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Abstract

Only back in late 60’s and early 70’s powerful computers were required to run the
then just released computer algebra systems (brand new software mainly designed as
a specialized aid for astronomy and high energy physics). In the late 80’s they could
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be run in standard computers. And in 1995 the first calculator including a computer

algebra system was released. Now some of these pieces of software are freely available
for Smartphones. That this software has been ported to these electronic devices is a
challenge to different aspects of mathematical and physics education, like: problem

solving, assessment and standardized assessment.
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Introduction

Computer algebra systems' have two main differences w.r.t. clas-
sic computer languages:

a) They perform numerical computations in exact arithmetic (by
default), instead of in floating point arithmetic. Therefore, the
user can directly compute calculations such as:

1 2_1'1

35 15
V7x3-421=0
Or:

100! =93326215443944152681699238856266700490715968264
38162146859296389521759999322991560894146397615651
82862536979208272237582511852109168640000000000000
00000000000

Note that no rounding or truncation takes place: the system per-
forms the computations as usual in mathematics. This requires not
using the built-in floating point arithmetic but to implement (in soft-
ware) an exact arithmetic, what implies slower calculations. The
speed of the computations can also be slowed by the growth of the
expressions.

b) They can handle non-assigned variables, that is, variables in the
mathematical sense, not in the usual computational sense. For
instance, we can ask a CAS to perform the simplification:

(x+y)f — G-y = 4xy

(Where no values have been assigned to x and y). Therefore, CAS
are at a higher-level than usual computer languages (in the sense of
being farther away from the machine code and closer to humans’

_language). As a consequence of the possibility of handling symbols,
'Most software and hardware names mentioned in this article are registered
trademarks.

symbolic manipulations such as symbolic differentiation and integra-
tion can be implemented. The incredible increase of microprocessors
power makes it possible to have CAS available for Smartphones. This
induces serious challenges in teaching mathematics as well and in the
assessment of this subject.

The pioneers

Macsyma is one of the pioneer general purposes CAS. Its devel-
opment began on 1968 by a set of researchers at the MIT and was
written in a dialect of LISP. It was commercialised by different com-
panies or organizations during the following years."** A 1982 version
was released under GPL license in 1999 and is still available with the
name Maxima* and it is maintained. Friendly user interfaces, such as
wxMaxima® are also offered. Prof Anthony C Hearn began the devel-
opment of REDUCE in 1963¢ and its first release dates back to 1968.”
It is also a very powerful general purpose CAS™ and it is written in
a dialect of LISP too. The reason to write these CAS in LISP is that it
is easy to handle lists in LISP, and this structure was used for imple-
menting, for instance, exact arithmetic. Now REDUCE can be freely
obtained too."°

In the mid 80’s, the release of the general purpose CAS Mathemat-
ica'' and Maple!? probably marked the beginning of the decay of the
pioneer CAS. These two CAS were written in C and have hundreds of
thousands of users. There are many other general purpose CAS, like
DERIVE, Axiom, MuPAD, Fermat, Risa/Asir, SageMath, etc. and
specific purpose CAS, such as CoCoA, SINGULAR, PolyBoRi, etc.

Derive

In 1979 Prof. David Stoutemyer and Albert Rich, an applied lo-
gician, founded The Software House in Honolulu with the goal of
creating a small yet powerful CAS. The first products of the company
were: muLISP,"® a tiny LISP dialect that could be run on small com-
puters, and muMATH79,'* a CAS written in muLISP. The last version
was muMATHS3. It was a standard (for the time) command-line in-
terface CAS. It was surprisingly tiny and the hardware requirements
were very modest. But the star of the company was DERIVE, which
first version appeared in 1988. It was also designed for text terminals
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(MS-DOS), but it was menu-driven and very comfortable to use (Fig-
ure 1). A computer without a hard disk could directly run DERIVES
from the 5 1/4” distribution diskette. DERIVE 4, included both text
console and Windows versions. The latter version was much improved
in the next DERIVE 5. The Software House was purchased Texas In-
struments in 1999 and DERIVE was discontinued in 2007 in favour
of TI-Nspire, a product developed from scratch by Texas Instruments
and fully documented. The last version of DERIVE was Derive 6.1
(Figure 2). It was distributed in a CD although it occupied little more
than 2 MB. A brief summary of its possibilities can be found in."
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Figure | Screenshot of the text console version of DERIVE
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Figure 2 Screenshot of DERIVE 6.1.

