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Introduction
Finding alternative to most well known classical family of 

distributions has become a topic of high importance in academic 
research due to their striking properties. An increasing interest can be 
observed for the art of adding parameter to some existing distributions 
as one parameter family of distributions is not sufficient to handle 
various real contexts. There is a vast amount of literature on method 
of introducing new distributions. Several statistical experts have 
mentioned similar processes (exponentiated family of distributions 
(by Gupta et al.,1), Kumaraswamy family of distributions (by Cordeiro 
and Castro2), Kummer beta generalized family of distributions (by 
Pescim et al.,3), geometric exponential-Poisson family of distributions 
(by Nadarajah et al.,4), exponentiated T-X family of distributions 
(by Alzaghal et al.,5), Weibull generalized family of distributins (by 
Bourguignion et al., 6 modified beta generalized family of distributions 
(by Nadarajah et al.,7) and exponentiated exponential-Poisson family 
of distributions (by Risti c′  and Nadarajah).8) with applications in 
various factual contexts as inclusion of new parameter to existing 
family of distributions increases flexibility of the distributions. Also 
data with a high degree of skewness and kurtosis can be modeled. 
Again it is helpful in improving the goodness of fit of proposed 
generalized family of distributions. We may use various methods to 
add new parameters for expanding family of distributions. Marshall 
and Olkin9 introduced a general method, the resulting distribution 
is called Marshall-Olkin Extended (MOE) family of distributions, 
its cumulative density function (cdf) ( )G x  and probability density 
function (pdf) ( )g x  are given by the following formulae, 
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(1 ) ( )

F xG x x R
F x

α α
α α

∈
+ −

	 (1.1)
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 where ( )F x  is cdf and α  is a tilt parameter of a random variable 
X. If ( )F x  has the hazard rate function ( )r x  then the hazard rate 
function of MOE family is given by 

             ( )( , )= , , >0
(1 ) ( )

r xh x x R
F x

α α
α α
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+ −

 Study on inverted distributions is another area of interest. 
There are a lot of research study about inverted distributions such 
as Calabria and Pulcini10 studied the inverse Weibull, AL-Dayian11 
introduced the inverted Burr Type XII distribution, Abd EL-Kader et 
al.,12 described the inverted Pareto type I distribution, AL-Dayian13 
discussed inverted Pareto Type II distribution, Prakash14 studied 
the inverted exponential model and Flaih15 invented exponentiated 

inverted Weibull Distribution. Kumaraswamy distribution introduced 
by Kumaraswamy16 is derived from beta distribution after fixing 
some parameters posses a closed-form cdf which is invertible, 
moments also exist. This distribution is applicable to many natural 
phenomena related to which outcomes have lower and upper bounds 
such as height of individuals, scores obtained on a test, atmospheric 
temperature, hydrological data such as daily rainfall, daily streamed 
etc. Alizadeh et al.,17 introduced Kumaraswamy Marshal-Olkin 
generalized family of distributions. From this distribution we can 
derive new generalized model with distinct mathematical and 
statistical properties. Recently appeared new inverted Kumaraswamy 
distribution based on transformation ( 1=1T

X
− ) of the Kumaraswamy 

distribution by Abd AL-Fattah.18 This new class of distribution is 
called inverted Kumaraswamy (IKum) distribution. Also Iqbal19 
introduced generalized inverted Kumaraswamy distribution by 
giving another transformation    (

1=1 , >0
a

T a
X

− ) to Kumaraswamy 
distribution. In this paper we concentrated on an extended form of 
IKum distribution. A random variable X is said to have the IKum 
distribution with parameters with shape parameters β  and γ  if it’s 
cdf is given by 

	   ( , , )=(1 (1 ) ) ( >0, , >0), >0, , >0F x x x xγ ββ γ β γ β γ−− +       (1.3)

 and the pdf is as 

	 ( 1) 1( , , )= (1 ) (1 (1 ) ) , >0, , >0.f x x x xγ γ ββ γ βγ β γ− + − −+ − +   (1.4)

