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Abstract

The aim of this article is to give simple expressions of aircraft’s longitudinal trimmed
conditions taking into account the instantaneous fuel mass flow rate, i.e. the variation of
total mass. The computation of aircraft trim points is not a new problem. Nevertheless,
current analytical computations are classically performed with a constant total weight of
the aircraft, hence assuming that the rate of decrease of the weight due to the fuel mass flow
rate has insignificant effects on the results. Thus, the goal of this study has been to assess the
effect of weight variation on aircraft trimmed condition and to compute correctly “extended
trimmed conditions” defined as the equilibrated conditions in flight considering the weight
decrease of the aircraft. It has been demonstrated that the weight variation must have an ad-
hoc form to lead to extended trimmed conditions. Moreover, extended trimmed conditions
do not correspond to a perfect level flight as it is the case at constant weight, but must
present a slightly positive flight path angle leading to a regular increase in altitude. And
the corrected longitudinal commands including throttle and elevator positions at a given
airspeed and altitude have been computed for extended trimmed conditions and compared
to the basic case at constant weight. Finally, all the analytical expressions given in this
article have been verified through a numerical simulation performed in the case of a twin-
engine aircraft representative of the Airbus wide-body family.
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Introduction

The computation of the aircraft steady-state or trimmed conditions
is of importance in many flight dynamics problems. Indeed, trimmed
conditions are the starting points to flight simulations' and are used
for further operations performed by pilots or engineers.? Furthermore,
linear models used for handling qualities analysis are derived from
trim points,® and performance analysis requires flight conditions to
be as close as possible to the equilibrium.* Finally, finding the general
solution of trim states corresponding to given flight conditions can
become non-trivial® and lead to complex algorithms which aim at
minimizing ad-hoc cost functions.®

Nevertheless, these analyses are always performed considering
that the aircraft has a constant weight, assuming that the fuel mass
flow rate—which is the airplane mass loss—has insignificant effects on
trim. If this makes sense for short to medium term analyses, for long
term, the weight decrease turns out in conflict with the initial trim
assumptions. One of these concerns the well-known cruise at constant
airspeed and angle of attack. In that case, the equilibrated states are
computed assuming a constant altitude, but a simple analysis shows
that the weight decrease automatically implies a gain of altitude and a
residual flight path angle during the cruise.”

Indeed, a simple numerical computation of the longitudinal aircraft
dynamics shows that the introduction of a weight decrease leads the
aircraft to reach a slightly different equilibrated condition from the
case computed at constant weight. Moreover, the well-known Bréguet
equation predicting the range of an aircraft flying at constant airspeed
and angle of attack has to be corrected by a small factor to take into
account the mass variation in flight.® Here this study makes a focus
on the trimmed conditions taking into account the mass variation in
flight and a simple way to compute these analytically by correcting
the current flight dynamics expressions.

Definition of the equilibrium
Condition on the state parameters

The equilibrium of a mechanical system is reached when the sum
of'the forces and moments are equal to zero. This leads to write that the
acceleration of the body and the rate of change of angular momentum
are null. Thus, considering a body with 6 Degree of Freedom (DoF)
described by the 12 state parameters including:

¢ The velocity (3 coordinates);

¢ The angular rate (3 coordinates);

¢ The position (3 coordinates);

e The orientation or attitude (3 coordinates).

The equilibrium is reached when the time derivative of each
parameter is equal to zero, except for the 3 position coordinates for
which the second time derivative is equal to zero. Thus, the 12 state
parameters have been divided into two complementary vectors:

The first vector, noted Y , gathers the 3 position coordinates;
The second vector, noted X , gathers the 9 other state parameters.

With this notation, the equilibrium is defined by:

. X=0
Equilibriom =4 .. (1)
Y=0

Case of a variable mass system

Let us assume that each coordinate x, of the vector X is described
by a first order differential equation g, function of the state variables
and mass of the system. In addition, each position coordinate y, of the
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vector Y is described by a first order differential equation /, coming
from the kinematics equations and function of the state variables only
but not mass:

{)'(i =8 (Xyeees X5 Ypoeres Yo 1) @

Vi =B (X X Yisees Yio)

The equations g, and 4, are gathered in the vectors GandH resp.,
which leads to write:
X=G
R 3)
Y=H
Considering that a variation of mass affects the equations g, only, a
variation dm during df leads to a variation dx; and dx, given by:
dx; = %dxl + ...4—%dxn +%dy1 +... +%dyk +%dm
x, X, w, Yk om
ie.

