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Abstract

We propose an exponential type growth model over time for yield of a tuber crop
turmeric observed in a growth experiment, the model is motivated from elementary
consideration of proportionate growth. The experiment was conducted to see the effect
of seed weight on yield and continued over a period of two seasons to ensure adequate
color and high yield of turmeric. Turmeric plants sprouted for a second time in same
pits for second season after a dormant period, as the crop was not harvested at the end
of first season for a higher production. It is thus of interest to obtain growth curve of
yield over time in order to understand the underground growth process over extended
time period. The growth model is partly based on initial seed weight, plant height
and maximum length of leaves. Farmers usually express gain in yield as a multiple
of seed weight. Information on multiplicative factor of seed weight to crop yield is
incorporated in the model. Apart from seed weight, maximum of plant height over time
is seen to be a good predictor for yield. Exponential growth model is supplemented
by additional auxiliary variables via nonparametric regression. An exponential type
growth curve may be appropriate for yield data only for a bounded time region.

Overall growth curve for yield of all the plants may be attributed to the mean seed
weight; the growth curve from mean seed weight is close to overall response curve.
Observations on plant height and maximum leaf length in the plants over time in
the conducted experiment are available only for the first season due to resource
constrains. Yield data for different seed weights are available only at the end of second
season; this keeps the experimental set up undisturbed throughout the experiment.
Estimation of yield over time under such a restricted setup is significant and useful
for adequate planning for high yield. Seed weight 10 g of turmeric is seen to produce
best proportionate yield to the tune of 8.71 times in lateritic alluvial soil of Giridih,
Jharkhand (India) at the end of second season. Proliferation rates of the growth curves
are obtained. A characterization of the discrete version of exponential growth curve
over unequal spacing is proved.
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Introduction EABCD

Turmeric is a tuber crop with many medicinal values. This is
extensively used in culinary of different countries as useful spice.
With powerful health promoting properties e.g., see Holt et al.,! this
is under extensive medical research. India is the largest producer of
turmeric. Growth experiments with seed weights 10g, 15g, 20g, 25¢g
and 30g are conducted in an experimental plot of Giridih farm of
Indian Statistical Institute during the years 2014-2016. The problem
is to study the growth curve of yield over time and to identify the
appropriate seed weight and the best linear predictor of yield based
on observable above ground auxiliary variables in usual or log—log
scale over extended period of time for two seasons to achieve a high
yield. The Latin Square Design (LSD) and numbering of the plants
used in the growth experiment is similar to that stated in Dasgupta,’
without giving any consideration to the skin texture of seed corms at
the present study. 5X5 LSD is shown below.

ABCDE
BCDEA
CDEAB
DEABC

In the field experiment the characteristic of the planted turmeric
seed of yam corm tested are represented by Latin letters; i.e., A: 10;
B: 15; C: 20; D: 25; E: 30 are weights in grams of the seed. The
above Latin square were repeated 4 times side by side in a block of
two squares, and the pit-holes are numbered 1 to 5 for the first row
in reverse direction i.e., as E; D; C; B; A; in the first experiment. The
numbering goes on in the same row of adjacent second design as 6 to
10, and so on. Finally, the pit holes are numbered 91 to 95 for the last
row of the 2X2 block viz., D; C; B; A; E; in the third experiment; and
the numbering goes on in the same row i.e., the 10" row with above
combination of alphabets layout in adjacent design number 4, as 96 to
100. This completes the layout of 100 pits in experiment 1.

Adjacent to this, another such experiment with 100 pits of similar
layout is simultaneously undertaken as experiment 2. Thus the total
number of pits is 200 in the turmeric growth experiment conducted
in Giridih farm during 2014-2016. A little organic manure like
vermicompost was administered at the beginning of the experiment.
All the seed corms germinated to turmeric plants. For eight plants
the yield is nil, and for two plants the initial weight equaled to the
final weight. Therefore we concentrate on the remaining 190 turmeric
plants in data analysis; see (Table 1) (Table 2). Above ground auxiliary
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variables on biomass like maximum leaf length and plant height are  rest time for seed corm growth in the interim period. This is the time
available only for the first season due to resource constrains. There in between two seasons when the turmeric corm remained dormant
is a time gap of about three and half months that can be considered underground.

Table | Plant characteristics of experiment |

Plant no Seed weight Lifetime Final weight Max plant height Max leaf length
I 0.03 604 0.293 83 60
2 0.025 612 0.164 80 55
3 0.02 609 0.094 64.5 50.5
4 0.015 612 0.144 66 52
5 0.0l 610 0.0l 60 40
6 0.03 611 0.283 64 46
7 0.025 61l 0.195 63.5 51
8 0.02 612 0.251 735 59
9 0.015 612 0.034 745 52
10 0.0l 610 0.234 79.5 60.5
Il 0.0l 612 0.005 58 40
12 0.03 61l 0.209 79 51
13 0.025 613 0.23 67 49
14 0.02 614 0.235 68 54
15 0.015 609 0.221 69.5 56
16 0.0l 609 0.159 40 32
17 0.03 611 0.305 66.5 57
18 0.025 614 0.053 70.5 51
19 0.02 612 0.006 61.5 49
20 0.015 605 NA 42 37
21 0.015 611 0.271 71 52
22 0.0l 610 0.084 60 38
23 0.03 611 0.158 66.5 48
24 0.025 609 0.219 72 52
25 0.02 610 0.233 68 44.5
26 0.015 610 0.101 48 46
27 0.0l 610 0.181 51.5 46
28 0.03 609 0.175 67.5 58
29 0.025 612 0.151 63.5 46
30 0.02 609 0.018 59.5 46
31 0.02 61l 0.169 60 42
32 0.015 612 0.134 66.5 54
33 0.0l 61l 0.052 41 37
34 0.03 612 0.219 68 55
35 0.025 610 0.207 6l 52
36 0.02 609 0.202 49 46.5
37 0.015 611 0.03 58 41
38 0.0l 610 0.006 32 30
39 0.03 611 0.171 54 46
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Table Continued....

