shown in Figure 3. The displacement pressure gradient data and the 
corresponding quantity of the oil flow data are put into the equation 
(1), and the c1, c2 and c3 can be obtained, which is showed in Table 2.

Table 1 The basic parameters of the 4 cores samples

Core number Length(cm) Diameter(cm) Porosity (%) Permeability(mD)

a 3.724 2.5 8.01 1.789

b 3.649 2.5 7.89 2.853

c 3.801 2.5 8.11 6.127

d 3.597 2.5 7.91 7.751

Figure 3 Non-Darcy flow curves of core simples for obtaining parameters.

Table 2 The results of the nonlinear parameters

Core number C1(MPa. m-1) C2(MPa. m-1) C3(MPa.m-1)

a 1.201 -1.103 -1.409

b 1.032 -0.901 -0.911

c 0.533 -0.403 -0.201

d 0.314 -0.311 -0.089

ii.	 E300simulation: The reservoir E300 module in Eclipse 2011 
is developed for fractured heterogeneous reservoirs. E300 is 
used to simulate the pressure variation around a fractured ver-
tical well in a rectangular heterogeneous reservoir. In order to 
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meet the assumptions of equation (1), the numerical model is 
set as the following:

The width and the length of the rectangular heterogeneous 
reservoir are 1km, and there is an oil production well in the center 
of the reservoir, which is showed as in Figure 4a. A five-point well 
pattern is used to simulate the production, that is, one production well 
in the reservoir center and four injectors in the four corners to ensure 
the production of the production well. By adjusting injection volume, 
the oil well production under different displacement pressure can be 
obtained.13

In order to describe the formation fluid heterogeneity, the 
triangular network of grid system is used to ensure that each crack at 
least has 3 grids, which is showed in Figure 4b. Therefore, the plane 
is divided into 20*20 meshes, and the average grid step is 50 meters. 
As the equation (1) describing a single-phase fluid seepage, only 1 
simulation layer is divided in the vertical direction of the reservoir 
according to the seepage characteristics of single-phase fluid seepage. 
The simulation of the total number of grid 20*20*1=4000.The 

required parameters for the numerical simulation are shown in Table 
3, and the results of two methods are shown in Table 4. From Table 5, 
it can be seen that the relative error is under the basic control of 5%, 
which is in consistent with the allowable error range, suggesting that 
this method we offered is reliable.

               a) Reservoir well pattern                   b) Meshing Schematic

Figure 4 The geometry information representation of the reservoir.

Table 3 The main parameters for the numerical simulation

Parameters Value Parameters Value

Saturation pressure 25MPa Formation temperature 158˚F

Oil viscosity 1.21mPa.s Water viscosity 1.6mPa.s

Oil density 0.79g/cm3 Dissolved gas and oil ratio 22.31m3/m3

Water compressibility 4.9×10-4MPa-1 Oil compressibility 8.1×10-4MPa-1

Oil volume coefficient 1.21m3/m3 Rock Compressibility 4.5×10-4MPa-1

Porosity 0.12 Permeability 1.2mD

Injection pressure 46MPa Original formation pressure 27MPa

Effective thickness 5m Injecting water intensity 0.044 m3/(d.MPa.m)

Table 4 The results table of model validation.

Production time (t,d) Oil production (q,m3/d) Pressure of this work (p,MPa) Pressure of E300 (p,MPa) Relative error (%)

30 17.492 22.984 22.249 3.201

60 17.202 22.603 21.87 3.244

90 16.951 22.274 21.539 3.298

120 16.729 21.982 21.251 3.323

150 16.532 21.723 20.993 3.363

180 16.355 21.49 20.767 3.369

210 16.194 21.279 20.558 3.39

240 16.048 21.087 20.366 3.421

270 15.913 20.91 20.196 3.412

300 15.77 20.723 19.912 3.913

330 15.627 20.538 19.731 3.929

360 15.486 20.353 19.45 4.436
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Table 5 Calculation parameters table of injection effective time 

Parameter Value Parameter Value

Porosity 0.12 permeability 1.2mD

Oil viscosity 0.256mPa.s injecting water viscosity 0.38mPa.s

Injection pressure 46MPa original formation pressure 27MPa

Comprehensive rock coefficient 0.0034/MPa effective thickness 5m

Pressure gradient 0.02MPa/m injecting water intensity 0.044 m3/(d.MPa.m)

Model application
Predicting water effective time

Water flooding manner are often used in China in the progress of 
oilfield development. After water injection, the pressure waves in the 
formation continue to spread from the water wells to the oil wells. 
When the pressure wave spread to the oil well, the oil well begins to 
be under the effect, and this reaching time is called Water flooding 
effective time.14,15

In the secondary development of oil field in China mainland, the 
majority of oil fields use water flooding to improve productivity. 
Therefore, how to predict the water flooding response time plays an 
important role in adjusting the water injection pressure differential 
and improving efficiency of water flooding. By replacing r(t) in the 
equation (21) with well spacing d, and oil production q with intensity 
of water injection, the model can be used to predict the water flooding 
response time, expressed as follows.

