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Abstract

One of the main challenges of watershed hydrology is the calculation of the variation of
the depth of water storage in a watershed. To address this question this paper presents
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Introduction

The estimate of the watershed water storage is perhaps one of the
most important problems in hydrology and has an added difficulty due
to the inability to measure the flow of water storage into the watershed
soil, besides that the variation of water stored in a watershed can have
a direct impact on the flow of the river, important enough to diminish
or exacerbate the consequences of a storm' furthermore, Coutagne®
considered that the recession and the streamflow are conditioned by
the water storage in the watershed and the meteorological factors.
Jakeman & Hornberger® assume that it is possible to classify water
storage models in two ways: using empirical relationships taking
observations of the stream characteristics like discharge, channel
geometry, and vegetative cover along the stream; or using the energy
and water balance in the stream. However there are other physically
based models to estimate the parameters related with the storage of
water.> For example, the groundwater module of the ARNO model
represents the overall response of storage through a cascade of linear
reservoirs, the storage of soil moisture and other components which
control the hydrograph recession.* Several watershed functions
response has been developed to predict the rate of water storage in a
watershed, for example, Chapman® was testing recession functions in
11 different streams, during periods of no recharge and he found that
for most of the catchments, the storage-discharge relationship is more
strongly non-linear than the quadratic form.’

For example the NERC® model uses the Equations 1 originally
deduced from Hughes & Murrel’ for the calculation of the discharge as
part of the model structure. Equation (1) calculates the water storage
in the watershed in function of the discharge and use two parameters
storage constant (AC) and n, but the traditional analytical solution of
Equation 1 isn=0.5.

Where:
S =AC*Q" [1]

S, Depth of water storage [m/day];
AC, Storage constant [(mm.h)**];
Q, Discharge [m*/day];

N, Parameter, 0<n<1 [-]

Castro & Hornberger® created a physically-based model using
time series analysis to predict transport and storage in alluviated
mountain catchments, their model consist of three major zones that
affect storage and transport properties (1) the stream; (2) the coarse
gravel bed associated with the active stream and (3) the less coarse
alluvial material adjacent to and underlying the stream. They found
that water storage models in a watershed may have to account for
interactions between the stream and large portions of its floodplain
and that the short term storage may result from small mixing of water
with stagnant surface pools and movement of water into and out of the
gravels and cobbles in the streambed.®

Also for Castro & Hornberger® long term storage may occur as
result of mixing of water into the reservoir of water in the extensive
alluvium surrounding the active stream channel and during times of
low streamflow, all of these mechanism may be important. After the
research conducted by Klaassen et al.’ In the area of Speulderbos
(Netherlands), he arrived to the conclusion that the common methods
for water storage calculation have systematic errors that neglect the
drainage before saturation and systematically underestimate water
storage and overestimate evaporation during rain. Klaassen et al.’
considered that the water storage is better simulated assuming an
exponential saturation of a larger storage capacity, and that a small
evaporation can be simulated using an appropriate resistance to vapor
transport. The observations in dense coniferous forest showed that
water storage is the dominant process in rainfall interception, but this
conclusion should not be generalized to other forests and climates.’

Hodnett et al.'”” conducted research in the Amazonia (Brazil)
to compare changes in seasonal soil water storage with a depth of
2 meters in pasture and rainforest vegetative cover, they arrived at
the conclusion that the spatial variability of soil water storage was
significantly greater under the pasture than under the forest, especially
after rainfall events in the dry season. The conclusion was that the
forest has more capacity than the pasture to utilize all of the available
water at the depth studied, and this was largely due the result of
redistribution of rainfall as local surface runoff.! Harvey & Bencala!!
applied a hydrologic simulation model at St. Kevin Gulch (USA) west
of the Rocky Mountains to test the water exchange between stream
channels and adjacent aquifers by streambed topography. They arrived
to the conclusion that the subsurface hydraulic gradients indicated
that stream water was locally recharged into well-defined flow paths
through the alluvium and return of substream flow paths to the stream
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occurred where stream water slope decreased during the transition
from steeper channel units to pools' and a sequential increase and
decrease in stream stage is required to reverse the direction of water
exchange from stream to subsurface'? and."