Plant no Seed weight Lifetime Final weight Max plant height Max leaf length
40 0.025 610 0.119 67 49.5
41 0.025 612 0.134 47 41.5
42 0.02 609 0.131 57 57
43 0.015 614 0.087 50.5 42
44 0.0l 610 0.035 41 37
45 0.03 610 0.008 49 39
46 0.025 610 0.023 58.5 51
47 0.02 609 0.054 41.5 36
48 0.015 614 0.097 59.5 46
49 0.0l 612 0.082 40.5 37
50 0.03 609 0.049 62.5 53
51 0.03 609 0.115 6l 50.5
52 0.025 611 0.05 58.5 46
53 0.02 611 0.076 48.5 34
54 0.015 610 0.121 46 41
55 0.0l 610 0.143 39 385
56 0.03 609 0.031 67.5 51
57 0.025 610 0.048 43 37
58 0.02 611 0.151 45.5 375
59 0.015 609 0.067 37 36
60 0.0l 610 0.066 34 31
61 0.0l 609 0.08 49.5 47
62 0.03 614 0.035 735 54
63 0.025 612 0.061 52 50.5
64 0.02 611 0.074 53 46
65 0.015 609 0.145 68 47
66 0.0l 610 0.051 45 50
67 0.03 609 0.157 63 44
68 0.025 614 0.012 44 36
69 0.02 614 0.0l 47 41
70 0.015 609 0.06 62.5 59
71 0.015 609 0.155 59 49
72 0.0l 611 0.098 52.5 44
73 0.03 611 0.084 65.5 44.5
74 0.025 610 0.123 59 45
75 0.02 610 0.138 55.5 41.5
76 0.015 608 0.092 65.5 43
77 0.0l 605 0.0l 49 345
78 0.03 611 0.059 54 44
79 0.025 611 0.015 59 43
80 0.02 610 NA 71 56
8l 0.02 610 0.09 56.5 37
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Table Continued....
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Plant no Seed weight Lifetime Final weight Max plant height Max leaf length
82 0.015 611 0.127 55 45.5
83 0.0l 61l 0.06 37 30
84 0.03 612 0.094 60.5 44.5
85 0.025 605 0.207 69 55
86 0.02 609 0.07 63 60
87 0.015 610 0.059 48 47
88 0.0l 612 0.124 53 47
89 0.03 613 0.055 70 56
90 0.025 609 NA 72 60
9l 0.025 61l 0.179 70.5 52
92 0.02 609 0.04 50.5 43
93 0.015 609 0.118 53 41.5
94 0.0l 609 0.088 46 40.5
95 0.03 608 0.138 64.5 48.5
96 0.025 607 NA 49 43
97 0.02 610 0.023 48 41.5
98 0.015 610 0.131 47 46
99 0.0l 610 0.067 52 42
100 0.03 612 NA 71.5 57

Experiment |:

It Season: Ist July, 2014 - 15th March, 2015.

2" Season: |st July, 2015 - 15th March, 2016.

Gap between two seasons = 107 days (16th March, 2015 - 30th June, 2015).

Table 2 Plant characteristics of experiment 2

Plant no Seed weight Lifetime Final weight Max plant height Max leaf length
| 0.03 61l 0.187 60.5 51.5
2 0.025 605 0.08 57 44
3 0.02 613 0.154 61.5 52
4 0.015 613 0.102 56 44
5 0.01 609 0.046 44.5 43

6 0.03 608 0.055 58 44
7 0.025 611 0.056 67 57
8 0.02 612 0.098 77 58.5
9 0.015 609 0.177 71 48.5
10 0.0l 607 0.325 62 53
I 0.01 614 0.127 49.5 37
12 0.03 611 0.092 62.5 46
13 0.025 612 0.221 52.5 40.5
14 0.02 61l 0.207 59.5 47.5
15 0.015 606 0.15 50 45
16 0.01 609 0.027 48.5 46
17 0.03 61l 0.078 69.5 57
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Table Continued....

Plant no Seed weight Lifetime Final weight Max plant height Max leaf length
18 0.025 612 0.031 72.5 55
19 0.02 608 0.046 66.5 51
20 0.015 607 0.065 68.5 63
21 0.015 610 0.135 53 37
22 0.0l 607 0.104 41 33
23 0.03 611 0.082 475 44
24 0.025 612 0.031 56 45
25 0.02 610 0.154 51 41
26 0.015 610 0.057 54.5 45.5
27 0.0l 609 0.076 51 37
28 0.03 608 0.083 71 44
29 0.025 611 0.158 60 46
30 0.02 612 0.122 69.5 58
31 0.02 612 0.105 445 37
32 0.015 612 0.093 46 40
33 0.0l 609 0.08 43 38
34 0.03 613 0.19 61.5 51
35 0.025 607 0.184 49.5 48
36 0.02 609 0.083 51.5 42
37 0.015 610 0.079 58 51.5
38 0.0l 614 0.06 44 37
39 0.03 611 0.071 65 51
40 0.025 611 0.166 65 57
41 0.025 614 0.049 60.5 49
42 0.02 608 0.186 54 55
43 0.015 611 0.099 51.5 46
44 0.0l 612 0.036 43 41
45 0.03 610 0.125 59 47
46 0.025 611 0.111 64.5 475
47 0.02 607 0.07 60.5 51.5
48 0.015 612 0.11 56.5 51
49 0.0l 610 0.08 29.5 31
50 0.03 609 0.172 66 58.5
51 0.03 609 0.079 60.5 49
52 0.025 610 0.193 63.5 47
53 0.02 610 0.115 47 41
54 0.015 611 0.169 48.5 43
55 0.0l 610 0.067 48 33
56 0.03 611 0.027 59 49
57 0.025 610 0.034 68.5 54
58 0.02 609 0.234 54.5 44
59 0.015 612 0.195 60.5 52
60 0.0l 611 0.141 49 46
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Table Continued....

