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Introduction
Control charts are popularly known to be tools for assessing the 

quality of the item. In general, the aim of the manufacturer is to 
produce the items to meet the specified quality standards. Today’s 
competitive world has emphasized manufacturers to improve and 
sustain with the quality standards that are essential to stable their 
position in the business. This will necessitate to have quality checks 
at regular intervals. This can be achieved by placing the technique 
of control charts as a process monitoring system. With the diverged 
growth in industrial sector, control charts find its applicability largely 
in the manufacturing and as well in other industries due to ease in 
implementation and to arrive a quick conclusion on the process status 
whether it is within the control limits. In general, the two control 
limits of the control chart known as upper control limit (UCL) and 
lower control limit (LCL) are treated as the boundaries for the quality 
specifications of the item. If the statistic under consideration falls 
within the control limits, then the process is said to be a controlled 
one, otherwise the process is treated as out of control. Items for 
which the quality specification i.e., statistic under consideration falls 
beyond the control limits are called as non-conforming. Control chart 
technique is useful to meliorate the lineament of the item to reduce 
non-conforming items which in turn give benefit to the manufacturer 
in terms of production cost and reputation of the item produced.

There are two types of control charts viz. variable control charts  
and attribute control charts. If the data on quality measurement 
is readily available, then variable control charts will provide well 
predicted results on the item quality, on the other hand attribute 
control charts are to be considered for isolating non-conforming items 
from conforming items. Different authors have paid their attention to 
develop the control chart techniques for various distributions, for use 
of reference few of such plans are Amin et al.,1 Bai and Choi,2 Al-
Orani and Rahim,3 Wu et. Al.,4 Wu and Wang,5 Lin and Chou,6 Zandi 
et. Al.,7 McCracken and Chakraborti,8 Joekes and Barbosa,9 Azam et 
al.10 and Aslam et. al.,11 Rao GS,12 Rao et al.,13 Adeoti and Ogundipe.14

The motive behind this study is to formulate an attribute control 
charts for process monitoring when the lifespan of an item produced 
follows Type-II generalized log-logistic distribution (TGLLD). 

As we know, the ARL is the average number of points that must be 
plotted before a point indicates as disorderly condition. If the process 
observations are uncorrelated, then for any Shewart control chart, the 
ARL can be computed as

                                      

1ARL
p

= , 

where p is the probability that any point outdoes the control limits. 
This equation can be used to assess the functioning process of the 
control chart. Wu and Jiao,15 Wu et. Al.16 and Ho and Costa17,18 have 
contributed in some developments of this area. The leftover portion 
of the article is prepared in the succeeding direction. Introduction of 
TGLLD is given in Section 2. In section 3, the plan of aimed control 
charts under a time truncated life test are given for this distribution. In 
Section 4, simulation study with illustrative examples is demonstrated. 
Finally, inferences made under this plan are given in Section 5.

Type-II generalized log logistic distribution
The ease in adaptability and broad applicability made Log-logistic 

distribution (LLD) to find its own importance in quality control. 
Different types of acceptance sampling plans are developed for 
LLD. The cumulative distribution function (cdf) of the log-logistic 
distribution (LLD) is 
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As described above, the practical adaptiveness of generalized 
log-logistic distribution (GLLD) in diverse sectors, various authors 
have paid their attention in developing different types of acceptance 
sampling plans when the lifetime variate follows GLLD. An extended 
version to this distribution named as Type-II generalized log-logistic 
distribution (TGLLD) introduced by Rosaiah et al.,19 its cumulative 
distribution function (cdf) is
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In this paper, an attribute control chart is aimed when the lifetime of the item follows Type-
II generalized log-logistic distribution (TGLLD) under a time truncated life test assuming 
that the common scale parameter is known. Average run length (ARL) is used to assess the 
performance of the aimed control chart. Simulation technique is developed to present the 
performance of the control charts at a specified average run length (ARL), shift constant 
and for different parametric values of shape and scale parameters, sample size. The results 
are illustrated with live data example.
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We state that the distribution given in (2) is defined through 
the reliability-oriented generalization of log-logistic distribution. 
In simple words, this can be called as the Type-II generalized log-
logistic distribution [Type-I generalized (exponentiated) log-logistic 
distribution is dealt with by Rosaiah et al. (2006)]. The associated 
probability density function (pdf) is given by 

 

1

( ; , , ) ; 0, , 0, 11

1

t

f t t

t

λ

λθ σσ θ λ σ θ λθσ λ

σ

− 
 
 = > > >

+   +     

		
	                                                                                	           (3)	

where σ is the scale parameter, λ and θ are shape parameters. The 
average life of the TGLLD is 

                       µ ση= , where ( )
1/1/0.5 1
λθη − = −  

.                         (4)

Design of the aimed control chart
The following procedure is adopted for constructing a control 

chart based on the number of non-conforming (also called np control 
chart) under time truncated life test. We prefer to use average as the 
quality parameter, and it is denoted by µ .

