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Introduction 

The Lomax distribution also called “Pareto type II” is a special 
case of the generalized beta distribution of the second kind,1 and 
can be seen in many application areas, such as actuarial science, 
economics, biological sciences, engineering, lifetime and reliability 
modeling and so on.2 This heavy duty distribution is considered useful 
as an alternative distribution to survival problems and life–testing in 
engineering and survival analysis.3 Inverse Lomax distribution is a 
member of the inverted family of distributions and discovered to be 
very flexible in analyzing situations with a realized non–monotonic 
failure rate.4 The probability density function and cumulative density 
function of the Inverted Lomax distribution are given by Yadav.5
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In literature, a few generalization of the inverse Lomax exis.6 The 
Odd Generalized Exponential family of distribution developed by 
Tahir et al.,7 having probability density and cumulative distribution 
function given by;
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was used to extend the Inverse Lomax distribution. The goal is 
to derive a continuous compound distribution that would be robust 
and tractable than the Inverse Lomax distribution. The rest of the 
article is structured as follows: In section 2, we derive the cumulative 
distribution function, probability density function, reliability function, 
odd function, hazard function, reverse hazard function, and cumulative 
hazard function of the Odd Generalized Exponentiated Inverse 
Lomax distribution, and present their respective plots for different 
values of the parameter. In minute details, we establish the structural 
properties, which include the asymptotic behavior, moments, quantile 
function, median, Skewness and kurtosis, in section 3. In section 4, 
we determined the order statistics and the estimate of the unknown 
parameter using maximum likelihood estimation techniques. 
Application to two different lifetime dataset and a conclusion is made 
in section 5.

The odd generalized Exponentiated inverse 
Lomax (oge–il) distribution

A four parameter Odd Generalized Exponentiated Inverse Lomax 
distribution was investigated in this section. Obtained by substituting 
equation (2) into (4), the cumulative distribution function of the 
OGE–IL distribution is given by;
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The corresponding probability density function is given by;
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The reliability function is given by;
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The failure rate function/hazard function is given by;
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The reverse hazard function is given by;
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The cumulative hazard function is given by;
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And the odd function is given by;
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Simulation
In simulation studies using R software, the behavior of the 

OGE–IL distribution parameters was investigated. Data sets 
from the OGE–IL distribution were generated with replication 
number m=1000, random samples were selected in sizes 50, 
100, 200, and 300. The simulation was performed with different 
true parameter values for four different cases. The selected 
true parameter values are, 0.5, 0.5, 0.5,and 0.5α β= = = = a   b ;

1.0, 1.0, 1.0,and 1.0α β= = = = a   b ; 2.0, 2.0, 2.0,and 2.0α β= = = = a   b
; 3.0, 3.0, 3.0,and 3.0α β= = = = a   b  for the first, second, third, and 
fourth cases, respectively. Maximum likelihood estimates for the true 
parameters, including the Bias and Root Mean Square Error (RMSE) 
were obtained. The results of the simulation study are displayed in 
Table 1–4 below.