Plant no Seed weight Lifetime Final weight Max plant height Max leaf length
6l 0.0l 610 0.044 35 32
62 0.03 612 0.184 56.5 44
63 0.025 610 0.176 51 41
64 0.02 612 0.071 51.5 385
65 0.015 609 0.145 52 44
66 0.0l 609 0.028 46 40
67 0.03 611 0.122 69.5 54
68 0.025 612 0.071 725 54
69 0.02 610 0.087 67 57
70 0.015 610 0.056 60.5 47
71 0.015 611 0.011 38 27
72 0.0l 610 0.023 335 33
73 0.03 612 0.045 49.5 41
74 0.025 612 0.205 6l 46.5
75 0.02 610 NA 525 47.5
76 0.015 610 0.251 54.5 42
77 0.0l 609 0.225 50 43.5
78 0.03 611 0.128 77 56
79 0.025 612 0.223 68 58
80 0.02 609 0.197 60 51
8l 0.02 610 0.018 42.5 41
82 0.015 612 0.081 475 41.5
83 0.0l 610 0.033 36 36.5
84 0.03 614 0.033 58.5 40
85 0.025 611 0.023 51.5 51
86 0.02 609 0.019 64 53
87 0.015 609 0.05 51.5 42.5
88 0.0l 61l 0.067 43.5 43.5
89 0.03 607 0.054 50 44
90 0.025 611 NA 60.54 425
9l 0.025 607 0.063 42 37
92 0.02 61l 0.125 49 36
93 0.015 609 0.065 44.5 42.5
94 0.0l 608 0.041 445 41
95 0.03 610 NA 57 45
96 0.025 609 0.051 6l 51
97 0.02 61l 0.17 55 41.5
98 0.015 610 0.073 62.5 525
99 0.0l 613 0.111 54 52
100 0.03 605 0.168 70.5 58.5

Experiment 2

It Season: Ist July, 2014 - |5th March, 2015.

2" Season: Ist July, 2015 - |5th March, 2016.

Gap between two seasons = |07 days (|6th March, 2015 - 30th June, 2015).

Citation: Dasgupta R. Exponential growth model for tuber crop and some characterization theorems. Horticult Int J. 2017;1(3):67-82.
DOI: 10.15406/hij.2017.01.00012

72


https://doi.org/10.15406/hij.2017.01.00012

Exponential growth model for tuber crop and some characterization theorems

Yield data of the first season is unavailable, as the weights were
not recorded by taking the yield out of the ground at the end of that
season, thus the experimental set up remained undisturbed. To ensure
adequate weight and color of the crop, turmeric in Giridih farm is
harvested at the end of second season. This is a standard practice
farmers often take recourse to in anticipation of a good harvest over
extended period of cultivation. In section 2 we search for a growth
mode. Maximum plant height is seen to be a good predictor of the
yield and this variable is used to calibrate the exponential growth
model via nonparametric regression of lowess and spline smoothing.

The proposed procedure blends the information from observable
auxiliary variables with yield data obtained at the end of second
season. A modification of exponential growth curve is looked into for
modeling the data; the exponential part involving time in it plays the
dominant role. Further, for seed weight 10g, auxiliary information
from both seasons is utilized to draw the growth curve of turmeric
over the entire time period. Proliferation rate of these growth curves
exhibit inherent features of the model. Seed weight 10g of turmeric
is superior for high yield at the end of second season. Observations
on auxiliary variables viz., plant heights and leaf lengths are taken
on unequal time intervals. A discrete version of the growth model
with unequal spacing of time is characterized in section 3. Results are
discussed in section 4.

A Search for model and the results

The yield data is unavailable at the end of first season; we have
to interpolate it for this interim period. Sometimes crop produced
in a season is reported in terms of multiple of seed weight planted
i.e., as the ratio of yield to initial weight. Under the assumption of
proportionate increase of k>1 times the seed weight, the yield y=y
(t) from seed weight w is kw after first season, and k?w at the end of
second season. An estimate of k>=k> (w) being available from yield
data of second year; seed specific growth may be ascertained i.e.,
log(y/w)=at; where k=exp(a), a=1,2 Preliminary estimates of k for
different seed weights from recent data indicate that these estimates in
the same plot of land do not vary too much. The model can be tuned,
if plant lifetime, calculated as the difference (in days) of sprouting
of a plant in the first season till the end of the plant survival up to
the second season, is incorporated in a plant specific model instead
of a broad classification of season. The available information on
plant height (x,) and maximum length of leaves (x,) may also be
incorporated for model accuracy. After attempting several closed form
of expressions involving linear, quadratic, logarithmic function etc. of
the variables involved, for an appropriate t in regression, with seed
weight w appearing as divisor of variables for scaling; the following
candidate model provided a value of multiple regression square,
R?=0.2121 out of 190 observations with a=24.42646; a =0.05301;
b =1.27693; b,=0.09871;

log(y/w)=a t+a t+b, log(X /w)+b, log x,/w .. (D)

Where we considered maximum over plant lifetime on x; and
X, in individual plants, for we considered the plant lifetime in place
of t in the model. The variables plant height and leaf length is time
dependent. Inclusion of these in the model improves the value of R%
The variables lifetime and plant height are significant in analysis of
variance. We recheck the model by fixing the lifetime tat 610 and 611
days. Many plants are available at those lifetimes in observed data.
Considering the plants with assigned lifetime, the number of such
plants are 42 in each category. The value of R? in these fixed profile
of (1) with the following model are 0.3187 and 0.2266 respectively.
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log (y/w)=a,+b, log(x /w)+b, log(x,/w) .. (2)

When the dormant time period [16.3.15, 30.6.15] of 107 days
i.e., the time of rest of underground corm in between two seasons
is deleted from the total lifetime of the plants i.e., t is replaced by
(t-107), the regression equation remains the same with a change in the
value of constant; the new value being a =18 a 75488. Exponential
growth is usually observed in the beginning of a growth process when
resources are unlimited, an example is bacterial growth, see e.g.,
Slavov et al.® for exponential growth of cells at constant rate while
remodeling some cell properties. However, this may not be the case
of turmeric experiment and we may take the growth pattern of related
variables like plant height and maximum leaf height into account to
compute the yield growth curve. To this end we compute the first
principal component 0.9844981x +0.1753952x, (and the eigen values
130.94762, 73.15037) that explains maximum variation of data
consisting of the variables x, and x, in all plants in the first season.