% . 0g; % . og;

ii:%).(]+...+ X, +—=y, +...+ Y +—m
ox, X, oy, Oy om

which can also be written in the matrix form:

):(:GX);(+Gy§;{+§rh
om

with:

G =%, %
0x;  0x,

and:

G ={£,£}
Yoy Oy

The traditional equilibrium condition (EQ. (1)) gives in this case:
X=6,¥+%m
om

This expression means that the equilibrated condition X=0is
generally not kept in time with a mass variation m . Thus, another
condition must be introduced to keep the equilibrium conditions (EQ.
(1)) when the mass varies. This leads to the definition of an “extended
trimmed conditions” given by:

bR

=0
Extended trimmed conditions = { Y = 0 4)
X=0

Considering that Y =0 , the vector Y is a constant noted C . Then,
(EQ. (4)) can also be written as:

Extended trimmed conditions = Y=H=C )

Application to the longitudinal flight

The theoretical framework of the definition of the extended
equilibrium is now applied to the case of a pure longitudinal flight,
i.e. a flight in the vertical plane only. In this case, the airplane has 3
DoF, i.e. 1 in rotation (pitch) and 2 in the vertical plane (horizontal
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and vertical movement), and 6 state variables describe the motion of
the aircraft in this case.

Assumptions and models

In this application, the atmosphere state parameters are given by
the International Standard Atmosphere (ISA) model.’ For analytical
computations, an exponential model of air density is defined:'

p= prefeah (z=2ref) (6)

where p . and z . denote reference air density and altitude
depending on the atmosphere layer.

In the troposphere, i.e. from sea level to 11km of altitude where the
temperature decreases linearly, a, is approximated by a least-squares
curve fit of the actual evolution of the air density vs. altitude, i.e.:

a, =—1/9042m™

In the lower stratosphere, i.e. from 11 km to 25 km of altitude
where the temperature is constant, a, is directly computed with the
ideal gas law, i.e.:

a, =-1.577710*m™

Drag and lift are the result of the projection of the aerodynamic
force acting on the aircraft on the longitudinal aerodynamic axes:'

p-L PSVC,
. ()
L= 3 PSVIC,

In these expressions, V' denotes the True Air Speed (TAS), §
corresponds to the aircraft’s reference area and the

coefficients C, and C, are the drag and lift coefficient resp. The
drag coefficient C, is modeled as:"

Cp =Cp, +KC} ®)

where K corresponds the induced drag factor and C, denotes the
parasite drag coefficient.

Considering simple static models, the lift coefficient C, is a
function of the angle of attack « only:

C =Ca-a)
Concerning the aerodynamic pitching moment M, we have:
M= % pSVieC,, 9)

The pitching moment coefficient Cm is expressed in terms of angle
of attack a, pitch rate g and elevator deflection de:'

Cm=Cm, +Cm, (@ - &,)+Cm, % +Cmy,de (10)

The thrust is assumed to be proportional to the air density and
throttle lever dx:'*

T=Ty £2-6x
PsL

In this expression, T, denotes the total thrust of the aircraft at sea
level.

(1)

Longitudinal equations of motion

As said above, it’s necessary to take into account 6 state variables
to describe the motion of a pure longitudinal flight. The first 2 state
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variables concern the position of the aircraft in the vertical plane, i.e.
the horizontal distance x and altitude z.

Each variable is given by a first order differential equation coming
from the kinematics:
X =Vcos
by 1)
z=Vsiny
where y denotes the Flight Path Angle (FPA) of the aircraft.

With these equations, it is possible to define the vectors Y and H

,l.e.
- (x ~ (Vcosy
Y= andH = .
z Vsiny

Considering a symmetric aircraft with the thrust aligned with the
fuselage reference line, the longitudinal equations of motion are the
projections of the Newton’s second law on the aerodynamic axes:"

v :i(Tcosa —D-mgsiny)
v (13)
y =——(Tsina + L —mgcosy)
mV

Assuming that the thrust is located at the aircraft center of gravity,
the pitch rate comes from the aecrodynamic pitching moment only'®
and we have:

G=—o (14)
Lyy
This set is completed by the kinematic equations in pitch:
dzq—L(Tsina+L—mgcos;/) (15)
mV

With these equations, it’s possible to define the vectors X andG :

i(Fcosa —% pSV2C,, —mgsiny)

\ 11 ) .
1y - E(E'DSV C_ +Fsina —mgcosy)
X= w andG = 11 . .

q——V(EpSV C, +Fsina —mgcosy)

q m

L L sviec
Iyy 2p m

Definition of the extended trimmed conditions

The first condition cogin& from the definition of the extended
equilibrium (EQ. (5)), i.e. G =0, leads to:

1 .
Fcosa —EpSVZCD =mgsiny
1 .
EpSVZCL +Fsina = mgcosy (16)

The second condition from (EQ. (5)), i.e. Y=C, gives:
x=C,
z=C,

where C, and C, denote the 2 coordinates of C.

