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Global wellposedness of a free boundary problem
for the navier-stokes equations in an exterior

domain

Abstract

In this paper, we prove a unique existence theorem of globally in time strong solutions to
free boundary problem for the Navier-Stokes equations in an exterior domain in the case
that initial data are small enough. The key step is to prove decay properties of locally in time
solutions, which is derived by combination of maximal L-L, regularity with L-L, decay
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Introduction

This paper deals with global well-posedness of the following
free boundary problem for the Navier-Stokes equations. Let Q be an
exterior domain in the N dimensional Eucledian space R" occupied
by an incompressible viscous fluid. Let I be the boundary of Q
that is a C? compact hyper surface with the unit outer normal n. Let
Qt be the evolution of Q at time ¢ Let I', be the boundary of Qt

with the unit outer normal n. Let pand ube positive numbers
denoting the mass density and the viscosity coefficient, respectively.

T
(e -

T
velocity field, where M denotes the the transposed M, and let p be
a scalar function describing the pressure field. We consider the initial
boundary value problem for the Navier-Stokes equations in Qt given

by
p(0tu+uVu) - Div(uD(u) - PI) = 0,

Letu = , Uy ) be an N-vector of functions describing the

divu=0 inUyeer Q x {15,

(,uD(u)—PI)nt =0, V7 =nua onUpqer T, x {1},

Tt t

u| =u, Q| =Q

t=0 0 tt=0

(M

Here, D (u) =Vu + Vudenotes the doubled deformation
tensor, [ the N x N identity matrix, and Vn the evolution speed of the
surface I', in the n, direction. Moreover, for any matrix field K with
(i, j) component K. the quantity Div K is an N vector of functions

whose i component is jél 0 jKij .0 = 0/ ox ; and for any N vector

N
of function w = (W1”"’WN ), divw = % 6jwi and the quantity
Jj=1

N

w'Vw is an N -vector of functions whose i component is 2. ijl,
j=1

One phase problem for the Navier-Stokes equations formulated in (1)

Wwith (,uD (u)— PI) nt = caHnt in place of (,uD(u)— PI)nt =0
has been received wide attention for many years, where H is the

doubled mean curvature of I', and c¢ is a non-negative constant
) . . o . .
describing the coefficient of surface tension. In particular, the

following two cases have been studied by many mathematicians: (1)
the motion of an isolated liquid mass and (2) the motion of a viscous
incompressible fluid contained in an ocean of infinite extent. In case
(1), the initial domain QO is bounded and local well posedness in the
case that co >0 was proved by Solonnikov'™ in the L, Sobolev-
Slobodetskii space, by Schweizer’ in the semi group setting, and
by Moglievskii et al.,° in the Holder spaces. And, in the case that
co =0, local wellposedness was proved by Solonnikov,” Mucha et
al.,*? in the L, Sobolev-Slobodetskii space, and by Shibata!®!! in the
Lp in time and Lq in space setting. Global wellposedness in the case
that co =0 for small initial data by Solonnikov*’in the L Sobolev-
Slobodetskii space and by Shibata'? in the L, in time and L, in space
setting. Global wellposedness in the case that co =0 was proved
under the assumption that the initial domain QO is sufficiently close to
a ball and initial data are very small by Solonnikov' in the L, Sobolev-
Slobodetskii space, by Padula et al.,'* in the Holder spaces, and by
Shibata'® in the Lp in time and Lq in space setting.

In case (2), the initial domain QO is a perturbed layer like:

3 A 2
Q,={x eR'| -b < x <n(x),x'=(x,x) R} and
local wellposed was proved by Allain,'s Beale'” and Tani'® in the L,

Sobolev-Slobodetskii space when co >0 and by Abels" in the L,
Sobolev-Slobodetskii space whenco =0 .

Global wellposedness for small initial velocity was proved
in the L, Sobolev-Slobodetskii space by Beale” and Tani et al.,!
in the case that co > 0and by Sylvester? in the case that co =0
. The decay rate was studied by Beale et al.,”® Sylvestre,* Hataya®
& Hataya et al.?® In the case of the Ocean problem without bottom,

Q)= {xe R’ |x3 <77(x’),x'=(xl,x2) € Rz}.

In this case, global well posedness for small initial data and the
decay properties of solutions have been studied by Saito et al.””*
Recently, local well-posedness for the one phase problem of the
Navie-Stokes equations was proved in the general unbounded domain
case by Shibata'? in the <@ =0 case and by Shibata®* in the case

co>0.

We remark that two phase problem of the Navier-Stokes equations
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Global wellposedness of a free boundary problem for the navier-stokes equations in an exterior domain

has been studied by many math- ematicians,’’*® and references

therein. Although many papers dealt with global well-posend, as
far as the author knows, global well-posedness of free boundary
problem for the Navier-Stokes equations in an exterior domain has
never be treated, and the purpose of this paper is to prove global well-
posedness of problem (1) in the L, in time and L, in space setting.
Since only polynomial decays are obtained for solutions of Stokes
equations with free boundary conditions in the exterior domain
case;*’* it is necessary to choose a large exponent p to guarantees L
integrability of solutions, so that the maximal L-L regularity for the
Stokes equations with free boundary consition proved in Shibata3®4-%
and also in Pruess et al.,** in the different p and ¢ case are one of
essential tools.

Now we consider the transformation that transforms Q, to a fixed

domain. If Q is a bounded domain, then we have the exponential
stability of the corresponding Stokes equations with free boundary
conditions in some quotient space, so that we can use the Lagrange
transformation to transform Q, o0 Q .»'"* But, is now an exterior
domain, so that solutions of the Stokes equations with free boundary
conditions decay polynomially as mentioned above. Thus, the
Lagrange transformation is not available, because the polynomial

t
decay does notpseem to be enough to control the term Io Vuds
. Another known transformation is the Hanzawa one. But, this

. . 3-1/ .
transformation requires at least the Wq ! (N < q) regularity of the

height function representingl’, and such regularity is usually derived
from surface tension. In our case, surface tension is not taken into
account, so that such regularity is unable to be obtained. To overcome
such difficulty, our idea is to use the Lagrange transformation only
near[ .

Let R be a positive number such that O = RY\Qc B where

R/2?