In 1983 Klaus Aspetsberger and Gerhard Funk conducted in an
Austrian high school what is probably the world’s first educational
experiment with a CAS (muMATH).'® But it was the muMATH de-
scendant DERIVES which was a real success, used at many high-
schools and universities around the world. Most impressively, the
Austrian experiments led to the creation by the Austrian government
of an specialized research centre, the Austrian Center for Didactics of
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Computer Algebra (ACDCA)!” and the acquisition of a country-wide
license of DERIVE for Secondary Education. There are very many
papers and books about DERIVE and education, so we shall not in-
clude a comprehensive literature about DERIVE. We will only give
as example.'®!” Regarding journals and bulletins, The DERIVE User
Group (DUG) was founded by Josef Bohm in 1991 consists now of
more than 500 members from all over the world and publishes The
Derive Newsletter (DNL). The DUG was initially printed in paper and
available to subscribers, but only the electronic version is nowadays
produced and it is (freely) available from.?” The DNL includes infor-
mation and both technical and didactic articles about DERIVE and
the TI symbolic calculators. Although the CAS DERIVE was long
ago discontinued, the DNL is alive, demonstrating the impacts that
DERIVE had on mathematics teaching around the world.

Meanwhile The International Derive Journal, founded at Plymouth
University in 1994, followed a different evolution and has widened
its aims and scope two times. It was firstly renamed in 1997 The In-
ternational Journal of Computer Algebra in Mathematics Education
(IJCAME) and was renamed again later as The International Journal
of Technology in Mathematics Education (IJTME).?! The influence of
DERIVE in education was so strong that some of the early versions of
wxMaxima resembled DERIVE’s front end (Figure 3).

Figure 3 An early version of the front end of wxMaxima with an input line
in the lower part and the output area above, that resembled DERIVE front
end

The developers of DERIVE desired to have a portable electronic
device running a powerful CAS. A software derived from DERIVE
was used in some Texas Instruments pocket calculators like the TI-92,
launched in 1995 (Figure 4) and the TI-89 (Figure 5). Other models
followed, and calculators running TI-nspire CAS are available (Fig-
ure 6).2> Other companies such as Hewlett-Packard and Casio soon
offered calculators running CAS too, like the HP49G, HP50g, etc. and
Casio CFX 9970G, Classpad, etc., respectively.”*?* These calculators
have the possibilities of usual scientific calculators, as well as those
of graphic calculators, and can perform the tasks of usual CAS. In my
opinion, calculators including CAS are not widely spread, as scientific
and graphic calculators are, probably due to their higher price.
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Figure 4 ATI-92 (1995).The first calculator including a CAS (symbolic
calculator).

TEXAS INSTRUMENTS

Figure 6 The first TI-nspire calculator.
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CAS for smartphones

Now Maxima and REDUCE have been ported to Android OS and
are freely available for tablets and Smartphones (Figures 7 & 8). An-
droid Reduce was started in 2011 by the then student Ahmad Akra at
Cambridge University under the supervision of Prof. Arthur C. Nor-
man. Two user interfaces exist, one that makes the screen look like a
calculator and another one with text input very similar to the comput-
er version of REDUCE. Maxima were ported to Android by Yasuaki
Honda, a Maxima developer, in 2012. Modern smartphones are faster
and have more memory available than the desktop computers avail-
able not many years ago. Therefore, the algebraic tasks that can be
faced are not neglectable, and many students carry their smartphones
with them everywhere.

limit(x/ain{x).x.0)
1
int(x*3*sin(x"4),x}
— con(x1)
—
Enter Reduce Input here
glwlelrtlviulijoelr

alsfdlfjalnfifkp!tjn

Figure 7 A limit that requires applying L'Hopital’s rule and a simple indefinite
integration computed using REDUCE on a smartphone

1) limit(x/sin(x),x.0);
1

2) integrate(x*3*cos(x*4)x);

sinz!
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Figure 8 The same limit and the same indefinite integration computed using
Maxima on a smartphone.
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CAS at the classroom and assessment

CAS run on computers induce a revolution in the
classroom:

a) They change the characteristics of many problems. Therefore
the curriculum has to be revisited.

b) They trivialize some problems that were typical of Maths Olym-
piads (the eureka effect therefore disappears).

Example 1: How many final zeroes have 100!? (Section 1).

Example 2: A farmer has a fence made of pieces that can be assem-
bled in rectangular shapes. As the number of pieces is limited, the pe-
rimeter is fixed. Is there a way to maximize the area inside the fence?
It is easy to investigate with a CAS which seems to be the solution
and to prove it (Figure 9). The first guess can be easily made thanks
to an accurate plot, but plotting is not so easy and takes time if done
by hand.

¢) They transform long cumbersome problems, where errata can
casily arise, into trivial ones.