 From this distribution we can derive a number of sub-models for 
example, Lomax distribution, Beta type II distribution, log-logistic 
distribution etc. Also this distribution is flexible enough to model 
lifetime data. This paper is organized as follows. Section 2 deals with 
the basic concepts of MOE inverted Kumaraswamy distribution. Its 
properties including moments, moment generating function, quantiles 
and mode are presented in Section 3. Section 4 deals with estimation 
of parameters using maximum likelihood method. Finally, concluding 
remarks are addressed in Section 5. 

MOE iKum distribution
 In this section we consider the cdf of MOEIKum distribution by 

selecting in (1.1) the generalized inverted Kumaraswamy cdf (1.3) 
which yields 

        
(1 (1 ) )( , , , )= , >0, , , >0

( (1 )(1 (1 ) ) )

xG x x
x

γ β

γ β
α β γ α β γ

α α

−

−

− +

+ − − +           
(2.1)

 and, according to (1.2) and (1.4), the related pdf reads 
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The hazard rate function of the MOEIKum distribution is given by 

following equation 

	 ( 1) 1(1 ) (1 (1 ) )( , , , )= , >0, , , >0
[ (1 )(1 (1 ) ) ][1 (1 (1 ) ) ]

x xh x x
x x

γ γ β

γ β γ β

βγα β γ α β γ
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− −

+ − +

+ − − + − − +
Shape properties

Figures 1 illustrate how the tacitly involved new parameter α  
affect the pdf of generalized inverted Kumaraswamy distribution. 
The curves tend to flatten as α  increases when keeping the other 
parameters fixed. From this figure, we observe that the MOEIKum 
pdf can be either a decreasing or a unimodal function. The different 
shapes of the hazard rate function of the MOEIKum distribution 
are displayed in Figure 2 for selected parameter values. So, we 
observe that the MOEIKum hazard rate function can be increasing, 
decreasing, upside-down bathtub (unimodal) depending on the values 
of its parameters. A characteristic of the proposed distribution is that 
its hazard rate function accommodates increasing, decreasing, and 
unimodal shaped forms, that depend basically on the values of the 
shape parameters. Moreover, it is quite flexible for modeling survival 
data. The following theorem describes the shapes of pdf of the 
MOEIKum distribution. 

Theorem 2.1: For <1α  the pdf of the MOEIKum distribution is 
decreasing when 0< <1β . 

 Proof: The natural logarithm of equation (2.2) is 

= ( ) ( 1) ( 1) (1 (1 ) ) 2 ( (1 )(1 (1 ) ) )I log logx log x log xγ γ βαβγ γ β α α− −− + + − − + − + − − +

 Now differentiating I  with respect to x yields: 

	 1 1 11 ( 1) (1 ) (1 )(1 (1 ) ) (1 )'( )= 2
1 1 (1 ) [ (1 )(1 (1 ) ) ]

x x xI x
x x x

γ β γ

γ γ β

γγ β γ βγ α
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− − − − −

− −

−+ − + − − + +
− + −
+ − + + − − +

	

						                       (2.3)

So, from (2.3) it is clear that '( )<0I x  for all >0x , 0< <1β  and 
<1α . This implies that pdf is decreasing for 0< <1β  and <1α . 

Related distributions and transformed variables 

 Some important sub-models of the MOEIKum distribution are 
following; 

 1. Lomax (Pareto Type II) Distribution : when α = β =1  in equation 
(2.2) with pdf 

	                     
1

( , )= , >0, >0
(1 )

g x x
x γ

γγ γ
++

  2.  MOE Lomax Distribution : when =1α  in equation (2.2) with pdf 
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  3. Beta Type II Distribution : when α = γ =1  in equation (2.2) with 
pdf 

	          
1

1

1( , )= , >0, >0
( ,1) (1 )

xg x x
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++

  4.  Log-Logistic (Fisk) Distribution : when = = =1α β γ  in equation 
(2.2) with pdf 

                      
2

1( , )= , >0, >0
(1 )

g x x
x

β β
+

  5. MOE Log-Logistic (Fisk) Distribution : when = =1β γ  in equation 
(2.2) with pdf 
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 By applying appropriate transformation to variable of MOEIKum 
distribution, we can derive a number of distributions. These 
transformation and resulting distributions are given in Table 1. 
Following theorem mentioned limiting distribution of MOEIKum 
model. 