B, ={xe RY | | x|< L}, and let x bea €™ function such that

k(&)=1 for|&|<R and k(&)=0 for|E[22R . Let v(&,0) and g(&, 1)
be the velocity field and the pressure field in Lagrange coordinates

{&} . Let us consider a transformation,
x=LE& D=+ K(EVE 5)ds @)

Let obe a positive number such that the transformation:
X = L(r.f, t)is bijective from Q on to Q,z{sz(cf, t)|§ eQ} for
each t € (0, T ) provided that

i VoL, (@)as<s 3)

Since ¢ will be chosen as a small positive number eventually, we
may assume that0 < & <1.Let

fl.j (t)=
J
“
where 5,]. are the Kronecker delta symbols, that is &, =1 and
5;}:0 fori# j. Here and hereafter, a function a =al¢, t)is
written simply by a(?) and (aij ) denotes the N x N matrix whose

(i, j) component is a;, unless confusion may occur. For a while, we

5, +j0t aZ(K(g)vi(g,s))ds(v ="y =y D A() 0 ()7 =g, (1)
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assume that the N x N matrix (fij (t)) is invertible.
Let

Q,={x=L(&, 1)), T,={x=L(¢, 1)¢ €T},

u(x, t) =V(L71(x, t), t)andp(x, t) =q(L71(x, t), t) in Eq.
and then, v and ¢ satisfy the following

(1,

equations:
0,v—Div(uD(v)—gD)=f(v), in Qx(0,T),
divv=g(v) =divg(v)  in Qx(0,T),
(uD(v)-gl)psh(v)  on Tx(0.T),
Vlf=0 =u, in Q.

Here, f(v) is consisting of some linear combinations of nonlinear
functions of the forms

v, (v (KV) ds)V’v, V(v (KV) ds)o, v,
v, 1oV (v) ds)(J; V° (ev)ds)V v, (1~ K)('A)_1 v-(TAVV)};
(6)
and g(v) and g(v) and h(v) are nonlinear functions of the forms:
g(v) = V3(L: V(Kv)ds)Vv; g(v)z VA(L; V(Kv)ds)v; h(v) = VS(L: V(Kv)ds)Vv
@)

with some nonlinear functions V; such that ¥(0) = 0 except for
=2.

The main result of this paper is the following theorem that shows
the unique existence theorem of global in time solutions of Eq. (5) and
asymptotics as ¢t — .

Theorem |

Let N2>3 and let q, and q, be exponents such that
max(N, ;N2J< q, <wand1/q =1/q,+1/N . Let b and p
be numbers d;ﬁned by

I PG
2q, 2 ’ @ -N (®)

with some very small positive number o . Then, there exists an

— N _ N
€>0 such that if initial data u, € B """ (@) ~B" " (2)
©,p 925 P

satisfies the compatibility condition:

divu; =0inQ, D(uy)n-<D(u)n,n>n=0 on T )

and the smallness condition: with
I=llug 1B+, || B2, then Eq. (5) admits uni
0N e ol 5, , » then Eq. admits unique

solutions v and q with

vel, ((O,w),H;: o) ] N,

00\, (Q)N), gel, ((O,w),H; (Q)*ﬁ;,o(mj

El

possessing the estimate [v]00 < Ce with
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[V]T - {j T(< s SPiveonl @) as

0

P
b1 o
. N
+j0 <s> 24 Hv(~,s)||H‘11 @)Pds+( sup <> Iv(,s)llLgy ()
1 0<s<T

.

N P
(b——)

T
2 . 2 A .
+ J.o <s > 492 |lv( ,s)llHq2 (Q)HIOv (,9)lILg2 () ds

1/2
Here, < s >= (1 + sz) and C is a constant that is independent
of €.

Remark 2

Let 1/ p' = 1-1/ p.thatis 1/ p" = 1-1/ p. And then,

1 (1+20)g,+N

P 2q, (1 +O')

We choose o > 0small enough in such a way that the following
relations hold,

N 1 [N N N
l<g <2,—>b>—,| —=b |p>L|b-———Ip>1,b>—o,

q, P\ q 2q, 2q,
N (N 1 N N 2
b>2—,| —+—|p'<L|b-——|p' >],—+—<1.
9, \2q, 2 2q, 49, P
Remark 3

The exponent q, is used to control the nonlinear terms, so that q, is
chosenas N < g, < .

Let
(12)

And the condition: q, > implies that q, > 2 and q,> 1

which is necessary to prove Theorem 1.

Thus, we assume that
2N

max| N,—— < g, <.
N-2

We can choose & > 0 so small that x = L(&, t) is a diffeomorphism
with suitable regularity from Q onto Qf , so that the original problem
(1) is globally well-posed.

Remark 4

Finally, we explain several symbols used in this paper. We use bold
small letters to denote N -vectors of functions and bold capital letters
to denote N x N matrix of functions. For a scalor function h = h(x),

Copyright:
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Vh is an N vector whose i" component is 6[11 = 0Oh/ 6xi . For v(x)
=(v,(x), ...,V (x), Vvis an N x N matrix of functions whose (i,
j) component is 6ivj . Given exponentl < g < o, letq'=q/(q—1).

Let Lq (Q),H;" (Q) and B;,p (Q) be the standard Lebesgue,
Sobolev, and Besov spaceson Q ,while|| e || Lq Q) , el H;" (Q),
|| o] B;’p (©Q) denote their norms, respectively. For a Banach space

X with norm|| « || X,
(s fa) 1fiex(i=1...,d)},

norm of X is written simply by || «|| X, which is defined by

Let while the

WX =Sl f X for f= (f.....7)ex,. Lt

ﬁ;’o Q) = {e el (Q)

q,loc

voer (o). olr= o}

Hy(Q)=H, @)+ {p—pﬁpzl meH (@), el (Q)}

For1l < p < oo, Lp ((a, b), X)and H,‘: ((a, b), X)denote
the standard Lebesgue and Sobolev spaces of

X-valued functions defined on an interval (a, b), while
el H: ((a,b),X) and || || HZ ((a,b),X) denote their norms,
respectively. The letter C denotes generic constants and C_, ... means

that the constant Cu,b,c,' .. depends on a, b, c... The values of C and Ca’b_’C
may change from line to line.

After Introduction (Sect. 1), the paper is organized as follows: In
Sect. 2, we reformulate problem (5) by using the formula:

[ Vi@ s = [ Vv as- | v, as
0 0 0

In Sect. 3, we give estimations of the nonlinear terms. In Sect.
4, we explain how to prolong local in time solutions to the infinite
time interval (0, o0) . Finally, in Sect. 5, we prove Theorem 1 by using
maximal L -L regularity and L -L decay estimate for solutions of
the perturbed Stokes equations with free boundary condition in an
exterior domain, which was proved in Shibata.3® 4’

Another formulation of Eq. (5)
Let 7> 0 and let
1 N 2 1 1
ved (002, @)L (00 @) gL, (0111 @)}, @)
(13)

be solutions of Eq. (5) satisfying the condition (3). In what follows,
we rewrite Eq. (5) in order that the nonlinear terms have suitable
decay properties.

Let A(r) = (ai/, (1)) be the NXN matrix given in (4), and let
n, = (”m R ntN) and n = (nl, o, nN),and then by the
transformation (2), we have

o0 0 N N
a; () —,—= Xn,=dt) X a; (On,
J=1 J=1

og; o, (14)
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where d(t) =| T A(¢)n |.