Step1: Consider a sample of n items at random from each output 
lot and run a time truncated life test process on each item. Let D be 
the items conked-out within the test termination time t0 expressed as

0 0t aµ= , where a is constant associated with targeted average life 
0µ  when the process is assumed to be under control.. 

Step 2: Treat the process is under control if D lies between LCL 
and UCL; otherwise the process is to be treated as out of control. 

Obviously, D is a binomial variate with parameters n and p, hence 
the control limits of the aimed production process is given by

                           
( )0 0 01UCL np k np p= + − 	          (5a)	 

                    
( )0 0 0max 0, 1LCL np k np p = − −  

                    (5b) 

where 0p is the probability that an item is conked-out ahead of the 
test termination time t0 and it is obtained from (2) as 00 ( )p F t= and 
k is the constant to be derived. We prefer to use average as the quality 
parameter and it is denoted by µ and a better practice is to set the 
termination time as multiple of the targeted average lifetime, aη then 

0p can be rewritten as 
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In an actual scenario, probability 0p is unknown; thus, for the 
pragmatic execution, the control limits are set as 

                              
( )1 /UCL D k D D n= + −                           (7a)

                   
( )max 0, 1 /LCL D k D D n = − −  

			 
					                                 (7b)

where D  is the average number of conked-out items over the 
subpopulations. 

The values of the parameters LCL, UCL and n are to be determined 
in such a way that out-of-control average run length (called ARL1) is 
minimized, subject to a fixed under-control average run length (called 
ARL0). The probability that the directed process to be declared as 
under control is 
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The ARL for controlled process is given as
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ARL when scale parameter is shifted

There is no change in shape and scale parameters i.e., no change 
in the average when the process is under control. Our interest is to 
determine the behavior of the production process when there are 
unilateral shifts in the scale parameterσ . The process is treated 
as out-of-control, if there is a shift in the scale parameter i.e., 0σ
is replaced by 1σ  where 1 0cσ σ= , where c can be known as shift 
constant. 

Let 1p  be the probability that an item is conked-out ahead of the 
test termination time t0, then from (2)

                   
( )

00
0 1 0 0 01 ( ; , , ) 1 1 /F a cp t

θλθ λ ησ
−

 = = − +  
.               (10)

The probability of an under-control of the shifted process is given 
as 
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The ARL for the shifted process is given as follows.
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Placed below is the procedure followed to construct the tables for 
the aimed control chart.

1.	 Define the values of ARL named as 0r , shape parameters 0θ , 
0θ  and the constant a.

2.	 Control chart parameter values and the size n is to be determined 
in such a way that 0ARL given in equation (9) draw near to the 
specified ARL 0( )r .

3.	 With the help of equation (12) and according to shift constant a, 
determine 1ARL by taking parameters of control chart derived 
in step 2.
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We found the control chart parameters and 1ARL for different 
valuates of 0θ , 0θ  and n and presented in Tables 1–6. Having observed 
the pattern of the tables, placed below are the points recorded. 

1.	 Keeping the other parameters are fixed, when n gains the ARL 
numbers depicted a downward path.

2.	 Keeping the other parameters are fixed, when the shape 
parameter raises the ARL numbers flowed into downward 
route. 

3.	 At fixed numbers of other parameters, The ARL figures are 
moves down as shift c decreases when other parameters are 
fixed.

Application of aimed chart

The general motive of the manufacturer is to meliorate the quality 
of the manufactured items when their lifespan follows the TGLLD 
distribution with shape parameters 0 01.5, 1.5λ θ= = . Assume that 
the intended average life of item is 1000 hours and sample size 
of n=20 will be taken for each subpopulation in truncated life test 
experimentation. If 0 300r = is the set value of regimented ARL for 
the aimed control chart then from Table 1, we get a= 0.9347, k=2.370. 
From Eq. (6), the probability is derived as 0 0.4721p = . Using Eq. 
(5) the UCL and LCL numbers are found as LCL = 4.14 and UCL = 
14.73. Then, the aimed control chart can be executed as given below:

Step 1: Consider 20 sample items from each subsection and set 
them to test their lifespan for period of 635.3 hours. Mark the conked-
out items (D) during the trial process. 

Step 2: The process is adjudged in-control, if 4.14 ≤ D ≤ 14.73, 
otherwise process is out-of- control.