The coefficient of the first variable is near 1. The first variable
being dominant we may consider the growth curve of plant height
to calibrate the exponential growth model. In modified exponential
growth we consider the maximum lifetime of plants with relevant seed
weight to compute the parameters of exponential model, and then we
compute the weighted average slopes of exponential growth and plant
height growth and draw the curve starting from the seed weight 20 g
at time zero maintaining the weighted average slope over different
time point. The weights (p; 1—p) are so selected as to maintain the rate
of growth of the auxiliary variable and that for exponential modeled
yield at the same scale; p=10~* for seed weight 20g. This scaling is
suggested from the slope of regression line of yield on plant height.
Regulated by inherent related processes in the plants, the growth rates
are different for plant height and for turmeric deposition underground.
The slope of (Figure 1) confirms the choice of p; as seen from the slope
of regression of yield on plant height. The same choice also works for
other seed weights. Figure 2 shows the residuals are symmetric. The
value of R? has slightly improved in log—log scale of variables, and
the resultant residuals are asymmetric as seen in (Figure 3) (Figure 4).

Lsfit ° ©
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RA2:0.2732 o o oo EYSE

0.08 0.10

Yield (kg)
0.06
|

002 004

0.00
|

Plant height (cm)

Figure | Linear regression of yield on max plant height Experiment 1& 2,
season |.

Frequency
20 30
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r T T T 1
-0.04 -0.02 0.00 0.02 0.04

Residual (kg)

Figure 2 Histogram of residuals in yield vs. max plant height regression.The
residuals of regression made in (Figure |) seem to be symmetric around the
origin in (Figure 2).
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Figure 3 Linear regression in log-log scale: yield on max plant height
Experiment |& 2, season 17 in the log-log scale, we consider the linear
regression of yield on max plant height as shown in (Figure 3).The value of
R? has slightly increased to 0.2739, compared to the value 0.2732 of (Figure
1) in original scale.

o
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o
e
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20
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T T T T 1
-15 -1.0 05 0.0 05

Residual (log kg)

Figure 4 Histogram of residuals in log-log scale: yield vs. max plant height the
residuals of regression made in (Figure 3) seem to be asymmetric around the
origin in (Figure 4).

The other auxiliary variable maximum length over different leaves
in a plant at an instant measured in different time points are also related
to turmeric yield. The value of R? is low compared to previous case,
see (Figure 5). The residuals are symmetric in original scale as seen
in Figure 6. Regression of turmeric yield on maximum leaf length
in log—log scale is shown Figure 7. This improves the value of R?
compared that in original scale. Like the case of plant height residuals,
leaf length residuals are also seen to be asymmetric in log—log scale in
Figure 8. The time region where plant height is not available in second
season, we consider the model slopes of exponential growth in yield.
The procedure blends the information from observable auxiliary
variable along with yield data at the end of second season.
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Figure 5 Linear regression on yield of max leaf length Experiment 1& 2,
season |.

Since seed weight 20g also represents the average seed weight in
the experiments, we considered the plant height growth curve based on
all the 190 plant by lowess regression to obtain growth slope of height,
in this sense the curve shown in Figure 9 represents the response curve
of overall plant height; the curve is similar to (Figure 10) based on 38
plants with seed weight 20g in season 1. Figure 11 refers to experiment
1. At time zero we plot seed weight 20g in the growth curve. For other
time points we compute the growth slope as the weighted average of
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two components, one is the slope from exponential growth, this equals
to y,’(t); where y (t)=wk"** and k=(total yield from relevant plants at
the end of second season)/(total seed weight of relevant plants): There
are 19 relevant plants in experiment 1. The time between two seasons
107 days are deducted from the whole span of two seasons, start to
end. This resulted to lifetime 506 for plants, in general. The other
component is computed as growth rate of plant height, as shown in
lowess regression of Figure 9. This rate is related to rate of turmeric
yield, see (Figure 1). A weighted average of the two slopes with
weight p=10, see Figure 1, asserting that this is the appropriate scale
for growth rate of plant height; and the weight (1-p) for exponential
model slope provide the successive increments to the next time point
in the growth curve shown in Figure 11, where the points are joined by
lines. In Figure 12 we show the growth curve in experiment 2, for seed
weight 20g. Since the curves are similar, we compute growth curve in
experiment 1 and 2 together for other seed weights.

[=]
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20

Frequency

10

o

-0.04 -0.02 0.00 0.02 0.04

Residual (kg)
Figure 6 Histogram of residuals in yield vs. max leaf length. The residuals

of regression made in (Figure 6) seem to be symmetric around the origin in
(Figure 6).
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Figure 7 Linear regression in log-log scale:yield on max leaf length Experiment
1& 2, season |.
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Figure 8 Histogram of residuals in log-log scale: yield vs. max leaf length the
residuals of regression made in (Figure 7) seem to be asymmetric around
origin in (Figure 8).
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Figure 9 Growth of 190 plant’s height over 5 time points in season 8.
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Figure 10 Growth of 38 plant’s height over 5 time points in season |, seed
wt 20g.
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Figure 11 Growth curve from auxiliary information (from all plants):
Experiment |, season | seed wt 20g.
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Figure 12 Growth curve from auxiliary information (from all plants):
Experiment 2, season | seed wt 20g.