Theorem 2.2: If W has MOE exponential distribution then the 
random variable 

		        
1

= (1 ) 1 , , >0wT e wγ γ
− 

 − −
  

has MOEIKum distribution. 
Proof: Let W  follow the MOE exponential distribution with 
parameter β , its pdf is given by 	

	         
{ }2( , , )= , , , >0
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then the pdf of T is obtained as 
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which is a pdf of MOEIKum( , ,α β γ ) distribution. 

Remark 1: If ( , , )X MOEIKum α β γ  and 
1

1= (1 )T Xγβ
−

+  

on 
1

( , )γβ
−

∞ , then the pdf of 1t  tends to MOE Inverted Weibull 

distribution as β→∞  with pdf 

	
		

( 1) 1
1

1 1
21

( , , )= , >0, , >0

[ (1 ) ]

t

t

t e
g t t

e

γ
γ

γ

αγ
α γ α γ

α α

−−
− +

−−
+ −

Compounding

The following theorem shows that under suitable conditions the 
MOEIKum distribution can be expressed as compound distribution 
with exponential distribution as mixing density. 

Theorem 2.3: Let X be a continuous random variable with 
conditional pdf given as 

	 ( )( | )=exp ( 1 (1 (1 ) ) 1) , , , , >0.G x x xγ βθ θ δ β θ− − − − + − 
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Let Θ  follows an exponential distribution with pdf given by 
( )=m e αθθ α − , θ , >0α . Then the compound distribution of X 

becomes the MOEIKum ( , , )α β γ  distribution. 

Proof: For all >0x , >0α , >0β , >0γ , the unconditional survival 
function of X is given by 

		              0( )= ( | ) ( )G x G x v dθ θ θ∞∫

	       ( )0= exp ( 1 (1 (1 ) ) 1)x e dγ β αθα θ θ− −∞∫
 − − − + −  

		    
[1 (1 (1 ) ) ]=

(1 (1 )(1 (1 (1 ) ) ))

x

x

γ β

γ β

α

α

−

−

− − +

− − − − +
which is the survival function of a random variable with MOEIKum 

distribution. 

Table 1 Transformations Applied to MOEIKum and the Resulting Distributions

Transformation Resulting distribution pdf

1

=[ (1 )]T log x θ+
special cases:

1θ =

=1β

=2θ

= =1β θ

=1α , 1θ =

= =1α β

=1α , =2θ

= = =1α β θ

MOE Exponentiated Weibull

MOE Exponentiated exponential

MOE Weibull

MOE Burr Type X

MOE Exponential

Exponentiated exponential

Weibull

Burr Type X

Exponential

1 1

1 2

(1 )( )=
[ (1 )(1 ) ]

t t

t

t e ef t
e

θ θθ γ γ β

θγ β

αβγθ

α α

− − − −

−

−

+ − −

0< <t ∞

, , >0α β γ

1
1= (1 )T r X sγ −+ +

special cases:

=1α

= = =1sα γ

=1, =0sα

= = = =1rα γ β

MOE Generalized uniform

Generalized uniform

Beta Type I

1 1

2
( ) [1 ( ) ]( )=
(1 )[1 ( ) ]

r t s r t sf t
r t s

γ γ β

γ β
αβγ

α α

− −− − −
+ − − −

1

< <s t s r α
−

+

, , , , >0r sα β γ

= (1 )T log T bθ+ +
:special cases

= =1α β

= =1,  =0bα β

[ ] 1
3 ( )= (1 )

t b t b

f t e e
γ α βθ θγβ

θ

− −
− − −−

< <b t ∞

1

= cT sX

:special cases

1 ( 1)( )= [1 ( ) ]c c
c
c tl t t

ss
γγβ + − ++

Inverted generalized ParetoT  ypeI

Uniform(0,1)

Left truncated exponentiated expone  ntial

Left truncatedexponential

exponential

= = 1

= = =1

= = = =1

= = =1, =

c

c s

c s

α β

α β

α β

α β α

MOE Exponentiated Burr TypeXII
MOE Burr TypeXII

MOEGeneralized Lomax
MOE Exponentiated Burr TypeXII

Burr TypeXII
Generalized Lomax

Beta TypeII
F-distribution

1(1 [1 ( ) ]( ))ct
s

βγ −− + −

4
( )

( ) =
(1 )(1 [1 ( ) ]( ))c

l t
f t t

s
βα α γ + − − + −  

> 0, , , , , > 0t s cα β γ
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Transformation Resulting distribution pdf

1

=[ ] , =1sXT α
λ

−

:special cases

5 1 ( 1)( )=
[1 ]s s

sf t
t t γ

γβλ
λ+ − − ++

(1 ) 1=( )( ), =1log XT
b

α
θ
+

−

:specialcases
= 1b
= = 1b β

> 0t

Figure 1 Graphs of pdf of the MOEIKum distribution for different values of α , β  and γ .1

1The MOEIKum pdf can be either a decreasing(when <1α ) or a unimodal function. 

= = 1β λ

= 1γ

Kumaraswamy-Dagum

Dagum

Kumaraswamy-Burr TypeIII

Burr TypeIII

Kumaraswamy-Fisk

1(1 (1 ) )st γ βλ − − −− +

, , , , > 0t sβ γ λ

Kumaraswamy-inverse Weibull

Kumaraswamy-inverseexponential

6

1 1

( )=

[1 ]
b bb

bf t

t tt e e β

βγθ
γθ γθ

+ −
− −

−

Table Continued
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Figure 2 Graphs of pdf of the MOEIKum distribution for different values of α , β  and γ .22

22The MOEIKum hazard rate function can be increasing, decreasing, upside-down bathtub (unimodal) depending on the values of parameters. 

Properties of MOEIKum distribution
Moments and moment generating function

We now give simple expansions for the pdf of the MOEIKum 
distribution. We have generalized binomial expansion,

		
( ) ( )

0

11 , 0r i

i

r iz z zi
∞−

=

+ −∑− = <  	  (3.1)

Using the series expansion (3.1) and the representation for the 
MOEIKum pdf (2.2), we obtain

( ) ( ) ( ) ( ) ( ) ( )( ) 1111 1 1 1 1
jij

i j

jig x i x xj
β βγ γβα α βγ

∞ + −∞ − + − + −∑= − − + − +∑  
 

	      
( ) ( ) ( )11 1 ,ij

i j

jii I kumj
βα β γ

∞ ∞  + −∑= − −∑  
 

      (3.2)

		
( ) ( )1 1

j k
i

i j k
iαβγ α

+∞ ∞ ∞
∑= − −∑∑

	            
( ) ( ) 11 2 1 kj k ji xj k

γ γβ β β − − − + − + + − + 
 

          (3.3)

From equation (3.2), it is clear that the pdf of MOEIKum can be 
expressed as an infinite linear combination of IKum pdfs.