Copyright:
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In (16), by the Taylor formula we write
a,()=a,(T)+4,;(). £ ()= (T)+L (1),
i if if

a, (=5, +ay (0. J(O) =1+ (0, £,() =8 +T,(0), (15
o . o _ i =D (MVD,OA T =J()+d O (21)

Where ¢ are givenin(4)and./is the Jacobian of the transformation v Y
(2), thatis J=J :det([l./.), and then With
5 ’ ' - , 1 T T T
a; =8, ([VG@VE 0ds). T = K (FV@vE nds). g0=[ -1 [ vistente, sus=o] vistomte, sus)ao | vistence o,
1y (1) = my [V ((E)V(E, $)ds )= [; —(rc(é)v (&, 0))ds) L I o (g

y O0=m J= 4 e 0= ERonEan pow U0, g D

With some smooth functions ; and K defined on e T T
{w | |wl < 1} such that b, (0) = K(0) = 0, where w is J (t):_J.oK(L VKV, S)ds_a.[ V()G s)ds)dﬁ'[ VKE)V(S, 5)ds

the corresponding variable to

satisfy Eq. (1). By (14),

i V(x(&)V(E, 5))ds
u(x, t) = V(cf, t) and p(x, t) = q(f, t) and then u and p

Let
Where b, and K' are derivatives of b, and K with respect to

w. By the relation:

S0 (Tya (T) =6 (22)
au 614 5 p s sm m
P 8 =D, ,(V)=D;(V)+ D, ()Av the first equation in (20) is rewritten as follows:
X, Ox.
J i N 0
Wit O =t 2 (1) (D, 1 V) =0, = £,9)
D,0= 0 %0 b z 2L sy 02 . 0
V) = ~, D, v=24d +agi ()—= .
(7 (9§ afj ij kj &k ki 8/: With
.
We also have an important formula: f (v) = _i a, (T) %Lis(t)afvz + % (%) (t)ah (ty S
. 6u a N a s=1 i=l i,j,k=1 agk
divu = Y —— Z J()ay, (t)— ) — (J(Oa, (1)v))
J=1 Ox . (lg) k=1 08, Jk=10S, N N 0 N 0
+uY a, (T) 2 fl.s(T)a](T)—(D HvVv)+ X IIS(T)Ak](t)— t(v)
which implies that (23) Lkl o "’ bkl ok !
S a ()= J(t)a, (z) 0 {(&k-(t)+j(t)ak-(t))v-} e L oenLn
451 oy g, Ao, 1 Y i o0 B0
k
And then, Eq. (5) is written as follows: Next, by (18)
S0, (0@t (-5) 3 vay (t)a ) divy=g(v) = divg(v)
i=1 k=1 g Wlth
. 0
—u Z,(: ]/,g(t)ak] (t) 22, D, ; (V)—— 6§ in Qx(0,T), divv = Z J(T)ak (T) ]Zv: 7J(T)akj (T) Vj
2 je 5 Ja B¢
> 0,07 3 gu(z)ak, (1v)=0 in Ox(0T) X o
M 20) T AT gW) = T (D40 +J (r)ak,m)a—’
4 S Oy OD, (gm0 on Tx(0,T), @4 “
i) k=1 N
' domwy  in @ 8,0 = L UMD A0+ e, 0, 80)= (g ()8, )

Where s runs from 1 through N. Here, we have used the fact that

(fij_) = A™" which follows from (4).

In order to get some decay properties of the nonlinear terms, we

write

t T T
[ v, oas = vove, oas- [ Vv sas -
0 0 0

Finally, we consider the boundary condition. Let i be an N -vector

defined on R" such that i =non T andT|| | HOZO (]RN g< C.In
N .By (14)

what follows, n is simply written by n = N
and (22)
z_] @, (YD, ()=, g =h, ()
with
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N N
10121 T a0, 0 A 00,60, - 3 (T 00,
k=] i,j k=]
(25)
By (18),
N 0 4N 0
0T a4y (1)~ (D, (=3,9) =JD T I, (1D, 5, 0]
e gg ' R '
And
N N N| N
2 4,10, (0~ Zay(Th, 9= X jZl{J(T)akj(T)(ijiT(V)—é,,vq} ,
Jk= s=1 ==

Thus, letting

N ~
S0 =2 J(Way (NNAD,, (1)=0,0) $(v9)=(8, (va)).

f(v) =" A (v),...,fN (v)), h(V) = (hy (V)""’ hy (V))’

and using (18), we see that v and q satisfy the following equations:
-1 . ~
oNv—=J(T) DivS(v,q)= f(v)
divv = g(v) = div g(v)
S(v.g)n =h()

in Qx (0, T),

in Qx(0,T),

onT'x(0,T), (26)

V|[:0:u0 in Q.

Estimates for the nonlinear terms

Let f (v), g(v), and h(v) are functions defined in Sect. 2. In this
section, we estimate these functions. In what follows we write

1
< ¢t >“w||Lp((o,T),X): {jor(< 1> wi, ) ||X)pdt}Alﬁp<oo,

[l< ¢ >aw IIL,((0,T),X)=esssup< ¢ >a|| w0l X p=oo.
0<t<T
First, we prove that

ler>" £1L (O.T) L, (Q)+1<e> £ L (0.T ), L, (Q)<c + v, ).

27
with | = HuOHB;(/]:;”)(Q) + HuOHB;Z(:”p)(Q) . Here and m
what follows, C denotes generic constants independent of

1, [v] T, &, and T . The value of C may change from line to line.
Since we choose / small enough eventually, we may assume that
0 < I £ 1. Especially, we use the estimates:

A TR N S
2

2 2

/

T
Since

]

s, 1 A
[[ s> ven i, @'e

)’
N1 N /
~bt—+t— b-—— ’

1 [ e nm @ s

1
-b+—

[ 1vwesie @sc va)

p
L IV (V5D 112, (@) < 1 +a)

Copyright:
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forany0 < o < f < T ,whereq e[l, qz],wehave

B
[ivesve.snie, (@)as< v,

B 28
[T1v & spie, (@) < v,

> ’
forany0 < o < < T ,whereq € [1, q ], because 2, p
as follows from (11). By real interpolation

theorem, we have
N

po—
2¢q
sup <t> ||V(‘af)||32(1—1/p)(g) < C”uO”
9P

1e(0,T) 2(1-1/p)
© qu P )

@9 -
t<e> 2y 2 <> " aw
Lp((O»T),HqZ Q)

L,((0.7)Ly, (%))
To prove (29), we introduce an operator T (¢)acting of

ge sz(l:/p)RN defined by

T (Ng=F '[Pl (30)