2123 2 21 1 1 12
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Much of research had been done about the water flooding effective 
time, and some of the specific models are as follows. Ge’s model 16
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Bao Block of Bao Lang Oilfield is a low permeability reservoir,15 
and the basic parameter is shown in Table 6. By using the equation 
(48)-(51), the effective time can be calculated. Figure 5 shows that 
this work has a very good match with field data, indicating that this 
model is effective.19

From the perspective of oil field development and production 
experience of China, in the process of actual oil production, the 
well spacing of Bao blocks is about 250meters. It is well known that 
from the oil practical field experience, the generally water flooding 
effective time is about 5 months to 9 months, and the results of the 
formula (48), (50) and (51) were 212.7 days, 155.2days and 173.6 
days, which are consistent with the actual water flooding effective 
time. The calculation results of the water flooding effective time also 
demonstrates that the model we offered here is feasible.

Figure 6 shows that, under the condition of pressure wave spreading 
the same distance, the time used in the model of this paper (this 
work) is much smaller than Ge’s model. Because in low permeability 

reservoirs, our model considers the effect of starting pressure gradient 
and other non-linear flow factors, however, Ge’s model ignores the 
effect of the starting pressure gradient and reduces the flow resistance 
of fluid flow in the low permeability reservoir formation. So Ge’s 
model overestimates the flow capability of fluid in porous media. The 
time used in this work is a litter bigger than Li’s model and Xiu’s 
model. Because although the Li’s model and Xiu’s model considered 
the starting pressure gradient, but they mistakenly regarded the starting 
pressure gradient as a constant and exaggerates the flow resistance of 
fluid flow in the reservoir. Whenever the pressure reaches a minimum 
starting pressure gradient, the fluid of the formation begins to flow 
in the Li’s model and Xiu’s model, however, in real situations, the 
fluid flow in the pressure of the formation must overcome the starting 
pressure. So in order to reach a certain distance, it costs more time.

Figure 5 Effective time graph of the injection wells with different models.
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Figure 6 The map of pressure variation versus time in different locations.

Meanwhile, in the process of calculation, we found that in the 
model of predicting water flooding response time, the coefficient of the 
well spacing (That is the coefficient associated with the pilot pressure 
coefficient.) is much smaller than the coefficient of boundary radius 
(That is the coefficient associated with the starting pressure gradient.). 
If the water flooding response time is composed of two parts, namely, 
the time of associating with the pilot pressure and starting pressure 
gradient, the latter is much larger than the former, which indicates that 
in low permeability reservoirs, the effective water flooding response 
time is mainly associated with the starting pressure gradient. That is 
the reason why reducing the well spacing can effectively shorten the 
water flooding response time.

Sensitivity analysis

By setting the distance to the well shaft centerline, that is 0 meter, 
50 meters, 100 meters, 150 meters and 200 meters, the pressure 
variations were observed with the time interval of 10 days. Taking 
different production time, which is 30 days, 60 days, 90 days, 120 
days and 150 days, the distributions of pressure in the formation were 
observed, as shown in Figure 7.

Figure 7 The formation pressure distribution at different time points.

Figure 8 shows that in the production process of the oil wells, 
before the pressure wave spreading to a certain location of the 
formation, the pressure remains at the value of the original reservoir 
pressure. After the pressure wave reaching the location, the pressure 
begins to decrease with time goes by when spreading time is the same, 
in the pressure spreading range, the farther from the bottom, and the 
higher the pressure is.

Figure 8 The influence of permeability on the spread of pressure.