Combining the data of two experiments, we obtain the growth
curve of Figure 13 for seed weight 20g. The growth rate is steep after
125 days. We may draw the growth curves of individual’s plants by
exponential model as shown in Figure 14 for seed weight 20g. This
is of help beyond 253 days when second season starts and auxiliary
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information is unavailable. The growth slopes are computed, and
then increments are computed from the mean of exponential curves;
these are sequentially added up to construct the full growth curve. The
remaining figures with different seed weights are drawn in a similar
fashion see (Figures 15-31). Figure 32 refers to a scaled version
of speed in growth curve. In Figure 33 we draw the growth curve
based on auxiliary variables for initial seed weight 10g. The adopted
procedures are elaborated in figure legends. We notice that growth for
seed weight 10g at the end of season 1 is almost 30g. We may thus
consider the growth curve of seed weight 30g in season 1 to mimic the
remaining part of growth in second season of seed weight 10g. Thus, in
a sense, growth curve of turmeric for 10g seed weight is available for
the entire time period of two seasons, utilizing auxiliary information.
Proliferation rate (d/dt) log y=yldydt computed in Figures 32-35
is a scaled version of velocity dydt: This measure is independent of
the choice of unit used in measuring y=y(t): Computation is based
on a technique proposed in Dasgupta,* with exponentially decaying
weights attached to empirical slopes computed from data pairs at
different time points with respect to a fixed time point t of interest.
More weights are given to data points near the time t of derivative
computation, and less weight to distant time points from t. Weighted
mean of these empirical slopes at derivative stage and smooth. Spine
with spar=0.0001 at smoothing stage in S Plus provide proliferation
rate at time point t: Proliferation of exponential growth is constant. In
Figure 32 we plot the proliferation rate of growth curve of turmeric
with seed weight 20g. The curve shows stability near 300 days, the
duration of first season, indicating a possibility of exponential growth
with parameter 0.0034. During the second season the curve has further
drop; deviating from the growth pattern of first season. The rates in
Figure 34 of yield based on auxiliary variable, for 10g seed weight
indicate that growth is within an exponential band. Variation in the
rate over time exhibits a symmetric pattern.
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Figure 13 Growth curve from auxiliary information (from all plants):
Experiment | & 2, season | seed wt 20g.
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Figure 14 Exponential growth model: Experiment | & 2, season | & 2 seed
wt 20g.
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Figure 17 Growth curve from auxiliary information (from 38 plants): Figure 21 Growth curve from auxiliary information (from 39 plants):
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Figure 18 Exponential growth model: Experiment | & 2, season | & 2 seed  Figure 22 Exponential growth model: Experiment | & 2, season | & 2 seed
wtl0g. wt I5g.
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Figure 24 Growth curve of 37 plant’s height over 5 time points in season I,
seed weight 25 g.
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Figure 25 Growth curve from auxiliary information (from 37 plants):
Experiment | & 2,season | seed wt 25 g.
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Figure 26 Exponential growth model: Experiment | & 2, season | & 2 seed
wt25¢g.
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Figure 27 Growth curve: auxiliary information + exponential model,
Experiment | & 2,season | & 2, seed weight 25 g.

o ] °
@ —— Lowess o o ° o
——  Spine o
R4 ° o oo o om °
0 & oo o o
I 1 w8 ° %9
° 3 H
= g4 g KN
g 6L B
3 e = AT =
5 5 < o8 0%,
g 89 w 0 o A °
2 o 6% 0% %o
5 2 . s
T g o o
= 6
o
g J °
9
&
T T T T T T
40 60 80 100 120 140
Time (day)

Figure 28 Growth curve of 38 plant’s height over 5 time points in season |,
seed weight 30 g.
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Figure 29 Growth curve from auxiliary information (from 38 plants):
Experiment | & 2, season | seed wt 30 g.
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Figure 30 Exponential growth model: Experiment | & 2, season | & 2 seed
wt 30 g.
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Figure 31 Growth curve: auxiliary information + exponential model,
Experiment | & 2,season | & 2, seed weight 30 g.
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Figure 33 Growth curve with auxiliary information (from 38 plants):
Experiment | & 2,season | seed wt 10 g.

Figure 35 shows the proliferation rate of turmeric yield with
seed weight 10g computed from Figure 19, where information from
auxiliary variable in season 1 and exponential model in season 2 are
used. The curve shows some degree of stability in the time zone [200,
300] days with possibility of exponential growth with parameter
0.00464. The rates shown in Figure 34 and 35 are seen to be different,
indicating that auxiliary information have a different role in modeling
turmeric yield in comparison to exponential growth model used in
season 2. The extended exponential growth model with auxiliary
variables is examined for a restricted time period only. In the yam
growth experiment, see Dasgupta,’® stem height is seen to have a linear
relationship with yield in log—log scale.
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Figure 34 Proliferation rate of yield on auxiliary variable, 10g.
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Figure 35 Proliferation rate of yield on auxiliary + exponential, 10g.

This is also the case for turmeric growth. Seed weight 10g of
turmeric produces best proportionate yield to the tune of 8.71 times
in Giridih soil of Jharkhand, when the crop is harvested after second
season. Figure 1 For each plant under the experiment with 190 plants,
we estimate the yield of a plant with seed weight w; at the end of first
season as kw; where an estimate of k? is computed as the ratio of final
yield of that plant at the end of second season to the total lifetime
of the plant in first and second season together, deleting the dormant
period of 107 days in between two seasons. The estimated value of
yield kw is linearly regressed by the method of least squares on the
maximum plant height of that plant in first season. The value of R? is
0.2732. Linear relationship is apparent in Figure 1, as the lowess curve
with £=2/3 is close to the straight line with slope 0.0009041, at the
scale of 10™*: Figure 2. The residuals of regression made in Figure 1
seem to be symmetric around the origin in (Figure 2) (Figure 3). In the
log—log scale, we consider the linear regression of yield on max plant
height as shown in (Figure 3). The value of R? has slightly increased
to 0.2739, compared to the value 0.2732 of Figure 1 in original scale.
Figure 4 The residuals of regression made in Figure 3 seem to be
asymmetric around the origin in (Figure 4). Figure 5 For each plant at
a particular time, we measures length of different leaves in a turmeric
plant. Maximum length of leaves in a plant at a time point is recorded.

Maximum of such readings for a plant over time in season 1 is
used to regress the yield from that plant at the end of season 1. Figure
5 shows that the linear regression by least square method. The value
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of R? is 0.1973; lower than 0.2732 of Figure 1 where we considered
plant height as independent variable in linear regression. Figure 6 the
residuals of regression made in Figure 6 seem to be symmetric around
the origin in Figure 6. (Figure 7) In the log—log scale, we consider
the linear regression of yield on max leaf length as shown in Figure
7. The value of R? has slightly increased to 0.2147, compared to the
value 0.1973 of Figure 1 in original scale. However, this is still less
than 0.2739 of Figure 3. (Figure 8) The residuals of regression made
in Figure 7 seem to be asymmetric around origin in Figure 8.

Figure 9 Height of 190 plants over experiment 1 & 2 are recorded
at ve time points in season 1. These are lowess and spine regressed
with parameters f=2/3 and d.f.=3.3 respectively to have overall height
growth of plants with time. The growth rate computed from here is
of help to assess turmeric tuber growth rate over time via the growth
rate of Figure 1. It was not possible to record heights for all the 190
plants in the same day after start. The records are taken over several
consecutive days and the points in a group appear like a cluster pillar.