For the third condition from (EQ. (5)), it’s necessary to compute
the matrix G :
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Gy: 6_G’0_G
ox 0z

ie.:
0 %(FCOSQ—%pSVZCD)
ay 1 2 .
0 —V(EpSV C_ +Fsina)
Gy = ma 1
0 ——:}(EpSVZCL-%FSina)
m
1
b~ p8V2eC,
Iyy 2

With (EQ. (16)), this leads to:

0 a,gsiny |
0 a—hgcos;/
G = \Y%
y =
ap
0 ——-gcos
Vg e
_0 0 -

We also have:

1 1 . sin
——(Feosa 7—pSV2CD —mgsiny) _ gy
m 2
oG |- 1 (lpSVZCL +Fsina—mgcos;/)—w
— = m*v 2 mV
om 1 1 geosy
— pSV?C, +Fsina —mgcosy) +—=r
sz( 5P L gcosy) =
0
With (EQ. (16)), this leads to:
—gVsiny
ﬁ_ 1 —gcosy
om mV| gcosy
0

Finally, the third condition from (EQ. (5)) gives the following
vector equation:

a,gsiny
a, —gVsiny
—-gcosy
. 1| —gcos ~
v z+ v geosy =0
~tocosy m gcgsy

This leads to a single condition on the evolution of the altitude in
trimmed condition when the mass varies:
. m
7Z =

. (17)
a,m

Finally, the longitudinal trimmed condition of the aircraft taking
into account the case m # 0 is defined as follows:

(18)

Extended trimmed conditions =
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Discussion of the results

In extended trimmed conditions when the mass varies, the
equations (EQ. (18)) show that the altitude must increase (Z>O)
when the mass decreases (m < 0) to keep the equilibrium.

These equations also show that the condition on altitude z=0
only apply to the casem =0, i.e. at constant mass. Moreover, as no

L= . . . 0G = .
equation in G depends on the horizontal distance x, i.e. r =0, it’s

not possible to compute the constant C, corresponding to x , and the
only condition in this case isX =0 .

In addition, as we also havez=C,, this gives the following
expression of m :

m=C,a,m

(19)

which means that the mass variation m must be proportional to the
total mass m to get a trimmed condition in longitudinal flight. For
an aircraft equipped with jet engines, this condition can be achieved
through a very simple model with a fuel flow rate proportional to the
thrust:

=-CT (20)

where C_ denotes the thrust-specific fuel consumption (TSFC).

Indeed, considering the thrust given by the trimmed conditions,
this leads to the following expression of the equilibrated thrust:

. Cp
siny +cosy —2

T=mg CL
cosa +sina —L-
L

which gives:

. Cp
siny +cosy—>
m=-Crg 3
. Cp
cosa +sina—=
L
Assuming that the TSFC ¢, remains constant and as every parameter
in this equation are constant in trimmed condition, including a and y
which are small, this leads to:

. C
m=-Crg—L2m
T8 C,
Thus, this expression is equivalent to (EQ. (19)), which also gives
the value of C.:

@n

c,=s--c, &5

22
Tah C. 22)

Analytical computation of the extended trimmed
conditions

In this paragraph, the trimmed conditions in longitudinal flight at
constant mass will be corrected to get the exact trimmed conditions
when the mass varies.

To get this correction, the mass variation is assumed to be
equivalent to the form given by (EQ. (19)), i.e.:
m=k,m (23)

with k; constant.

To clarify the notations, the subscript e denotes an equilibrated
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parameter computed with m =0 , whereas the subscript m denotes an
equilibrated parameter computed withm # 0 .

In addition, the comparison between both cases will be performed
at a given weight for the same case of altitude and True Airspeed, i.e.:

Vc:\/lh
Z,.=Zy

M When the mass varies (EQ. (18)), by introducing both

Asz=

a,m
the kinematic equation in altitude (EQ. (12)) and the expression of m”
(EQ. (23)), this leads to:

\]eyr'n:k_lh
ay
Le.:
k.
. =—m 24
i aV, (24)

Moreover, the pitch rate is equal to zero in both cases, i.e.:

9. =9 =0 (25)

The longitudinal trimmed equations are written at constant weight
(lift and drag equations):

1
T, cosa, — EpeSVeche =0

1 (26)
T,sina, + > pSVIC,, =mg
and with varying mass:
1 .
T; cosa,;, — —prhSVrf]CDrh =mgsiny,
2 @7)