In the process of actual oil development, many factors affect 
the pressure propagation speed in low permeability reservoir, 
such as formation properties, temperature and pressure systems. 
However, the model built in this paper shows that the productivity 
and lead pressure coefficient are the dominate factors affecting 
the pressure propagation speed. As the lead pressure coefficient is 
largely controlled by the properties of low permeability reservoirs 
considering actual production needs, production, permeability and 
viscosity are investigated in detail. By setting different oil production 
(that is Q=0.5m3/d, 1.0 m3/d, 1.5m3/d, 2.0m3/d), permeability (that is 
k=0.1mD, 0.5mD, 5.0mD, 10mD) and viscosity (that is µ=0.5mPa.s,  
3.0mPa.s, 10mPa.s, 30mPa.s), the relationships between the pressure 
and time are shown in Figure 7-9. Figure 10 shows that: As the 
permeability of the reservoir increasing, the speed of the pressure 
propagation grows faster (the rate of the moving boundary increases 
quickly). Because with the increasing permeability, the capacity of 
the formation fluid flow enhances, and the corresponding reservoir 
resistance decreases, making the pressure wave spread easier and the 
moving boundary move faster.

Figure 9 shows that as the viscosity increases, the spread of the 
pressure wave become slowly (the rate of the moving boundary 
reduces). This is because that the larger the viscosity of the formation 
fluid is, the greater the fluid flow resistance is, and more time is needed 
to overcome fluid flow resistance. All of these factors make the rate of 
the pressure propagation becomes lower and moving boundary move 
slowly to the reservoir boundary.

Figure 10 shows that, under the condition of the same production 
time, with the oil production increasing, the faster the pressure wave 
propagates, and the larger the rate of the pressure wave is. Thus, for the 
same production time, we have to increase the rate of formation fluid 
flow to increase the oil productivity. Enlarging production pressure, 
increasing the pressure gradient as well as the rate of the pressure wave 
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are the ways to increase the rate of formation fluid flow.20 However, 
for the constant pressure boundary of the low permeability reservoir, 
there is no difference of pressure gradient in every certain location, 
so increasing the rate of pressure wave becomes the only way to 
increase oil production. On the other hand, increasing oil productivity 
means enlarging production differential pressure (producing pressure 
differential is positive with the oil production). It is necessary for the 
pressure wave to spread to a larger range and increase the area of 
pressure agitated region. All of these leads to the phenomena that with 
the improvement of oil well production, the pressure wave spreads 
faster and farther.

Figure 9 The influence of viscosity on the spread of pressure.

Figure 10 The influence of daily oil production on the spread of pressure.

Conclusion
In order to solve the defects of characterization the pressure 

propagation in low permeability reservoir, this paper develops 
mathematical models by using steady state replacement method and 
material balance law based on a new seepage model to study the 
pressure propagation phenomena in low permeability reservoirs under 
constant rate conditions.

For non-fracture model, in the area of pressure surge, pressure 
decreases with the increase of time. At the same time, within the 

scope of the pressure ripple, the distance from the bottom becomes 
farther, and the pressure becomes higher. The model of the flood-
response time in the low permeability reservoir was deduced, and 
the relationship between the flood-response time and the injection-
production well spacing is polynomial. Thus, reducing well spacing 
can effectively shorten the flood-response time. This model provides 
a theoretical basis for the water injection development and the 
estimation of reasonable well spacing in low permeable oil fields.

For the fracture model, a great agreement between this work 
and the numerical simulation results was showed in this paper, 
illustrating that the method in this study produces reliable transient 
pressure. Also, it can be seen from the sensitivity analysis that the 
pressure curve can be divided into four flow stream of early linear 
flow, mid-radial flow, late spherical flow and border control flow. The 
fracture scale mainly affects the early linear flow, and the fracture 
orientation mainly affects the late spherical flow. The method can be 
used to determine the optimal fracture length, fracture width and other 
parameters, providing theoretical guidance for reservoir engineering 
analysis and fracturing process design.

Nomenclature

e
p  Boundary pressure, psia

wfp  Bottle whole pressure, psia

inj
p  Injection well pressure, psia

(r)p  Pressure, psia

q  Oil production, MSCF/D

(t)r  Pressure propagation radius, feet

r  Radius to the center of the well axis, feet

er  Reservoir boundary radius, feet

w
r  Wellbore radius, feet

d  Well spacing, feet

φ  The effective thickness of the reservoir, feet

φ  Porosity, fraction

K  Effective permeability, mD

µ  Oil viscosity, cp

w
µ  Water viscosity, cp

t  Production time, h

o
ρ  Oil density, lbm/scf

f
c  Liquid compressibility, psia-1

l
c  Fluid compressibility, psia-1

t
c  Total compressibility, psia-1

ws
J  Solution gas-oil ratio
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