-1 . . N .
where F and F  denote the Fourier transform in R and its
inverse transform. We have

i Vai
e T(t +e" oT (t <C
( )g(3llﬂ(0mw; &) g ”Lp((O,oo),Lq(RN)) gl i
ay.p
Given f{t) defned on (0, T) with /|, _,= 0, let
0 (t <0),
f(@ (0<t<T),
le, f1(t) =
2T -1) (T <t <27), (32)
0 (2T < 1),
and then [e, /1) = £ (1) for 1 €(0, T)and
0 (t <0),
otf (1) 0<t<T),
otle, f1(1) =
—(0)(2T 1) (T <t <27), (33)
0 (2T < 1),
Let i, be an N-vector of functions in g (RN)N such that

q-P

i, = u, in Q and HﬁoHBZU*”P}RN < CHUOHBZ(I—IU?)(Q) .
ql2.p 92:P

N
b ——

o T (1) 6,1+ T ()d, forteR

b_i
Since <1> " v-T (1t))d, o= 0inQ by (31),(32) and (33),
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llz ||Lp((o,w),H;2(g)) *loz “Lp((O,oo),qu (@) is continuously imbedded into BUC ((0, ©), (E,, E| )H/p’p ) , where
Y v E, and E, are two Banach spaces such that E, is a dense subset of

72[12 E,, and BUC denotes the set of all uniformly bounded continuous

b,7
2qy
2
LP«O’T)’Hq (Q)) +<t> 6[v
2

<Ckt> v Loty (a) ¥ Huo

B;Z“;”P’(Q) functions . Noting that
N

4 (1) —<t> @ u() for e e (0.7 ). wehave
Itisknown(Tanabe)* that L, (0. @), £) ~ #} ((0. =), E,)

N

2y
sup <t> ||V(Z)|| 2(1-1/p) < sup ||Z(I)|| 2(1-1/p) < C”Z” 2 +||8 z
0<t<T) B T 0 By Lp((0,).Hgy (Q)) !

which, combined with (34), furnishes (29).

Ly((0.%0),Lg, (9))

Since %0 + % <1, Bz(l_l/p)(Q) is continuously imbedded into H' (Q) so that by (29)
2 455D 0
N

<t :E v <c(l +[v]) (35)

Loo((O,T),HiO (@)

1 N N N N
Applying (3), (28) and (29) to the formulas in (15) and (16) and using the fact that -b + — —— < ———and —b + — < ——— ,which
follows from (11), give P 2q, 24, 24, 24,

(a.j ®),J(@),0 (1),4.(t),d t),L. (t)” <C,
g y y v L (Q)

1 N
—ht— _

”(Al.j(t),J (t),Ll.j(t)”L o <€ ["Vavesll, (Q)ds <Clvl+ <t > P<Cvl, <> 7",

Va, (1), J(@),0 (t),A4.(t),d (t),L.(t) SCITVZ(KV(',S))HL <C[v], (36)
) ij ) ) ) 0 q
q

Hat (aij (), J([)='€y @, A"/ 0.4 ), Lij (t)HL )

N N
bt ——

<CVGevel.p (= CU +Iv) <> Lol +v] ) <e>""
foranyt e (O, T],whereq € [1, qz]Moreover, we have

(a;, 0,0 ,A,Jd L )(x,0)=0 forx¢ B, and t €[0,T] (37)
i PRNE
By (36) and (37),

1
—bht—
Chvl+<t> p‘

@ ML 082, ) ol (o)

1 N
forany ¢ e [1, q2] . Since — < b——— as follows from (11), we have

p 2q,

||< t>"a, (T)L, ()2 )

2
L,(0.1).L, () <c(l +[v])

forany g e [1, qz:l

Next, by Holder’s inequality,
N

| GRS >2 Wy ()

<t>’ HvVv(-,t)

1y @
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so that by (36), we have

V; 2
<t>"a, (T) a <CIvL.
‘ o 3, 0, e
Since
b . =
<t> ||V~VV(',Z)||Lq Q) =<1> V(. t)"L @ < 2 ||Vv(~,t)||Lq Q-
2 2
by (36)
o, 2
<t a, (T)t <CU +[vI)IVITSCU +[v])
N 2], »(0.1).Lg, () ' '
mce
2 2
B N
?(DU(I)VV): Zzl(Amj(l) Am,-(l)a )+ ((7 i
by (36) i 9o k9 06,y w04 ”
N
b| O 2¢5 ||o2 b
<t> |[—(D;()V <C <t> Vov(.t + <t > ||[Vv(,t 38
0,0M Lo vl 4 ¥( )||Lq(Q) v )IIIm(Q)} (38)
forany g € [1, qz]and therefore
<t> avm(T)gm(T)ak/(T) a¢, (D (IVV) < C[V]i

L,((0.7).L, ()
forany g € [1, q2] . Since

2 2

0 N ) 8\1].
- Pir = Z (@, (D———a, (N ——)+ 21 (S ay (Dt ——a, (M) D).
by (36) S e Sk *fm 9, fm Sk S
o N
2qp b .
<t avm(T)f”(T).Ak](t)aé j’T(V)L <Clv] (<1 > +<1>"|owc ’t)”Lw(Q)}’
so that
<t>' aw(T)fm(T)Ak,(T) 2¢, (Dyr(v) < C[v]
L,((0.7).L, ()
forany g [1, qz:l . Analogously, we have
<>Pa, (ML a2 P (D,/T( v) <Cvl

L,((0,7),L, (Q))
forany ¢ < [1, q2:| . Summing up, we have obtained (27).

1
Next, we consider g and g. To estimate the H j norm, we use the following lemma.

Lemma5
1
Lo /S HLR L ()

1

and g € H> (R, L (€)). Assume that f(x’ t) = 0/or (x’ t) £ By XR.
P

Then,

1
1790172 . 1,0 = Wt . ) "9"H2<R L,,(@) (9)

Proof: To prove the lemma, we use the fact that
1

1
H2(R, (@) = (L, (R, L, (). H) (R, L () (40)

i

where (-,~)[0] denotes a complex interpolation functor. Let ¢ [1, q2] . Noting that f(x, t) = 0for (x, t) & B, xR, we have

< f
"6; (f9)||Lq Q) < ||5,f||LOC Q) "g"qu Q) + " "Loo(Q) + ||6tg"Lq2 Q)
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and therefore

lo:r ol . 1,0 < It . 1.on 19kt =, 1, 0
forany g € [1, qz:l . Moreover, we easily see that

109w, 1,00 < W, @, 1) 1ol @, 1, @)
Thus, by (40), we have (39), which completes the proof of Lemma 5.

To use the maximal L-L, estimate, we have to extend g, g and h to R. For this purpose, we introduce an extension operator e, . Let fbe a

function defined on (0, T ) such that /| =T = 0, and then e, is an operator acting on f defined by

0 (t>T),

N V2 (O B )

GOV Craro) @1)
0 (t<-T).