Table 1 Simulation study at 0.5, 0.5, 0.5,and 0.5α β= = = = a   b

Sample size (n) Parameters Mean Bias RMSE

50
0.5α =
0.5β =
0.5=a
0.5=b

0.4728
0.4819
0.5345
0.5512

-0.0272
-0.0181
0.0345
0.0512

0.1991
0.2982
0.1542
0.3329

100
0.5α =
0.5β =
0.5=a
0.5=b

0.4921
0.4798
0.5291
0.5488

-0.0079
-0.0202
0.0291
0.0488

0.1791
0.2602
0.1391
0.3076

200
0.5α =
0.5β =
0.5=a
0.5=b

0.5001
0.4772
0.5260
0.5411

0.0001
-0.0228
0.0260
0.0411

0.1465
0.2117
0.1090
0.2714

300
0.5α =
0.5β =
0.5=a
0.5=b

0.5231
0.4701
0.5142
0.5309

0.0231
-0.0299
0.0142
0.0309

0.1199
0.1916
0.0806
0.2404

Table 2 Simulation study at 1.0, 1.0, 1.0,and 1.0α β= = = = a   b

Sample size (n) Parameters Mean Bias RMSE

50
1.0α =
1.0β =
1.0=a
1.0=b

0.8216
1.0493
1.1375
1.0309

-0.1784
0.0493
0.1375
0.0309

0.2212
0.3607
0.1988
0.1704

100
1.0α =
1.0β =
1.0=a
1.0=b

0.8620
1.0421
1.0079
0.9964

-0.1380
0.0421
0.0079
-0.0036

0.2007
0.3106
0.1695
0.1365

200
1.0α =
1.0β =
1.0=a
1.0=b

0.9117
1.0108
0.9981
0.9648

-0.0883
0.0108
-0.0019
-0.0352

0.1752
0.2453
0.1201
0.0941

300
1.0α =
1.0β =
1.0=a
1.0=b

0.9336
1.0007
0.9668
0.9401

-0.0664
0.0007
0.0332
0.0599

0.1263
0.1998
0.0967
0.0782

Table 3 Simulation study at 2.0, 2.0, 2.0,and 2.0α β= = = = a   b

Sample size (n) Parameters Mean Bias RMSE

50
2.0α =
2.0β =
2.0=a
2.0=b

1.8815
2.1456
2.3654
2.1028

-0.1185
0.1456
0.3654
0.1028

0.8012
0.8396
0.4175
0.4035

100
2.0α =
2.0β =
2.0=a
2.0=b

1.9006
2.1143
2.0001
1.9745

-0.0994
0.1143
0.0001
-0.0255

0.6387
0.6675
0.3302
0.3141

200
2.0α =
2.0β =
2.0=a
2.0=b

1.9264
1.9782
1.9618
1.9551

-0.0736
-0.0218
-0.0362
-0.0449

0.4235
0.4765
0.3015
0.2984

300
2.0α =
2.0β =
2.0=a
2.0=b

1.9408
1.9600
1.9503
1.9491

-0.0592
-0.0400
-0.0497
-0.0509

0.3317
0.3523
0.2541
0.2014

Table 4 Simulation study at 3.0, 3.0, 3.0,and 3.0α β= = = = a   b

Sample size (n) Parameters Mean Bias RMSE

50
3.0α =
3.0β =
3.0=a
3.0=b

2.6451
3.2102
3.4512
3.0973

-0.3549
0.2102
0.4512
0.0973

0.8845
0.9002
0.6042
0.5887

100
3.0α =
3.0β =
3.0=a
3.0=b

2.6693
3.1809
3.1752
3.0004

-0.3307
0.1809
0.1752
0.0004

0.7012
0.8452
0.5747
0.4117

200
3.0α =
3.0β =
3.0=a
3.0=b

2.7955
3.0909
2.9751
2.9600

-0.
-0.0218
-0.0362
-0.0449

0.5823
0.6112
0.3498
0.2945

300
3.0α =
3.0β =
3.0=a
3.0=b

2.8002
2.9991
2.9495
2.8997

-0.0592
-0.0400
-0.0497
-0.0509

0.3967
0.4195
0.2714
0.2113

Tables 1–4 clearly indicate that RMSE decreases when the sample 
size increases for all selected parameter values. In addition, the 
variations of the predictions are closer to the actual parameter values, 
with the increase in the sample size decreasing overall bias. Thus, the 
estimates tend approaches the true parameter value, as the sample size 
increases.

Application
The Odd Generalized Exponentiated Inverse Lomax distribution 

was applied to a real–life dataset and its performance was compared 
to the Odd Generalized Exponentiated Exponential Distribution 
(OGE–E),8–10 and the Exponential Exponentiated Distribution. The 
most suitable selection criteria were based on the values of the Log–
likelihood, and, Akaike Information Criterion (AIC).
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Data I: strengths of glass fibres dataset

The dataset obtained from Smith & Naylor11 represents the 
strengths of 1.5 cm glass fibres, measured at the National Physical 
Laboratory, England. The observations are as follows (Table 5 & 6);

0.55, 0.93, 1.25, 1.36, 1.49, 1.52, 1.58, 1.61, 1.64, 1.68, 1.73, 1.81, 
2.00, 0.74, 1.04, 1.27, 1.39, 1.49, 1.53, 1.59, 1.61, 1.66, 1.68, 1.76, 

1.82, 2.01, 0.77, 1.11, 1.28, 1.42, 1.50, 1.54, 1.60, 1.62, 1.66, 1.69, 
1.76, 1.84, 2.24, 0.81, 1.13, 1.29, 1.48, 1.50, 1.55, 1.61, 1.62, 1.66, 
1.70, 1.77, 1.84, 0.84, 1.24, 1.30, 1.48, 1.51, 1.55, 1.61, 1.63, 1.67, 
1.70, 1.78, 1.89.

Table 6, the OGE–IL has the highest log–likelihood value and the 
lowest AIC value; hence, amongst the distributions considered, it is 
the most appropriate model.

Table 5 Descriptive Statistics on strength of glass fibre dataset

Min. 1st Qu. Median Mean 3rd Qu. Max. Skewness Kurtosis Variance

0.550 1.375 1.590 1.507 1.685 2.240 -0.89993 3.9238 0.1051

Table 6 Summarized results of fitting different distributions to strength of glass fibre dataset

Model	
Estimates

l AIC Rank
a b



α β


OGE-IL 1.1157 3.0578 2.1456 6.1004 -11.13 29.142 1

OGE-E 0.0024 - 3.6474 - -14.81 33.616 2

EE 19.8963 - 2.2316 - -32.70 69.409 3

Conclusion
Using the Odd Generalized Exponential family of distribution, we 

have successfully extended the Inverse Lomax distribution from a two 
parameter to a four parameter distribution. Densities and theoretical 
characteristics for the proposed OGE–IL distribution have been 
derived. Simulation studies reveal that the root mean square error 
decreases for the selected parameter values when the sample size 
increases. The proposed distribution was applied to a lifetime dataset 
and compared to other existing distribution which it outperformed 
based on log–likelihood and AIC values.
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