Beside rural areas the water storage in an urban environment
remains a little researched topic, with a few studies such as Grimmond
& Oke,"* Lerner,”” Cawley & Cunnane,'® Mitchel et al.,'” Van
Rooijen et al."® and Mitchel et al.'” Urban water storage calculation
has the complexities of the city and the lack of data can lead to
high uncertainties. Lerner's recommend holistic approaches in for
the calculation of water storage in an urban environment whenever
possible, for example by investigating the overall water balance or
calibrating a groundwater flow model. Also Lerner" arrived to the
conclusion that recharge in urban areas is now widely recognized to be
usually as high or higher than in equivalent rural areas. Other estimates
of water storage in a watershed have a simplistic approach that divides
the impermeable and permeable soil, but with urbanization the grassed
areas probably will not have the same pre-urban development runoff
characteristics altered by landscaping, changes in soil drainage and
the topography flattened.'

The satellite Gravity Recovery and Climate Experiment (GRACE)
provides data describing monthly changes in the geoid, which are
closely related to changes in vertically integrated terrestrial water
storage.?’ Swenson et al.” In their research described techniques for
constructing spatial averaging kernels, with which the average change
in vertically integrated water storage within a given region can be
extracted from a set of Stokes coefficients. Swenson et al.?* research
focused in North America river basins to find monthly water storage
variations. Swenson et al.?* arrived to the conclusion that GRACE
is capable of estimating monthly changes in water storage with an
accuracy better than 1 cm of water thickness for regions with areas
smaller than 100 square kilometers, with better accuracies for larger
regions. GRACE can be applied in regional or global scale for water
balance analysis and direct measure of seasonal water storage for
river-basin water balance analyses.”’ Lettenmaier & Famiglietti*!
also applied GRACE in the Congo basin to measure precisely where
and in what quantities the watershed stores water and how the water
moves between those stores.?! Other way to know the water storage is
to make a water balance in the watershed. Water balance techniques
were initially developed in the 1940s and 1950s* to evaluate the
importance of different hydrological parameters under a variety of
hydrological conditions.?® Thornthwaite & Mather® applied the water
balance to gain information in periods of moisture surplus or deficit.
Milly* found out that the long-term water balance is determined only
by precipitation and potential evapotranspiration, mediated by water
storage in the soil. Assuming the hypothesis of a finite land area having
and under stationary climate Milly** developed and tested without
calibration a simple model of the water balance east of the Rocky
Mountains (USA). Milly* worked with a storage model of local water
balance of the plant root zone of the soil, the average water storage
(which includes storage on the soil profile, groundwater aquifers and
above surface storages of local scale) is obtained by integration of a
continuous water balance equation with respect to time (Equation 2).

Where:

ds

—~ =P-ET-Q (2]
dt

S, Depth of water storage [mm]

t, Time [day]
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P, Precipitation [mm]
ET, Evapotranspiration [mm]
Q, Discharge [mm]

Grimmond & Oke'* applied a model to calculate the daily, monthly,
and annual water balance components for a suburban catchment in
Vancouver (Canada), the water balance was compared with that for
a rural area in the region. The results shows that the temporal pattern
of external water use is related to prevailing weather conditions, in
particular, closely related to evapotranspiration. The model was
run with, and without, an irrigation input to gauge its impact on the
water budget. The results provide both quantitative and qualitative
support for the idea that irrigation is the source of water supporting
the relatively large rates of suburban evapotranspiration reported in
energy balance studies.'* Mitchel et al.!” applied a daily model to
quantify the components of the total urban water balance of the Curtin
catchment, Canberra (Australia). Seasonal and annual variations in
climate exert a very strong influence over the relative magnitude of
the water balance components; this needs to be accounted for when
assessing the potential for utilizing stormwater and wastewater within
an urban catchment."”

Cawley & Cunnane'® considered that depending upon the focus
of the analysis in the water balance, each sub-system can be modeled
separately, details of the atmospheric water balances component are
normally excluded from watershed based hydrologic models, and
the atmospheric variables are measured and often treated as input
parameters. Surface water, soil water and groundwater water systems
are closely linked, and are often treated together in water budget
modeling.'® The most simple version of water balance (Equation 3)
can be viewed as the simple frameworks of water inputs and outputs.”