Table 1 ARLs of the aimed chart for 20, 1.5, 1.5n λ θ= = =

LCL 2 1 2 2

UCL 14 13 15 15

a 0.8198 0.7207 0.9347 0.9058

k 2.885 2.885 2.370 2.968

c ARL0 = 200 ARL0 = 250 ARL0 = 300 ARL0 = 370

1.00 200.13 250.10 300.31 370.30

0.95 162.68 182.24 191.14 254.75

0.90 108.50 115.23 113.53 153.82

0.85 65.80 68.56 66.18 88.74

0.80 38.76 40.12 38.66 50.82

0.75 22.85 23.55 22.85 29.33

0.70 13.66 14.01 13.75 17.20

0.65 8.36 8.52 8.48 10.32

0.60 5.27 5.33 5.39 6.38

0.55 3.46 3.47 3.56 4.10

0.50 2.39 2.38 2.47 2.76

0.40 1.37 1.36 1.42 1.50

0.30 1.05 1.05 1.07 1.09

0.20 1.00 1.00 1.00 1.00

0.10 1.00 1.00 1.00 1.00

Simulation study and data analysis
The methodological analysis adopted for the aimed control chart 

can be exemplified with simulated data. The paces followed are 
placed below for yielding data points from TGLLD and building the 
control chart: 

Step 1: Select a subpopulation of size n.

Step 2: Take a random variable X follows TGLLD of size n with 
scale parameterσ =1 and shape parameters 1.5and 1.5λ θ= = .

Step 3: Determine the statistic which describes the failures count 
say D of each subpopulation. 

Step 4: Steps 1 to 3 will be executed till the intended count of 
sample sets (m= 29) are achieved. 

Step 5: Build the control limits LCL and UCL for the aimed chart. 

Step 6: Mark all statistics D against their sample sets. 

In this plan, a sample subgroup of size 29 are brought forth from 
TGLLD with regimented parameters σ =1, 1.5and 1.5λ θ= = and 
another sample subgroup of 29 samples of size 20 are from TGLLD 
with parameters 1 0.75σ = , 1.5and 1.5λ θ= =  (i.e. out-of-control 
process with a shift of c=0.75). It is observed from Table 1, when 
ARL is 370 and under control parameters, we found control chart 
coefficient k is 2.968 for the aimed chart at 20n = . 

The resultant time of lifespan test will be
0 0.9058 0.70138 0.635315t X= = . For each of the subgroup the 

count of conked-out items D are recorded and presented in Table 7, 
average number of failures 9.2758D = . Hence, the control limits of 
the aimed control chart are obtained from equation (7) and they are 
UCL=15.88 and LCL=2.65. Figure 1, represents the plotted points of 
the aimed control chart. It is observed from diagram 1, that the aimed 
chart displayed the shift at 32nd observation (3rd observation after the 
shift) whereas tabled ARL value is 29. Thus the aimed control chart 
finds more effectively to shift the process.

Table 2 ARLs of the aimed chart for 20, 1.5, 2n λ θ= = =

LCL 2 1 2 2

UCL 14 13 15 15

a 0.8618 0.7822 0.9506 0.9285

k 2.891 2.956 2.969 3.059

c ARL0 = 200 ARL0 = 250 ARL0 = 300 ARL0 = 370

1.00 200.01 250.09 300.35 370.25

0.95 144.74 158.93 162.33 218.45

0.90 79.73 83.76 81.25 109.52

0.85 40.83 42.41 40.86 53.82

0.80 21.10 21.79 21.18 27.08

0.75 11.32 11.61 11.45 14.19

0.70 6.39 6.50 6.52 7.82

0.65 3.84 3.87 3.95 4.58

0.60 2.49 2.48 2.58 2.89

0.55 1.75 1.74 1.82 1.98

0.50 1.36 1.34 1.40 1.48

0.40 1.05 1.04 1.06 1.08
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0.30 1.00 1.00 1.00 1.00