It is possible that the overall plant growth may be attributed to
mean of seed weights viz., 20g. We verify this in next picture, (Figure
10). (Figure 10) We may check whether the overall growth pattern of
Figure 9 with 190 plants may be attributed to seed weight 20g, the
mean seed weight. Figure 10 shows plant height with seed weight 20g
for 38 plants over time in season 1. The pattern is almost similar to
that of Figure 9 with 190 plants. (Figure 11) At time zero we plot seed
weight 20g in the growth curve. For other time points we compute
the growth slope as the weighted average of two components, one
is the slope from exponential growth, This equals to y,’(t); where
y1(t)=y1(t)=wk"*"=(total yield from relevant plants at the end of
second season)/(total seed weight of relevant plants): There are 19
relevant plants in Experiment 1. The time between two seasons 107
days are deducted from the whole span of two seasons, start to end.

This resulted to lifetime 506 for plants, in general. The other
component is computed as growth rate of plant height, as shown in
lowess regression of Figure 9. This rate is related to rate of turmeric
yield, see Figure 1. A weighted average of the two slopes with weight
p=p=107*, see Figure 1 asserting that this is the appropriate scale for
growth rate of plant height; and the weight (10) for exponential
model slope provide the successive increments to the next time point
in the growth curve shown in Figure 11, where the points are joined
by lines. Figure 12 Following the same technique used in constructing
(Figure 11) for Experiment 1, we draw similar picture, (Figure 12);
growth curve of turmeric yield over time for Experiment 2 having
19 plants with seed weight 20g. We already mentioned that Figure 9
may represent plant height growth curve over time attributed to mean
of seed weights 20g. (Figure 13) We combine plants of Experiment 1
and Experiment 2 with seed weight 20g; there are 38 plants in total.

Following the similar procedure of drawing Figure 11, now with
38 plants; we compute the new value of k to get the turmeric yield
growth curve from weighted average of two slopes that provides
successive increments to the next time point. The points are joined by
straight lines. Figure 14 Individual growth curves of 38 plants in green
color are calculated by computing k=final wt=initial seed weight w;
for each plant and then using the exponential growth formula y(t)=krP®
w; where p(t)=present time t=lifetime. As for example for plant 1,
lifetime=500; for plant 2, lifetime=501. The mean curve is computed
by calculating the mean value from individual curves at fixed time
points. The lowest curve is drawn on those mean points with f=2/3.
These two curves are quite close. Figure 15 The growth curve in
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season 1 is now supplemented by mean curve in exponential growth
model shown in Figure 14. The growth increments in time intervals
are computed and interpolated from the above mentioned mean curve,
and then added after the time zone beyond 253 days when season 1
end.

We calculated the growth slope from mean curve and then added
the increment at the last value of season 1 obtained earlier. The lowess
curve with f=1/2 and spline regression with d.f=4, over the original
values are shown. The growth curves use both auxiliary information
and exponential model over the full time span due to nonparametric
smoothing. The two curves shown are quite close. Repeating similar
procedure, growth curve for different seed weights may be obtained
(Figure 16). We consider 38 plants in season 1 for experiment 1 and
2 with seed weight 10g, draw the lowess curve with f=2/3 and spline
regression with d.f=3.3 on growth of plant height over time. A similar
procedure of drawing Figure 10 with seed weight 20g is followed.
(Figure 17) We combine plants of Experiment 1 and Experiment 2
with seed weight 10g; there are 38 plants in total, and follow the
similar procedure of drawing Figure 13. We compute the value of k,
obtain growth slopes from exponential model and combine this with
slope of plant height with appropriate weighting to get the points of
growth values in Figure 17. The points are joined by lines (Figure 18).
The procedure of drawing Figure 18 is similar to that of Figure 14.
Individual growth curves of 38 plants in green color are calculated by
computing k=final wt/ initial seed weight w; for each plant and then
using the exponential growth formula y(t)=kPw; where p(t)=present
time t/lifetime. As for example for plant number 3 life time is 501.

The mean curve is computed by calculating the mean value from
individual curves at fixed time points. The lowest curve is drawn on
those mean points with £=2/3: These two curves are quite close. Figure
19 The procedure of drawing Figure 19 with seed weight 10g is similar
to that of Figure 15. The growth curve in season 1 is supplemented by
mean curve in exponential growth model as shown in Figure 18. The
growth increments in time intervals are computed and interpolated
from the above mentioned mean curve, and then added in the time
zone beyond 253 days when season 1 end. We calculated the growth
slope from mean curve and added the increment at the last value of
season 1 obtained earlier. The process adding increments is continued
to obtain successive points. The lowest curve with f=1/2 and spline
regression with d.f=4 over the original values are shown.

The growth curves use auxiliary information and exponential model
over life—time from nonparametric smoothing. The two curves shown
are quite close (Figure 20). We consider 39 plants in experiment 1 and
2 with seed weight 15g, draw the lowess curve with f=2/3 and spline
regression with d.f.=3.3 on growth of plant height over time. A similar
procedure of drawing Figure 10 with seed weight 20g and Figure 16
with seed weight 10g is followed (Figure 21). We combine plants of
Experiment 1 and Experiment 2 with seed weight 15g; there are 39
plants in total, and follow the similar procedure of drawing Figure
13, Figure 17. We compute the value of k, obtain growth slopes from
exponential model and combine this with slope of plant height with
appropriate weighting to estimate the turmeric growth in Figure 21.
The points are joined by lines. (Figure 22)The procedure of drawing
Figure 22 is similar to that of Figures 14, Figure 18. Individual growth
curves of 39 plants in green color are calculated by computing k=final
wt/initial seed weight w; for each plant and then using the exponential
growth formula y(t)=kP® w; where p(t)=present time t/lifetime; and
w is the seed weight. The mean curve is computed by calculating the
mean value from individual curves at fixed time points. The lowess
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curve is drawn on those mean points with f=2/3: These two curves
are close (Figure 23). The procedure of drawing Figure 23 with seed
weight 15g is similar to that of Figures 15, Figure 19.