Where:

AS =P+1-Q—-ET [3]
AS, Relative water storage [mm];

1, Water supply [mm]

Another possible way to obtain a water storage over time of one
watershed is searching for water balance over a long time. The Fenton
River study* was conducted to determine streamflow variations in
the Fenton River watershed. Peak flow and recessions studies were
conducted especially during the low-flow period of the summer, and
the amount of induced infiltration caused by the wells.?® As part of
this study, research in the neighbor watershed, the Mount Hope River
watershed was conducted to predict the future water storage level in the
Fenton River based on Mount Hope River flows, evapotranspiration
and precipitation in order to manage the well field and minimize the
potential impacts in the Fenton river pump area.

The specific objectives of the study reported here were: Find a
mathematical methodology to calculate the water storage in the
Mount Hope River watershed using Oke? water balance equation
(Equation 3) as initial approach and test the results with the discharge
and storage equation of Hughes & Murrel,” Equation 1, in the Mount
Hope River watershed.

Methods

Study site and data used

The Mount Hope River, Figure 1, has a total length of 23 km,
and the drainage area at the USGS gage # 01121000 is 74.0 km?
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and is located at Latitude 41°50°37” and Longitude 72°10°10”
North American Datum 1927 (NAD27).>” The Gage datum is 102.3
meters above sea level National Geodetic Vertical Datum of 1929
(NG5D29).” The Table 1 shows the hydrologic and vegetative
cover of the Mount Hope river watershed, discharge attributes (1),
percentages of land use in the watershed (2) and the stratified drift
(3), calculated by Bighinatti.”® Data for the calculation and testing
of the water storage methodology were obtained from 1997 to 2006.
Flow data were obtained from USGS gage # 01121000 for the Mount
Hope River and precipitation data were obtained from the University
of Connecticut, Agronomy Farm Latitude 41°47°42” N and Longitude
72°13°42” W approximately 11.26 km from the Mount Hope gage.
The precipitation data were available for 30 minutes increments, while
the stream discharge was in 15 minute increments. Therefore, the 15
minute streamflow data and 30 minutes increments precipitation data
were combined into daily increments to directly compare rainfall and
streamflow.

a) c)

0 oms = SOKiomeers 0 255 10 Kilometers 0051  2Kilometers
Fooraolboaad

N

Figure | (a) West branch of the Thames River watershed in black color in
the State of Connecticut; (b) the east branch of the Thames River watershed
with the Mount Hope River watershed in blue color; (c) Mount Hope river
watershed.

Table | Attributes of mount hope river watershed.?®

Attribute' Value Unit
Mean Discharge 1.46 [m3s]
Median Discharge 0.878 [m3s]
Median Discharge [m3s! km?]
Modal Discharge 0.368 [m3s]
Watershed Area 74.1 [km?]
Land use in watershed

Barren Land 2 1.4 [%]
Forest 84.4 [%]
Non-forested Vegetation 8.3 [%]
Open Water 2.1 [%]
Urban 2.8 [%]
Wetland | [%]
Stratified Drift 3 4.2 [%]
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Methodology for the calculation of the rate of water
storage

First, Equation 3, is applied in the Mount Hope watershed for
daily values of precipitation, evapotranspiration and discharge from
01/01/1997 to 10/31/2006, Figure 2, shows the result of the relative
water storage ( AS ) between precipitation, evapotranspiration and
discharges, water supply equal to zero (I=0) for this period of time.
Figure 2 shows that a it is not possible to find a water storage trend
like the evapotranspiration or discharge have in the watershed at any
moment of the year. To find the water storage trend a mathematical
development of the Equation 3 was done assuming the hypothesis
that:

100 -

80

Relative water storage (mm)

)
S
120196,

s
<

Time (Days)

Figure 2 Relative water storage in the Mount Hope river watershed from
01/01/1997 to 10/31/2006.

A generalization of Equation 3 for the relative water storage can
be used to obtain the water storage in a watershed using as approach
Equation 4, assuming:

a) Water supply equal to zero (1=0).

b) The relative water storage (AS) between the initial (So) and
the final water storage (Sf) obtained from this equation is the
results of the water balance between the precipitation, evapo-
transpiration and the discharge of the watershed, plus a residual
(R) that is the water not accounted with these parameters, such
as the errors in the measurements of precipitation, discharge
and evapotranspiration, groundwater aquifers, surface storages
and all the groundwater inflows and outflows that cannot be
measured, the residual can be positive or negative depending
of the direction of the residualflow.