0.20 1.00 1.00 1.00 1.00

0.10 1.00 1.00 1.00 1.00

Table 3 ARLs of the aimed chart for 20, 2.5, 2.5n λ θ= = =

LCL 2 1 1 2

UCL 14 13 14 15

a 0.8951 0.8329 0.8996 0.9468

k 2.887 2.957 2.969 3.058

c ARL0 = 200 ARL0 = 250 ARL0 = 300 ARL0 = 370

1.00 200.40 250.09 300.47 370.23

0.95 122.09 130.95 122.07 173.59

0.90 52.18 54.73 48.62 67.67

0.85 21.90 23.00 20.41 27.21

0.80 9.84 10.32 9.27 11.82

0.75 4.88 5.08 4.65 5.67

0.70 2.72 2.80 2.63 3.07

0.65 1.74 1.77 1.70 1.91

0.60 1.29 1.30 1.27 1.37

0.55 1.09 1.09 1.08 1.13

0.50 1.02 1.02 1.02 1.03

0.40 1.00 1.00 1.00 1.00

0.30 1.00 1.00 1.00 1.00

0.20 1.00 1.00 1.00 1.00

0.10 1.00 1.00 1.00 1.00

Table 4 ARLs of the aimed chart for 30, 1.5, 1.5n λ θ= = =

LCL 5 3 5 5

UCL 20 18 21 21

a 0.8584 0.7225 0.9204 0.8898

k 2.925 2.987 3.097 3.097

c ARL0 = 200 ARL0 = 250 ARL0 = 300 ARL0 = 370

1.00 200.06 250.10 300.11 370.05

0.95 137.20 156.08 176.23 255.02

0.90 77.66 85.72 93.42 139.08

0.85 41.80 45.75 48.91 71.33

0.80 22.65 24.65 26.06 36.74

0.75 12.61 13.62 14.31 19.41

0.70 7.30 7.80 8.17 10.64

0.65 4.44 4.68 4.90 6.12

0.60 2.87 2.98 3.12 3.73

0.55 1.99 2.03 2.13 2.44

0.50 1.49 1.50 1.57 1.73

0.40 1.08 1.08 1.10 1.13

0.30 1.00 1.00 1.00 1.00

0.20 1.00 1.00 1.00 1.00

0.10 1.00 1.00 1.00 1.00

Table 5  ARLs of the aimed chart for 30, 1.5, 2n λ θ= = =

LCL 5 3 2 5

UCL 20 18 17 21

a 0.8916 0.7836 0.7315 0.8907

k 2.902 2.987 2.949 2.981

c ARL0 = 200 ARL0 = 250 ARL0 = 300 ARL0 = 370

1.00 200.31 250.28 300.00 370.49

0.95 115.96 129.79 146.50 307.66

0.90 53.08 58.11 64.79 143.16

0.85 24.18 26.28 29.13 59.14

0.80 11.64 12.53 13.77 25.31

0.75 6.04 6.42 6.97 11.62

0.70 3.44 3.59 3.84 5.83

0.65 2.17 2.23 2.34 3.24

0.60 1.54 1.55 1.60 2.03

0.55 1.22 1.22 1.24 1.45

0.50 1.07 1.07 1.08 1.17

0.40 1.00 1.00 1.00 1.01

0.30 1.00 1.00 1.00 1.00

0.20 1.00 1.00 1.00 1.00

0.10 1.00 1.00 1.00 1.00

Table 6 ARLs of the aimed chart for 30, 2.5, 2.5n λ θ= = =

LCL 5 3 1 5

UCL 20 18 15 21

a 0.9189 0.834 0.7146 0.9179

k 2.988 2.988 3.055 2.98

c ARL0 = 200 ARL0 = 250 ARL0 = 300 ARL0 = 370

1.00 200.02 250.37 300.23 370.14

0.95 89.51 100.90 126.59 246.93

0.90 31.27 35.22 46.10 79.91

0.85 11.82 13.28 17.61 25.94

0.80 5.13 5.68 7.42 9.57

0.75 2.63 2.84 3.56 4.17

0.70 1.62 1.71 2.01 2.20

0.65 1.21 1.24 1.36 1.42

0.60 1.05 1.06 1.10 1.12

0.55 1.00 1.00 1.01 1.02

Table Continued... Table Continued...
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0.50 1.00 1.00 1.00 1.00

0.40 1.00 1.00 1.00 1.00

0.30 1.00 1.00 1.00 1.00

0.20 1.00 1.00 1.00 1.00

0.10 1.00 1.00 1.00 1.00

Table 7  Simulated data, plotting statistic ‘D’

Subgroup 
No. D Subgroup 

No. D Subgroup 
No. D

1 10 21 8 41 10

2 8 22 11 42 12

3 5 23 8 43 9

4 13 24 10 44 7

5 9 25 13 45 10

6 9 26 8 46 9

7 6 27 12 47 16

8 12 28 11 48 12

9 8 29 6 49 13

10 9 30 15 50 11

11 10 31 11 51 11

12 10 32 16 52 14

13 9 33 11 53 12

14 11 34 8 54 11

15 14 35 9 55 16

16 7 36 9 56 12

17 8 37 15 57 14

18 9 38 13 58 18

19 9 39 13

20 6 40 15

Figure 1 The graph of aimed control chart from simulated data. 

Conclusion
This article presents, a newly attribute control chart is aimed 

when the lifespan of the item follows Type-II generalized log-logistic 

distribution (TGLLD). This chart is truly adaptable to ensure the 
desirable lifespan of quality items. For the actual usage, the invariable 
of control charts are presented for respective decisiveness parameters. 
The functioning of aimed chart is described in terms of ARLs 
according to different shift parameters. For industrial usage, the tables 
are exhibited and explicated clearly with the support of modelled data. 
It is noticed that keeping the other parameters are fixed, whenever n 
moving up, ARL values depicted a downward path , again when shape 
parameter moves up, the ARL values have flowed into downward way. 
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