		  ( ) ( )0 , , , .r rE x X g x dxα β γ∞= ∫   	  (3.4)

Substituting (3.3) into the equation (3.4) yields

( ) ( ) ( ) ( ) ( )0
1211 1 1

j kr i r

i j k

kj i k jE x i x x dxj k
γ γβ ββαβγ α

+∞ ∞ ∞ ∞ − − − + + + −−∑= − − +∑∑ ∫ 
 

		
( ), , 1,i j k

i j k
M B r k rγ γ

∞ ∞ ∞
∑= + + −∑∑  	  (3.5)

where B is beta function and

( ) ( ) ( ), ,
211 1 .j k i

i j k
j i k jM i j k

β ββαβγ α+  + + + −−= − −  
 

 (3.6)

Moment generating function given by following formula 

		
( ) ( ) ( )

0
M

!

r
tX r

X r

tt E e E X
r

∞

=
∑= =  	    (3.7)

where ( )rE X follows from (3.5). The Mean,Variance, Skewness 
and Kurtosis can be obtained from the equation (3.7).
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Quantiles and mode

The thp  quantile function of the distribution, the inverse of the 
distribution function ( )=pF x p , is given by

		      

1
1

= 1 1.
1

px
p p

γ
βα

α

−
 

  + −  − −  
 

=1/2p  (the second quantile) yields the median given by

		

1
1

= 1 1.
1

Median
γ

βα
α

−
 
  + −  −   

From (2.3), mode of this distribution can be found by solving 

=0I
x
∂
∂

 (
2

2
<0I

x

∂

∂
).

Estimation of parameters
In this section we consider maximum likelihood estimation for a 

given sample of size 
1 2
, ,...,

n
x x x  from MOEIKum( , ,α β γ ), then the 

log likelihood function is given by

1 1
, ,        1 1( ) ( ) ( ) ( ) ( ) ( ( ) 1 1 )1

n n

i
i

i
ilogL nlog log x log x γα β γ αβγ γ β

=

−

=
= − + + +∑ + − −∑

		  =1

2 (1 [1 [1 (1 )] ])
n

i
i

log x γ β
α

−− − − − +∑

The partial derivative of the log likelihood functions with respect 
to the parameters are

	          
=1

1 [1 (1 )]log = 2
1 [1 [1 (1 )] ]

n
i

i i

xL n

x

γ β

γ β
αα α

−

−

− − +∂
− ∑

∂ − − − +

=1 =1

[1 (1 )] (1 [1 ])log = (1 ( 1) ) 2
1 [1 [1 (1 )] ]

n n
i i

i
i i i

x log xL n log x
x

γ β γ
γ

γ β
α

α
β β

− −
−

−

− + − +∂
+ − + −∑ ∑

∂ − − − +

     =1 =1

[1 (1 )] (1 (1 ))log = ( ) ( 1)
[1 (1 )]

n n
i i

i
i i i

x log xL n log x
x

γ γ

γβ
γ γ

− −

−
− + − +∂

+ + −∑ ∑
∂ − +

		  =1

[1 (1 )] (1 (1 ))2
1 [1 [1 (1 )] ]

n
i i

i i

x log x
x

γ γ

γ β
α

− −

−
− + − +

− ∑
− − − +

The maximum likelihood estimates can be numerically obtained 

by solving the equations log =0L
α

∂
∂

, log =0L
β

∂
∂

, log =0L
γ

∂
∂

 For this 

purpose, we can use functions like nlm, fitdist or optimize from the 
programming language R .

Conclusions
In this paper, MOEIKum distribution based on the Marshall-

Olkin method of generalization has been proposed and its properties 
are studied. This new model could have increasing, decreasing 
and unimodal pdf and it has an inverted bathtub hazard rate. The 
behavior of the hazard rate function shows that the proposed model is 
applicable in situations where the Kumaraswamy distribution and the 
IKum distribution are used and can as well serve as better alternative 
to both of them. The proposed model enfolds a number of special sub 
models and also get some existing distribution by adding appropriate 
transformation to this model. This distribution can be expressed 

as compound distribution with exponential distribution as mixing 
density and also the MOE exponential distribution and the MOE 
Inverted Weibull distribution can be obtained as a limiting distribution 
of this model.
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