Lemma 6

Let 1<p<ow,l< g< g,and 0< a< b. Let feH.,(0,T, L (Q) and g e H, (0, L (@)L (O, T)H;(Q)) . Assume
2

2.1/2

fl_p=0and £ =0 for(x, )& By xR.Let <t >=(1+)"* . Then we have

1 §C<t>£f‘
HZ(R, L, ()

& (<t>"f Vg)| H,((0,00),L,,(€2))

N (42)

J
V<, mugaytl <> 222, .1, @) 19l=ol 201
q2,pP

aberl b+L
2 29, a =
So@) =<t> 0 and 9o (t):<t> ! g(t) <t> ng_fOVgO.Let T

t
Proof: Let , and then ( ) be the operator given

in (30) and let /2 be a function in sz“;””)

. Recall the
B @)

N _ . _ ~
(R") suchthat h = g|t:0 inQ and h g|t:0 ||h||B;2(}p1/p)(Q) < ||g|t:0

operator e, defined in (32) and note that  gy|,_o=g|,_o =T (VA \tzo inq-Let g)=e, [g, =T (RO +T (Oh

for t > 0 and let

0 (e>T),
_ 90 (t>0), @ (0<t<T),
[g1(1) = {g(_t) <0, [f1(D) ft)  (T<i<0),
0 (t<=T).
Since (1) = g, (1) for 0< t < T, wehave
0 (e>T), 0 (>T),
:, (<15 fVgl() = ﬁ)(t)VgO(t) (0<t<T), _ .}‘f)(t)VgEt) (0<t<T),
So(=DVgy(=t)  (-T<t<0), |fo(-0)Vg(-t)  (-T<t<0),
0 (z<-T). 0 (z<-T).

By Lemma 5, = [t/ 1()VIgl(®).

1 1
el 1 Vg]"Hg(R,Lq(Q)) =l vl @y <l @z, @) Vel @, 1@
Since, f0 |t:T: 0 we have

N

(05 PRESATSEE U0 RIS VAT INTE ] IPPNSS
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Becausea— b <0. |

. - 1 2 . . . .
1To estimate ||V(zg)|| H2 (R, L,(Q)) ° we use the fact that H,(R, qu @) L, (R, qu (Q)) is continuously imbedded into

H; (R, H; (©2)) which was proved by Meyries et al.,” in case of p = q, and by Shibata® for any 1< p, ¢, < oo . Using this fact and (31),

2

we have

1
Vel w, 1, ) < ool w, 1, @) Il e, H? (©)

<CUlu (0002, @)INL, (0.0 122 (Q))J
2 P 9

< (g, -T(°)h||H;((0,T),Lq2 )" lgo 'T(')h||Lp((0,T),1-12 Q)
0

HTOM 0.2, @) HITOML (00012 @)
92
N N

b-—— b ——
2 2
s <> 7" a19||Lp((o,T),Lq2 (Q)))+|| <t> Mog

|l o] oo
2 =0|| p20-1p)
L,((0,T)Hg (£2)) t=0lB" 1P (1)
This completes the proof of Lemma 6.

Recall the definitions of g(v) and h_(v) given in (24) and (25). By Lemma 6 and (36)

& (<1>" g ”Hé(ﬂza, L,(9)

N
v N
< X | <>™ M4, O+TOay ) IH, (0.T).L, (<)
Jok=1
-~ N
2qp 2
x(| <> V"Lp((o,T)H;Z(Q)) +|| <t> atV”Lp((O,T),LqZ(Q)) +||“0||B;2<};1/P>(Q) 43)
<cU +vIp)
forany a € [0, b] and g € I:l, qz:l . Analogously, we have
~ a 1 < 2
& (<t>"h) MR 1, (@) < C(l +vD) (44)
forany a e [0, b] and ¢ € I:l, qz:l . Analogously, we have
Next, by (36), (37) and (41),
& [<t>"g)]
! ”Lp(R, Hy ()
N X b,i
2q2 2q2
< YA, (: Ja,. (- 4
jilll <t>" UM, +d Oay O) I o).z, @pl <> V||Lp((o,T)H;2(Q)) (43)
<CIvI
forany a e [0, b] and ¢ € I:l, qz:l . Analogously, we have
~ b < 2 46
e <00, oy 5 (46)

forany a € [0, b] and ¢ € I:l, qz:l . Since

N N
0,9,(V) = X | (J(1)0,4,()+@,J (Day, (1) +J (1)d,a, Oy, + X | V()4 @0)+d (Da,; )y,

Jj=1 J=1
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and since ||J(T)a,g. (O (t)"L (@) < C as follows from (36), by (37) we have
é [<t>"d.g (v)]”
r T, (0.1).L, ()
N N
N — b-——
<Y (<15 0.(4,,d a,) | | <i> 2
c s Mgod o 8g) L ((0,7),L,(Q)) L,((0,7)L,,(Q)
=
N N
2qy 2qy
Het>" eI oz, @pl <> atV”Lp (0,7)L,,(Q) "
which, combined with (36), furnishes that and the compatibility condition (9), then Eq. (5) admits unique
solutions v and q with
H | N 2 N 1 ~l
2, [<1> g ||L ®r @y < €U +[v]§_) VeH (0,11, (@)L, (0.1, H, ("), geL (0.1, H, ©+H) )
’ 47
3 ! ( Let T be a positive number > 2 and let v and q be solutions of Eq.
(5) satisfying (13) and (3). In
foranyae[O, b] and g € I:l,q:l. . . . . .
2 view of Theorem 7, such solutions v and q exist uniquely provided
Prolongation of local in time solutions that
Before proving Theorem 1, we state a unique existence theorem of ||u0|| BN () <€, (49)
locally in time solutions to Eq. (5), which can be proved by a standard
argumentation based on maximal L-L, regularity theorem for the Thus, we assume that 0 < € < <, in Theorem 1. Let [v] and /
1 1 1 29,40
Stokes equations with free boundary condition. be the quantities defined in Theorem 1
Theorem 7 in Sect. 1 Introduction. And then, if we prove that there exists a
constant M > 0 independent of € and
Let N <g, <oand 2< p<o. Assume that 2/p + N/q, < 1.
T such that
Then, given T > 0, there exists an € > 0 depending on T such that if 2
L 2(1-1/p) . ’ . [V]r M+ [V]r) (50)
initial data u, € B P)(Q) satisfies the condition: .
92-r then we can prolong v and q beyond 7. Namely, there exist v, and
q, with
luol zc-vm g <, @)
1 N 2 N 1 I |
vieH, ((T.T+1), qu @) L,(T.T+ I)Hq2 (D7), g, € L,((T,T+1), qu (Q)qu’0 (Q)
such that v, and q, are solutions to the equations:
alv1 - Div(,uD(Vl) —g0) = f(vl ), InQx(T,T+1),
divv =g(v) =divg(v) mnQx(T,T+1),
1 1 1 (51)

(,uD(vl)—qI)n:h(vl) oan(O,T),

V1|t:T =v(,T) in Q.