Where:

AS :Sf-SozP—ET—Q—R [4]
R, Residual [mm];

S,, Final water storage for the period [mm];

S, Initial water storage for the period [mm].

Transform the parameters precipitation, evapotranspiration and
discharge ofthe Equation4 inseries in function ofthe time, relative water
storage (ASi), precipitation (Pi), evapotranspiration (ETi), discharge
(Q1) and the residual (Ri), that means for example that for time step 10
(later in the application the time step will be one day) we have that the

relative water storage is: AS =S - S =P —ET - QO —R ,
10 10 9 10 10 10 10
resulting in the Equation5.
AS =P—-ET - O -R (5]
1 1 1 1 1
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Where:

S,, Water storage in function of time [mm];

P,, Precipitation in function of time [mml];

ET,, Evapotranspiration in function of time [mm];
Q,, Discharge in function of time [mm];

R,, Residual in function of time [mm]

Making a summation of the parameters of the relative water
storage (AS), precipitation (P), evapotranspiration (E), discharge
(Q) and the residual (R), of the Equation 5, for the total period of
time or number of time steps (n), we have Equation 6.

n n n n n
ZASi =ZP[ —ZETI, - ZQI,—ZR[ [6]
0 0 0 0 0

Where:

n # of time steps [-].
We assume that the summation of every parameter for the whole

period of time calculated is equal to the average of every parameter

multlphed the number of time steps n (Z P =n. P, Z ET =n. ET,
0
ZQ =n.0 and ZR =n.R ) and the result of the summation of

the relative water storages (AS ) is equal to the final water storage
i

(S,) minus the initial water storage (S ) of the whole period of time
because the other water storage are eliminated between each other

(Sf So = 81=8 +8, =8 ......... S - Sn_2 +5, —Sn_l) ,
Equation 7.
S/ - 8 = nP-nET -n.Q0-n.R [7]

P, Average precipitation during n time steps [mm];

ET , Average evapotranspiration during n time steps [mm];
0, Average discharge during n time steps [mm];
R , Average residual during n time steps [mm].

Joining the parameters that have number of time steps (n) in
common lets, Equation 8.

S, =8 = n(P-ET -Q—-R) [8]
Equation 5 is divided by the number of time steps (n) in both sides
of the equation, Equation 9.

Sf_SO n(ﬁ— T
n

-0-R)

= (9]
n
n Then is assumed that the number of time steps trend to infinite

(n—0o0) and the limit of the equation 9 is calculated, Equation 10.

lim == = lim(P-ET -0 - R)
n—owo 1 [10]
Equation 11 shows the result of the limit calculation when the

number of time steps trend to infinite, the difference between the
final and initial water storage over the time step is zero because a
finite number over a number that trend to infinite is equal to zero,
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therefore the water balance between the averages of precipitation,
evapotranspiration, discharge and the residual is equal to zero.

Sp=So

lim =0= lim(P-ET -0-R)=0

n—owo N

(1]

Therefore, from Equation 11, is obtained the Equation 12 that
shows that the trend of the average residual (R ) for a long period
of time is equal to the average precipitation (P ) minus average

evapotranspiration ( ET ) minus average discharge (Q) of the whole
period of time.
R=P-ET -0 [12]
From the result obtained in the Equation 12, the average residual (
R)) is included in the Equation 5, obtaining the Equation 13.

n n n _
Sp=So =XP -XET, - 20, -nR

[13]
4 0 0 0

To find the average residual is necessary to find a regression function
for the average precipitation minus average evapotranspiration minus
average discharge of the whole period of time. That means a regression
function for the summation of precipitation minus evapotranspiration
minus discharge of the whole period of time. The square-R of the
regression will test the goodness of this approach, then the trend
is used as long trend correction for the accumulated relative water
storage. The first step to obtain the water storage during a period of
time is the Equation 14.

n n n _
S,=So+XP —XET, - 20, —n.R

[14]
f 0 0 0

The final step to obtain the depth of storage (S) is with the
calibration of the parameter S_ to satisfy the condition that the depth
of water storage (S ) always must be a positive number, Equation 15.

n n n .
So+X P. - Y ET, - X Q. —n.R>0 [15]
l 1 l
0 0 0
Results and discussion

The results of the mathematical develop were applied to the Mount
Hope River watershed to obtain the water storage in this watershed
from 01/01/1997 to 12/31/2006. The inputs for the water budget are
discharges, precipitations and evapotranspiration. Discharges were
obtained from the Mount Hope River where there is a USGS station,”’
precipitation data were obtained from the Agronomy Farm at the
University of Connecticut and, equation 16 and 17 were used for the
calculation of the evapotranspiration as a function of Julian Day by
Brenham(com. pers. 2007) from 01/01/1997 to 12/31/2006.