The growth curve in season 1 is supplemented by mean curve
in exponential growth model as shown in Figure 22. The growth
increments in time intervals are computed and interpolated from the
above mentioned mean curve, and then added in the time zone beyond
253 days when season 1 end. We interpolated the mean curve of Figure
22 at time 350 and 450 days, calculated the growth slope from mean
curve and added the increment at the last value of season 1 obtained
earlier. The lowess curve with f=1/2 and spline regression with d.f=4
over the original values are shown. The growth curves use auxiliary
information and exponential model over lifetime from nonparametric
smoothing. The two curves shown are quite close (Figure 24). We
consider 37 plants in experiment 1 and 2 with seed weight 25g, draw
the lowess curve with f=2/3 and spline regression with d.f=3.3 on
growth of plant height over time. A similar procedure of drawing
Figure 10 with seed weight 20g, Figure 16 with seed weight 10g, and
Figure 20 with seed weight 15g is followed. (Figure 25) We combine
plants of Experiment 1 and Experiment 2 with seed weight 25g; there
are 37 plants in total, and follow the similar procedure of drawing
Figures 13,17,21. We compute the value of k, obtain growth slopes
from exponential model and combine this with slope of plant height
with appropriate weighting to get the points of growth values in
Figure 25.

The points of turmeric yield are joined by lines. Figure 26 The
procedure of drawing Figure 26 is similar to that of Figure 14,18,22.
Individual growth curves of 37 plants in green color are calculated by
computing k=final wt/initial seed weight w; for each plant and then
using the exponential growth formula y(t)=kPOw; where p(t)=present
time t/lifetime; and w is the seed weight. For example the lifetime
for plant 1 with seed weight 25g is 498 days. The mean curve is
computed by calculating the mean value from individual curves at
fixed time points. The lowess curve is drawn on those mean points
with =2/3: These two curves are close. Figure 27 The procedure of
drawing Figure 27 with seed weight 25g is similar to that of Figures
15,19,23. The growth curve in season 1 is supplemented by mean
curve in exponential growth model, as shown in Figure 26. The
growth increments in time intervals are computed and interpolated
from the above mentioned mean curve, and then added in the time
zone beyond 253 days when season 1 end. We interpolated the mean
curve of Figure 26 at time 350 and 450 days, calculated the growth
slope from mean curve and added the increment at the last value of
season | obtained earlier. The lowess curve with f=1/2 and spline
regression with d.f=4 over the original values are shown. The growth
curves use auxiliary information and exponential model over lifetime
from nonparametric smoothing.

The two curves shown are quite close. (Figure 28) We consider 38
plants in experiment 1 and 2 with seed weight 30g, draw the lowess
curve with f=2/3 and spline regression with d.f=3.3 on growth of plant
height over time. A similar procedure of drawing Figure 10 with seed
weight 20g, Figure 16 with seed weight 10g, Figure 20 with seed
weight 15¢g, and Figure 24 with seed weight 25g is followed (Figure
29). We combine plants of Experiment 1 and Experiment 2 with
seed weight 30g, there are 38 plants in total, and follow the similar
procedure of drawing Figures 13,17,21,25; originally described in
Figure 11.

We compute the value of k = final wt/initial seed weight for each
plant, and obtain growth slopes from exponential model and combine
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this with slope of plant height with appropriate weighting so as to get
the points of growth values in Figure 29. The points are joined by
lines Figure 30. The procedure of drawing Figure 30 is similar to that
of Figures 14,18,22,26. Individual growth curves of 38 plants in green
color are calculated by computing k=final wt/initial seed weight w;
for each plant and then using the exponential growth formula y(t)=kr®
w; where p(t)=present time t/lifetime; and w is the seed weight. For
example the lifetime for plant 3 with seed weight 30g is 498 days.
The mean curve is computed by calculating the mean value from
individual curves at fixed time points. The lowess curve is drawn on
those mean points with f=2/3: These two curves are close. We may use
these mean values to compute the growth increments.

The procedure of drawing Figure 31 with seed weight 30g is
similar to that of Figures 15,19,23,27. The growth curve in season
1 is supplemented by mean curve in exponential growth model, as
shown in Figure 30. The growth increments in time intervals are
computed and interpolated from the above mentioned mean curve,
and then added in the time zone beyond 253 days when season 1 end.
We interpolated the mean curve of Figure 30 at time 350 and 450
days, calculated the growth slope from mean curve and added the
increment at the last value of season 1 obtained earlier. The lowess
curve with f=1/2 and spline regression with d.f=4 over the original
values are shown. The growth curves use auxiliary information and
exponential model over lifetime from nonparametric smoothing. The
two curves shown are quite close (Figure 32). In Figure 32 we plot
the proliferation rate of estimated growth curve of turmeric with seed
weight 20g with observations from lowess regression shown in Figure
15.

The proliferation curve shows stability near 300 days, the duration
of first season, indicating a possibility of exponential growth with
parameter 0.0034: During the second season the curve has further
drop; showing deviation from the growth pattern of first season
Figure 33. So far we have used auxiliary information of season 1 with
time range up to 253 days to draw the growth curves. In season 2 for
time exceeding 253 days, auxiliary information on plant height and
maximum leaf radius are unavailable. However, note that the growth
curve with seed weight 10g in season 1 reaches up to 28.01936g
at the end of season 1. This is just a little less than the seed weight
30g for which growth data on season 1 is available in association
with auxiliary information from Experiment 1 and 2. Thus there
is a possibility of translating the growth curve of seed weight 30g
in Figure 31 downward in Y axis by pulling it down by that small
amount of gap and merge this with growth curve of turmeric seed
weight 10g to the end of season 1, to have an overall representation
of growth curve with seed weight 10g over two seasons extending up
to 500 days. Hence we obtain Figure 33 representing growth curve of
10g turmeric seed weight over a time span of 500 days covering two
seasons and utilizing auxiliary information of plant height throughout,
in spite of limited data available.

Here we use lowess (f=2/3) and spline regression (df=6) over data
points. The yield growth seems higher in the second sprouting in
cultivation (Figure 34). In (Figure 34) we compute the proliferation
rate of yield from the data points shown in Figure 33. Proliferation
of exponential growth is constant. The rates in Figure 34 indicate
that turmeric growth is within an exponential band. Variation in
the proliferation rate over time exhibit a symmetric pattern, like a
periodic function in upper and lower halves in Y axis around time
250 days. Figure 35 shows the proliferation rate of turmeric yield
with seed weight 10g computed from Figure 19, where information
from auxiliary variable in season 1 and exponential model in season
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2 are used. The curve shows some degree of stability in the time
zone [200, 300] days with possibility of exponential growth with
parameter 0.00464. We may compare the proliferation rate shown in
Figure 34 for seed weight 10g based mainly on auxiliary variables,
with proliferation rate for same seed weight shown in Figure 35 and
computed from growth curve of Figure 19, where turmeric growth is
computed using auxiliary information in season 1, and exponential
model in season 2. The rates shown in Figures 34 & 35 are seen
to be different, indicating that auxiliary information incorporates
modification in modeling turmeric yield.