Here, f'(v,) is consisting of some linear combinations of nonlinear terms of the forms

v, (IOT(V(KV)ds + J: (V(xv,)ds) )VZV], " (IOT(V(KV)ds + J: (V(Kvl)ds)Vzvl) )6tvI

g (LT (V(xv)ds + ITI (V(Kvl)ds)) (J.OT (V(xv)ds + J; (V(Kvl)ds)Vzvl))Vvl,

(1-x)("A)=1{v, (T AVY))};
and g (vl ) , g(v,) and h(v ) have the following forms:

g(vl) -7, (IOT (V(xv)ds + J: (V(rcvl)als))Vvl ;g(V1) =7, (J‘OT (V(xv)ds + J" (V(Kvl)ds)) v,

T

h(v,):V( J‘OT (V(:cv)dﬁﬂ (V(K'Vl)ds))VVl,

5
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where V, are the same nonlinear functions as in (6) and (7).

In fact, the inequality (50) yields that there exists a small constant
ge (0,80] such that if 7 < &, then

(v, <@M) oM -1 =2MmI +0( ).

Thus, we may assume that
[V]T <3Mmi (52)
By (29) and (52) we have
||V(-,T )||||Bz(171/p)(Q) < Mlg
4.p

with some positive constant M, independent of T . Thus, noting
that

, l/p'
IOT I VvC, 0|l L, (Q)dt gc(jOQ > ds ] [v], <Mpo

with some positive constant M, independent of 7, choosing
¢ >0 smaller if necessary, we can show the
existence of v, and q,. Thus, setting
01 v(,t) O<t<T, g(t) O0<<T,
v _(, = =
2 vi(,t) T<t<THl, g,(-,t) T<t<T+],

we see that v, and g, satisfy the regularity condition:

v €l ((0,T+1),Lq2(Q)N)m

L | (0T+1)H Q], Lm0 H (QrE (@
070, 10 qgﬂ[( M, (Ot @

and Eq. (5) replacing 7'by T+ 1. Repeating this argument, we can
prolong v to time interval (0, o) .

This completes the proof of Theorem 1. Therefore, we prove (50).

A proof of theorem |

Let v and q be the same N-vector of functions and the function as
in Sect. 4. We prove that v satisfies (50). And, we recall that T > 2. As
was seen in Sect. 2, v and q satisfy Eq. (26). To estimate v, we write v
by, v=w +u where w is a solution to the equations:

d,W+2yw—J (T) "' DivS(w,r)=f (V) inQx(0,7),
divw= &; [g(V)]=div &;[g(V)] inQx(0,7), (53)
S(w,r)=¢&;[h] on I'x (0,7),
W= =u( in Q

with some pressure term r, and u is a solution to the equations:

du-J(T) ' DivS(up)=—Aw  inQx(0,T),
divu=0 inQx(0,7),
S(u,p)=0 on I'x (0,7), (54)
U—g =0  inQ

To estimate w, we quote the maximal L-L, regularity theorem due
to Shibata.*® Let us consider

the equations:

dW+Aw—J(T)" DivS(w,r)=f inQx(0,7),
divw=g=divg inQx(0,7), 55)
S(w,r)=h on I'x (0,T),
W= =W, in Q

atWHLp((O,T)L

Copyright:
©2017 Shibata 00

And then, we have

Theorem 8

Let Q be an exterior domain in RN whose boundary T" is a C,

hyper surface. Let 1 < p, ¢ <o and T > 0. Assume that

1
eB""@Q)fel (01)L (@), geH R L (@)L (R, H (Q),
q,p p q P q P q
1
1 N 5 N 1 N
geH R, L(Q) )heH (R L(Q) )NL (R, H ()
p q P q p q
and that w satisfies the compatibility condition:
w,—glz0 e B (@)
and in addition
(uD(w;)—h |t:0)r =0 onl’

If 2/p+ 1/g< 1, where dTZ d—<d, n>n. Then,
there exists a positive number /10 such that Eq. (55) admits unique
solutions w and r with

wel (0DH @) H (O1.L @) el (OT.H @+H (@)
Possessing the estimate:

HWHLP(((LT ),Hg(Q)) +Ha’wHLp((O,T ),Lq(Q))SCq “WO“B(?’(})_I/p)(Q)+||f”Lp((oaT )qu(Q))

1

\L,,(R,Lq Q)+

7h 1 s
@l 4 (2, @)

where C, is a constant that depends on q but is independent of T.
Applying Theorem 8 yields that there exists a large /1 > 0 such that
Eq. (53) admits unique solutions w and » with

WeH}(O.)L,(@)L, (ONHH) (ae 9] .a)
Possessing the estimate:
<C(l +HvE).

(| < OWH , Q))+H <t>"0w)

2
H (0L H(@0 qz( Lp((U.T),qulz(Q)mH;Z(Q)

(56)

In fact, f(v),e [g(Vv)], e [g(v)] ande [h(v)] satisfy (27),
(43), (44), (45), (46§ and (47) so that we know the existence of w
possessing the estimate:

b )
q]sz(Q)ﬁqu Q) +f <> alWHL”((O’T)’H;/z(Q)quzz () <C( (V1)

with some constant C depending on q/2 and q,. Let a = min(l, b),
and then W =<t > w satisfies

the equations:

QW+ AgW—J(T) " DivS(W,< 157 r)=< 1> f+ g at< 1> 2w inQx(0,7),
diviv=¢,[< 1> g(v)]=divé,[< 1> g(v)] inQx(0,7),
S(W,< 1> £)=¢,[< 1>"h] on I'x (0,7),
Wli=o =Y, in Q
(57)

Citation: Shibata Y. Global wellposedness of a free boundary problem for the navier-stokes equations in an exterior domain. Fluid Mech Res Int.