PredictedET=
0.4208114930830774

- 8.575993091953963. Sin(JR)
+95.32701397086473. Sin(JR)*
-398.34483201433795.Sin(JR)*
+782.1931080407808.Sin(JR)*
-708.4279629693772.Sin(JR)
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+240.86032253834992.Sin(JR)®
Where:
JR: Julian Radians

I1
JulianRadians = (E )* JulianDays

Where:
JDays, Yearly Julian day [-].

Applying Equation 6 of the water balance assuming the residual
equal zero (R=0), then it will be calculated, the result for the daily
summation of the relative water storage (AS ) shows a definite
declining trend in the amount of water in the watershed, Figure 3.

By the second law of thermodynamics, it is impossible that an
isolated system such as the Mount Hope river watershed, if not already
in its state of equilibrium, evolves towards it, therefore perpetual loss
of water from the watershed as shows the accumulated water balance
of the Figure 3, it is impossible. Therefore exist a non accounted
input of water that we called residual R. Applying the mathematical
demonstration made above, a correction of the accumulated water
Storage was applied using Equation 12, that means that the average
residual R trend is used as long trend correction for the accumulated
relative water storage as first step to obtain the depth of water storage.

Atrend line ( R ) for the average accumulated values of the relative
water storage shown in Figure 3, is given by the equation obtained
from a linear regression over the accumulated values of the relative
water storage with a coefficient of correlation equal to 0.91, Equation
18.

R =-0.3496* t + 12264 [18]
0 Time (Day)
N % 3 = & £ I % 3
P [=x (=1 j=3 o (=3 = o [=3
g IV, 2 &8 & & & @a & @&
E T WaEY A 3 3 3 5 g g
g M0 A S - N =,
o =
£
5 800 A
= ~
z Y
k-] Seel
8 “-"\
5-1200 4 —— Accumulated depth of water storage it W
2 ---- Average residual trend
-1600 -

Figure 3 Depth of accumulated water storage and Residual calculated in the
Mount Hope River watershed from 01/01/1997 to 12/31/2006.

Then making a correction in the accumulated relative water storage
(applying Equation 13), the Equation 19 is obtained.

n n n
S =So+X P, ~LET, - 0, —(-0.3496* t +12264)  [19]

f 0 0 0

Finally the initial water storage (S) in the Equation 19 is calibrated
to satisfy the condition that the depth of water storage (S)) is always
positive (applying Equation 15), the value obtained for S is 253.79.
Therefore with the outputs of Equation 19 it is possible to calculate
the daily water storage for the period from 01/01/1997 to 10/31/2006,
Figure 4.

Due to the lack of measured data to test the methodology for the
calculation of the watershed water storage, the values of the depth of
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water storage found above were tested against the equation of Hughes
& Murrel” for discharge and storage (Equation 1) in the Mount Hope
River watershed. Equation 1 was tested during 10 recession periods
between 01/01/1997 and 12/31/2006. The resulting relationship is
shown in Figure 5, results in values of AC=0.0231 and n=The power
regression obtained from the plot of the Discharges versus the water
storage in the Mount Hope River watershed has a coefficient of
regression of 0.61. This coefficient of regression can be explained by
the lack of other parameters such as evapotranspiration, soil properties
in the equation of Hughes & Murrel’ Equation 1.
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Figure 4 Depth of water storage in the Mount Hope River watershed, from
01/01/1997 to 12/31/2006.
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Figure 5 Discharge and water storage in the Mount Hope River, from
01/01/1997 to 10/31/2006.

Conclusion

This investigation created a simple and mathematically proven
methodology for the calculation of watershed water storage that is
a step forward for the study of watershed scale hydrology due to the
inability to measure the flow of water storage into the watershed soil,.
For this calculation it is necessary to have available daily data of
discharge, evapotranspiration and precipitation of the watershed for a
considerable period of time. In the event that an extremely long period
of data is available, say 100 years, the methodology can help to study
hydrologic phenomenon that includes droughts and flooding.
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