Characterization
curve

of exponential growth

The exponential growth curve y(t)=(1+c)' y(0) has a linear
relationship in the log scale, log y(t)=t log (1+c)+log y(0). For c<0
the curve shows exponential decay. Now, consider c=c, to be such
that —1<a=lim inf ct < lim sup c¢=b<l. Then for |c[<I, t log (1+c)
=~ t (c—¢? /2+c* /3 — ...) and variation of y (t) is in between a band
of two exponential curves. Conversely, if the variation of y(t) is in
between a band with two exponential curves then —1<a=lim inf ¢ <lim
sup ¢=b<1 for some a; b holds, where c=c=[y(t)/y(0)]"* gl=t. In
discrete case lette N =10, 1, 2, 3, ...} g, then the condition remains the
same for an exponential band to contain the growth curve. The above
assertion is on growth curve lying in a band involving upper and lower
exponential growth bounds. A stronger assertion on convergence of
y(t) to an exponential growth curve is possible if b=c; when the band
merges to a curve. Some special cases considered in Dasgupta® are
revisited below. Proliferation rate d td log y (t) determines a growth
curve y=y(t) when initial value is specified. For exponential growth
this rate is a constant. Discrete version of growth is considered in
Dasgupta.®

Some discrete version of unbounded growth models

The growth observations are taken on discrete time points with
unequal spacing. In a bounded time zone, the growth may exhibit
exponential rate. In view of the relationship of proliferation rates
among growth curve families in continuous time, one may consider
discrete version Ay(t)/ {y(t) At}tg of the three proliferation rates given
in (2) of Dasgupta® that gives rise to the discrete growth curves for t e
N=10, 1,2, 3, ...} ::: g satisfying the following difference equations.

Ay(t)/ {y() A} y(t+1)/y(t) —1=cvB[1- exp({(1/y(1))"~1}/B)]—
cev{l—(1/y(t))""}, B — oo; this converges to — ¢ log (1/y(t)) as v —

0 .(3)
That is, fort e N={0,1,2,3, ..} :: g
y(ttD=[1+evB[1- exp({(1/y (D)™ =1}1/B)]ly(1) - (4)
y(trD=[T+ev{1-y() "™}] y(0). (%)
y(trD=[1+c log y(0)]y(t) -(6)

For unbounded growth observations recorded at discrete time,
the above family of models (4)—(6) with some assigned initial value
for y(0)>1 may be appropriate. The findings are true for unequal
spacings, similar limit holds in (3). That is y(t+1) on the Lh.s of (3)—
(6) are to be replaced by y(t+A(t)) and the r.h.s of these equations has
to be multiplied by a factor A(t), the unequal time spacing. The proofs
are similar. When the limits are achieved in (3)/(5) for proliferation
rates in discrete case with unequal spacing A=A(t), discrete version
of exponential distribution is attained, for example when c=c=c*/
log y(t). This family of discrete proliferation rates, like its continuous
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time counterpart, covers a broad spectrum starting from exponential
to logarithmic order of growth in a continuous manner, as the next
class in the series (4)—(6) is a limit of the former. The growth curve
given in (3)/ (5) has a proliferation converging to a constant ¢ for
large time. Some figures on proliferation rates computed in the present
context of turmeric growth showed stability towards a constant,
justifying exponential model in a limited zone. An exponential growth
will overcome linear or any polynomial growth in time. Then equation
(3)/ (5) will result in the discrete or continuous version of exponential
growth in the limit.

Discussion

The growth experiment was conducted to see the effect of
different seed weights 10g, 15g, 20g, 25g and 30g on turmeric yield.
The experiment was repeated in two adjacent plots in a season and
prolonged up to the end of second season. Experiments continued in
same pits over a period of two seasons to obtain high yield at the
end of second season. Farmers often take recourse to this standard
practice in anticipation of a good harvest. Turmeric plants sprouted
for a second time in same pits in second season as the crop remained
unharvested at the end of first season. Yield data is available only at
the end of second season. Problem is to identify the appropriate seed
weight, the growth curve of yield, and the best linear predictor based
on above ground auxiliary variables in usual or in log—log scale for
yield over extended time of cultivation.

Seed weight 10g of turmeric is seen to produce best proportionate
yield to the tune of 8.71 times at the end of second season in lateritic
alluvial soil of Giridih, Jharkhand (India). Above ground auxiliary
variables on biomass like maximum leaf length and plant height
are recorded only for the first season due to resource constrains.
An exponential model in the first season is taken from elementary
consideration of proportionate growth, assuming yield at harvest is a
multiple of seed weight; the multiplicative constant for each plant is
then estimated from final harvest of the plant. From the limited data
on auxiliary variables, growth curve of yield is obtained in section
2 by least squared regression, nonparametric smoothing of lowess
and spline, along with a modification of exponential model under the
consideration of proportionate growth in yield over time. Of all the
variables considered, seed weight, lifetime and plant height are seen
to be significant in analysis of variance.

The best linear predictor is obtained in Equation (1), and this is
validated for different pro les of plant lifetime. Maximum plant height
is seen to be a good predictor of the yield and this variable is used
to calibrate the exponential growth model. The proposed procedure
blends the information from observable auxiliary variable with
yield data available at the end of second season. Proliferation rate of
exponential growth is constant. The growth curve of turmeric yield
show such a property toward end of the first season. In earlier yam
growth experiments, see e.g., Dasgupta,’ stem height is seen to have
a linear relationship with yam yield in log—log scale. The same is
observed for turmeric growth. Accuracy of prediction is higher in log—
log scale. Farmers may use seed weight 10g of turmeric that produces
best proportionate yield to the tune of 8.71 times in the soil of Giridih
Jharkhand, when turmeric is harvested after the second season; the
growth is seen to be faster in the second season.
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