2017;1(2):56-72. DOI: 10.15406/fmrij.2017.01.00008


https://doi.org/10.15406/fmrij.2017.01.00008

Copyright:
Global wellposedness of a free boundary problem for the navier-stokes equations in an exterior domain ©2017 Shibata 67

Since
a—2

HK» <C(l +[vE)

<wl
HL (0.T),L,(Q) L,((0,7),L,(€Y)
as follows from the fact that a—1< 0, we have

(| <> o,wl

a
Lp((o,r)qu/z(n)quz(Q))+H <t> WHL ((OT)H (Q) H (2) <C(l +v ]T)

Repeating this argument finite times yields (56). In particular, by (56) we have
[w] <C(I +[V]}) (58)

Next, we consider u. Let {T( )}

be a C analytic semigroup associated with problem (54). Shibata® proved the existence of {T (t)}
satisfying the estimates:

N(I]) ]N(ll)
2qp| 22t1p|

|f||Lq(Q)’ ”AT(t)f”Lp(Q) <G |f||Lq(Q) (9)

N
foranyt>0and f e L, (Q) providedthat 1 < ¢ < p < wandg < q,- To represent u by using

>0 120

|7 (t)f”Lp(Q) <G

{T (t)}lZO , we introduce the solenoidal space Jq (Q) defined by

J, (@) = {fe L(Q)|(f.J "AVp)o=0 for any q)eﬁ;,,g(g)} (60)

Here, A is the matrix defined in (4) and J the function given in

(15), and 4,9 < q,, where V'u = wand V'u =Vu.
Al
Hq’,o (Q) {(/JeLq e (Q) |V(qu' Y, (plr:o} ) Recall that T > 2. In what follows, we prove that
T »
As was proved by Shibata® we know that for any f < L ()" (I (<t>"[Juc.o|| &, (Q))pdt) <l +v1) (65)
there exists a unique solution y € H (Q) of the variational ?
equation 1:
N Sup (<t >"" |u(,¢ <C(I v 66
(AVy.J "Ap)=(.] 'AVp) =0 for any e 1! (). zji( Juc- )”L (I 40v) (66)
- (61) 1
T b /"
Whlc%l possesses the e.st%mate | Vy ”Lq (Q) < Cq || f ”Lq (Q) . J' (< (> 2 H“('= <c(l +[v];) (67)
Here Cq is a constant that is independent of v 2
and T in view of (36). Given fe Lq(Q)N let w e 1:[; o (Q) be N Jo
K h———
a unique solution of Eq.(61), and let P, be an operator acting on f J.T(< [ @ Hu(, dt <c(l +[v]2) (68)
’ - T
defined P f= f-Vy . And then, P,f € J, (Q) and
P f ||L @ <Gl f Il (62) By (64) with r =, ¢ =¢ /2 and g, = ¢,
with some constant C_that is independent of v and T. By a0 <CJ‘; HT(t—S)W(',S)HH] (Q)ds:C(Iw(t)+HOO(t)+]11w(t))
Proposition 21 in Shibaata,* we have ” *
t .
u(, 1) = —AOJ.O Tt - 5)(PW) (, 5)ds . (63) With
Combining (59) and (62) yields that y N
/2 9
1,E(L \ L= =9 " vl (g
Vju(',t)" @ _Cr a I (t-s) a ||w(.,s)||L(;I (Q)ds N
L, -1 %
I ()= t— - ds,
J E(L lj OO() L/Z ( S) "W( S)"qu/z (Q) S
wCog [ =) T N Il () w !
i iy, (@) L

[t _ 2q 2 .
o m =], =" " |w( ,S)||Lq2/2(Q) ds.

for j=0, 1, for any t > 1 and for any indices 7, ql and (;2 such
that 1 < g, g, <7 < o and

Since
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N

, 1/p
s ([Pl [P e, o)
1

N
9

< C(bp'—l)-”l"(/ +[v]§)t

as follows from the condition: bp' > 1 in (11), by the condition: [f]\i— b] p > 1in(11), we have

N -1
(g - bp P
J.2T(<t>h1w(t))”dt <C j27<z> “ dt(l +[v]§) sc[(ﬁx— b)p—lj (/ +[v]§)p.
By Holder’s inequality

N
<t>" 1 ()< C [ t=s) M <5 >’ Iveolr, )9

N N

-1 “a g\ (1] T bl I
([ =s) Mds)" (' (1=s) " <55 w( ,s)||qu/2 (Q)ds) ,

IN

IN

-1/’ N

N_ =l 4 bl (- Vp
C[% lj (J7, =) " <s>"|w( ,s)"Lq]/2 (Q)ds)
Because N/ q, = N/ q, + 1 > 1. By the change of integration order and (56),

N

_r N
_[2T(<t>blloo(t))p < C(Zq\{— 1] ’ _[;dt J.tt/;l (t-s) I (< s>b||w(-,s)"Lq H (Q))pds

A N
N (T s “aq
< c[ql— 1J (<> W) Ly s (Q))"ds = (=) "ar
N " 2\
<C ?1—1 (I +[v]T) .
Since g + E<1 as follows from q, > N, by Holder’s inequality,
2
N1
b t 2 s b .
<t>Pmr (1) < le_l(t—s) 22 <>’ |w( ,s)Hqu (Q)ds
o~ 1 N~
< ( J.’il(t—s) 202 gg )P (Lil(t—s) 22, (<s>wa(~,s)HLq (Q))pds)”p
2
-1/p' N o1
<ML (' (t-5) 22 2 (<s>"|w(-.s)| ) ds)"'”
M 2927, = ) AL, (@) T
By the change of integration order, we have
r N
»

T N 7 t 292
[, (o> ) ar < 0[1—2%j [Jar [, - (<> ||w(‘,s)||Lq2 (Q))”ds

4 1

N v T b s+l 20 o
c(l—zqzj [l (<s> ||w(-,s)||Lq2(Q))"dsL* (t-s) dt

C(l—;;[z]p (/ +[v];)p .
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Summing up, we have obtained (65). Next, we prove (66).
By (64) with r =9, c'j] =q, /2 and 6}2 =9,

u,p
With

L, (@) ClawWr+ily Wyl 1)

N

1. 7; )
(t-s) HW( ’S)Hqu/z (Q) ds,

I 0= X
N

Hq"l(t):j,l/_zl (t—s) 24, HW("S)HLq \ (Q)ds’

lllql ’l(t):J.:_l HW(-’S)Hqu (Q)dS

By (56)

I, <@ (j(j” <s>*”f"ds)”” [jo”z <ol (Q))”dsj
1

1/p

N

< (/ +[v]§)” )
Analogously, by Holder’s inequality and (56),

N

t-1 g b b
quJ (t)=L/2 (t-s) "M <s> <s> HW(',S)

‘qu/z (@) ds,

'
t

<o (5 -9 as)"” (I (<55 Ive.slly, @)

NP, bt
:c(l—‘f)”” <> 2y (l +[vﬁ)
4
Np' 2
P 2
< C(1——2—)”” <> (/ +[v]%)

9

1
because b > — . Finally, by (56),
p

t

H[‘h’l (1) < ct® <8 Sb Hw(~’s)Hqu/2 (Q) ds
~ Uy
<e (a0 <o wesll, o @)

<ci? (/ VT ).