 Maple 2016 - [Examples.mws - [Server 1]]
(N Fle Edt View Insert Format

DEDEE]E --EEEIEHIE
[P Homai =] [lwestionhonan =] 12 =] [B] 2] (1]

[>

[ perimeter=100, side=s

> plot(=*(100-8) /2 , ==0..100);

perimetngsid.Fsl
> diff(s*(p/2-s) , s);

> solve (¥=0,8);

Eo k-]

Figure 9 Investigating and proving with the CAS Maple.

Example 3: An exercise where a system of linear Diophantine equa-
tions about animals in a zoo and the total number of animals, tails,
legs, wings, eyes, etc. (with several equations).

Example 4: A tedious integration by partial fractions. For instance,
2 x4l
ﬂ‘.x

the CAS Maple can compute and justify the result of J
(Figure 10).

Example 5: An astronomical problem involving long trigonometric
expressions.

d) If CAS is not used by all students, the class is divided into two
groups when solving problems (as solving timings can be very
different). All students should be given the same access to tech-
nology and to technological instruction (this is sometimes a
problem, as training the students so that they can take advantage
of the possibilities of technology takes some time, and many
times teachers consider it does not worthwhile).
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(46 Maple 2016 - [Untitled (1) - [Server 1])
J§j Fle Edt Vew Inset Fomat

[3I  Fol L1 EEF) E  8 FER
oojong

>

b

[>

> int((x*3+x+1) / (x*2-3%x), x);

3
i-2:‘Jr-i3—1In(.ir-'.l)-llu(x]
2 3 3
> convert ( (x*3+x+1)/(x*2-3*x), fullparfrac, x);

3l 1
3(x-3) 3x

Figure 10 A computation performed and justified using Maple.

x+3s

Example 6: Let us consider the following exercise: find the points of

¥ r’
the elllpsmd - + + — — 1 lying on plane x+y=0 such that they

maximize the distance to point (0,0,0). For instance, a Maple expert
can realize that it provides a command that directly solves the prob-
lem, returning the extrema (Figure 11). Although not difficult, this
problem takes some time to solve with pen and paper.

]na Bt Ve TSt Fomat 0
eI IES LU_I I I EERRME B
[a[e] ol

[»

[»

» extremal x*2ey*2etd, (x02/THy R 842 /25120 xay=0} , {x,y 2}, v );

135.5}
6
>
Jﬁ s Jos s
{lx=0y=0,228), {r=0,y=0,228), frz - y= i 20}, fr="— y=-—z20}}

Figure |11 A problem solved with a single line of Maple code.
CAS clearly influences assessment

a) CAS make the computer skills of the student influence the marks
obtained in some subjects like mathematics (consider, for in-
stance, Example 6).

b) Training the students with the aid of technology can be danger-
ous if the rules of the standardized assessment are not clear. For
instance, college entrance examinations in Spain traditionally in-
cluded a tedious differentiation or integration and function plot-
ting (justified by analysing its minima, maxima, inflection points
and asymptotes), that are trivial or, at least, much simplified, with
the help of a calculator including a CAS.

¢) Taking into consideration i) above, exams have to be adapted to
the technology allowed in the examinations.

Teacher’s attitude towards CAS

Many mathematics teachers are aware of the possibilities of CAS:
both from the point of view of their advantages and of what students
can do with them, but many others are still unaware. In the first subset,
I have witnessed different extreme attitudes:
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1) The exultant: tries to use the CAS in most classroom activities
and home exercises.

2) The “ostrich™ is afraid of his/her students knowing of the
existence of CAS, as “students will not want to learn limits,
differentiation, integration, etc., because the machine does
everything quickly and effortlessly”.

In my opinion, CAS should be used wisely, as should scientific
calculators. Understanding arithmetic operations and when to use
them is a need in the present society. Mental calculus is necessary
for simple calculations. Large calculations should be performed
with a calculator. For instance, accountants do not need to be very
clever in mental calculus nowadays, as they used to be in the past, as
they now use spreadsheets. Similarly, a college level science student
has to understand the concepts and ideas underlying, for instance,
limits, differentiation and integration, should also be able to calculate
mentally or with pen and paper not very long examples, but should be
allowed to compute them with a CAS when they are long and tedious,
as calculating them by hand is useless in such case. The fact that CAS
is now (freely) available for Smartphones makes it necessary for the
educational authorities to address these issues, especially assessment.
The Spanish case can be specially biased, as almost all secondary
students own Smartphones.

Conclusion

The electronic devices required to run CAS have evolved in the
last 50 years from big computers to calculators and Smartphones. Al-
though it is far more comfortable to use them on a computer, with a
big screen and a real keyboard, the access to CAS has completely
changed. As students have at their fingertips these powerful tools, dif-
ferent educational issues such as curricula, assessment and standard-
ized assessment should be revisited.
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