Summing up, we have obtained (66). Next, we prove (67). By (64),

luc.) 1! (9) <CU, O+ O+ ()
with
N
t/2 2 ) )
Iquz(t):jo (t-5) 0 w( ,s)HLM (@) ds,

N
, ,(t)= jt‘/‘z‘ (t—s) 20 |w(s)| N ds,

1
111%’2(2‘):].:_1 (t-5)2 [w(.9)| L, (@) ds.
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By (56),

N
I (< @)™ (j(;“ <s>‘bp'ds)”p (j;’z <s>wa(',s)HLq . (Q))”dsj”p
1

N

<cp (/ +[v]§),
.. N .
so that by the condition: (qT -b)p>1in(11)
p -1/p
(LT(<t> 2 I z(t))pdt)l/p < C[(N—b)p—lJ (I +[v]§).
v a4

By Holder’s inequality,

N N N
b3y N N
<> UANOEYS <> [ ™ <65 wees) L (@)%
: y
N N
<C<r>2 (I:/;l(t_s) 0 gg) ¥ ('[UT (< s>”Hw(',s)\Lq , (Q))’)ds)”p
1
R
<) 4 (/ +[v]§).

N N 1 1
Since E—i' p>1 as follows from —=1+—>1=—+— , we
Ui 9 p b

have \41 P

1/p

T » N N -1/p
L (<t> @ 11q1,2(t))”dt < c((%—b)p—1j (/ +[v]§)

Since q, /2 < q, < 4q,,we have

L N+q,
Hw(-,t)\ < HW(',t) ‘N+2’12 Hw(-,t)\’\”z‘”
L, (Q) L, (Q) L, @
9 N+gq,
Let o =N+24, and g = N+24 then « + # =1, so that by (56)

and Holder’s inequality

st
L,((0.T).L, ()

1/p
SUOT (<>’|w(0) HLq]/Z (Q))pa(<l>bHW('J) Hqu (Q))"ﬂdt]

Blp

alp
SUOT (<t>wa(~,t) Hqu/z (Q))I’dtj [J’OT (<t>wa(‘,1)HLq2 (Q))I’dlj
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(69)
Since
b 1 b*zi
a m < [ <ss o wesl, (o ds
4152 -1 ’ qu (Q)

1 1

<( j{’_l(z—s)’E as)'" (], (t=5) ds(<s>"|w(-s)

qu (Q))p ds)l/p ,

Citation: Shibata Y. Global wellposedness of a free boundary problem for the navier-stokes equations in an exterior domain. Fluid Mech Res Int.

2017;1(2):56-72. DOI: 10.15406/fmrij.2017.01.00008


https://doi.org/10.15406/fmrij.2017.01.00008

Global wellposedness of a free boundary problem for the navier-stokes equations in an exterior domain

C ight:
©2017 shibata 70
by the change of integration order, we have v
- ‘ ! szZ ‘(%”) b_3‘7z
2 = ! 4 _
LT (<t> 29 mq 20));7(#S % LTdt Lt-l(H) 2(<S S HW(' ) (Q))pds <t> Ilq2 (1)< CL,Z (t-s) " <s> Hw( ) qu/‘z(Q) ds
1 q
N N
r I () - ) ,
, L -1 0 Ip'( -1 2, Bl . A
<o J-Or (s K Hw(~,s) (Q))pdsf”' (t=s) 2dt=2" <t>wa ’ <C (L,z (t-5) ds) (L/z (t-5) (<s> HW( ) qu(Q)) ds)
y : L,((0.T)L, (@) 1
. . . . -y N
which, combined with (69), furnishes that N Gt /
< C[] (L (1-5) (< s>wa(',s)L ‘ (Q))”ds)l”.
N 2(]2 9,2
b
T 241 P A\Vp 2
(jz (<t> ]qu,z ®) dt) =C (I +[V]T) so that by the change of integration order and (56)
Summing up, we have obtained (67). L » ( v J
. . 5 0 ) . -
Finally, we prove (68). By (64) with r=g,,4 =q/2 and [ (c» ™ I (9)dh<C i a7 =) 2 (s> ) )/ ds
i-gq. 2 0 ) L,n(Q)
2 2
o <CU ()+1 )+ (¢ - —ll]
"u( )"qu (Q) ( q2( ) ‘12( ) ‘12( )) N |7 b P, (2 [2‘12+ N -p 2
with <Clyyy) b (sl g sl sl (1)
| 2
N2 o
I (t) sz (—s) Q(ql 0 )"w ¢ S)"L (Q) ds, Analogously, by Holder’s inequality
b N
N2 24 : b
1 7(1—— . <t> 1 (1< CI, <85>
1, (0=]"t-s) [w( ,s)||Lq]/2 (@) % a2 1

2q, ||w(~’s)||Lq2 (Q) ds,
I]qu (t):J't';l "W(‘,S)"qu (Q) ds.

< C ([ ds)" ([ (<s>"|w( s)||L
By Holder’s inequality,

)'” ds)l/p

< (J7 (<> |we s)"L )"ds) v,
_zﬁ(qi;) Dy Ip so that by the change of integration order and (56)
149 12 ' 12 bllee .
I, 0= (jo <s>”ds) [jo <s>’|w, L, (Q))Pds] ) - T ,,
q2 P t
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2
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for ¢ = 2. Since 2 (‘11 +q2] B [b_ng Tq b Summing up, we have obtained (68).
Recalling that 7 > 2, applying the maximal L-L, regularity
by the condition: (N b] p > lin(11), theorem due to Shibata® to Eq. (54)
Uil

and using (56) give that
Up 1/p
L (<1, e | <C I, o (1 +vE) bl 02150 ) 0210, 0) Sl (Q>)<C(I )

(70)
N -1/p R
< C[(ql—b) p—lj (/ +[v]T).

Forany ¢ € [ql/ 2, qz] . Employing the same argumentation as

that in proving (29), by real interpolation,
Since we have
NPz LA NP, 2 )N JuC.0) < cfr v 7
— —t = > su u(-,t)|| p2(1- < v
2 9 492 2 9 N) 2q, 0<tl<)2 Bq,(;) 1/p)(Q) T
by Holder’s inequality

forany ¢ € [¢,/2, g, |. Combining (65), (66), (67), (68), (70)
(71) and the Sobolev imbedding theorem,
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we have

N

H<t >h “HLP((O,T)H;(Q)) +H<t >2ql uHLw((O,T),qu (Q))

v v
"o " 2
9 9 <
flees o @)t o (@) <0
(72) 9 2
From (54), u satisfies the equations:
dut+yv-J(T) ' DivS(u,p)=—Agw+Au  inQx(0,7),
divu=0 inQx(0,7),
S(u,p)=0 on I'x (0,7),
ul;—g =0 in Q
so that by Theorem 8,
N N
b-— b-—

2qy 2qy P
<>l oy @y > Az, (@)

N
h——

o
+Cl<t > u,w S
" wwlz, 0.1z, @)
which, combined with (72), furnishes that

[ul < CU +¥]) (73)

Since v = w+u, by (58) and (73), we see that v satisfies the
inequality (50), which completes the proof of Theorem 1.%3-%¢
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