. 1
T, sina,, + EpmSVﬁZ]CLm =mgcosy,,
Assuming that the equilibrated FPA y,is very small and

considering that p,;, = p, , V,, = V,and T, =T, Z‘X'h , this leads to:
X

m
€

OXy

Te
5

1
cosam—fpmSVniCD, =mgyy,
¢ 2 o

OXy . 1 2
T,—2sina,;, +—p;SV:C, . =m
e Jxe m zpm m~ Ly g

Assuming that o, and a;, are small, the difference between each

drag equation gives:
T, ( M 1] =mgy,,

ox

which leads to: ¢

Cp,

=
Cp,

Es Ve (28)

where &, denotes the relative correction on the throttle lever éx to
consider the mass variation, i.e.:

5% = 0% (1+&5,)

Moreover, the difference between each lift equation gives:

T, ac——éxm a, +lpcsvf(cu—cm):o
X, 2

which finally leads to:
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_Gox (29)

where ¢, is the relative correction on o to consider the mass
variation, i.e.:
a, =a.(l+s,)

Considering that the longitudinal trimmed condition is also given

by the condition Cm = 0 in both cases, we have:
{ Cm, +Cm, (a, —a,)+Cmgyde, =0
Cm, +Cm,(a; —a,)+Cmg e, =0

The difference between both equations gives:

Cm, (a,; —a,)+Cmg, (de,;, —de,) =0

which leads to:
Cm o
Ese =——2=-¢,(30)
Cmygde,
where ¢, denotes the relative correction on the elevator deflection
Je to consider the mass variation, i.e.:
oe, =oe (1+¢&s,)
Numerical verification

These results have been verified through a numerical simulation
performed in the case of a twin-engine aircraft representative of the
Airbus wide-body family:!”

¢ Total mass: m=130 10° kg

e Reference area: S _=260m’

* Lift-slope derivative: C_ =5 rad™
¢ Induced drag factor: K=0.055

* Parasite drag coefficient: C, =0.02
e Pitch stiffness: Cm =—1 rad™

e Pitch control effectiveness: Cm, =—1.46 rad™'

* Total thrust at sea level: T, =470 10°N

The aircraft is assumed to fly in cruise at z,=30 000 ft and
M=0.82, i.e. ¥=248.58 m/s, withk, =—107 kg/s which corresponds
to a typical fuel consumption during the cruising phase. From initial
conditions computed at z, and ¥, the mass variation m = k; m has
been applied abruptly, leading to the evolution of the longitudinal
state vector computed with a numerical solver based on the Runge-
Kutta algorithm.

Firstly, the computation is initialized with the trimmed condition
withm=0,ie.y,=0,a,=0a,q,=0,6, = de,

6, = ox,. The figures (Figure 1) and (EQ. (2)) show that, after a
transient including a classical “phugoid mode” and a slow aperiodic
mode, the TAS reaches a final state slightly different from the initial
value. Moreover, the figure (Figure 2) shows that the FPA reaf{hes a
stabilized value y,, equal to its analytical expression, i.e. y,, =

a,V,
The second step is to compute the evolution of the system with
the simulation initiated with the corrected trimmed conditions with

q,;~0,0e=0e,,0x=0x; . The

m=#0, iey,= L0y =0y,

ap Ve

Copyright:
©2021 Bovet

figure (Figure 3) shows that the TAS (red curve) is well stabilized
in time and almost equal to ¥ in these conditions (relative difference
equal to 4 107°). Concerning the FPA, the figure (Figure 4) shows
the transient in this case is very small and y = y,, during the whole
simulation.

T S —

K : A
2485 \\
\ ‘
2bl \\
% 2483
w
= a2
248.1|
248 o !
278l .
(] 00 1000 1500 2000 500 3000 3500 #000

Figure | Evolution of the TAS vs. time with m =k, m initiated with the
traditional equilibrium.

Q028 T T

Qa2r T
r‘ﬂ/‘/ﬂ

deg)
L=
kS

p—
-1
p—

FPaA

o 500 1000 1500 2000 2600 2000 1800 4000
Time (=

Figure 2 Evolution of the FPA vs. time with m =k, m initiated with the
traditional equilibrium.

This computation also shows that the correction ¢, and ¢,, can be
considered as second order terms. Indeed, cons1der1ng the s1mulat10n
initiated with y, = Ky La,=0,q,= Ox=0%x,, , i.e

ap Ve
without correcting the terms ¢, and de , the evolution of the system
(blue curve) is very close to the complete correction. In this case, the
main difference lies in the transient which is slightly more pronounced.

0, de = de,,

Finally, the comparison between the trimmed conditions computed
at a given altitude and airspeed considering a constant mass, i.e. m =0
, vs. the trimmed conditions taking into account a mass variation
given bym =k, m, are gathered in the following tabular with the
“first order” and “second order” corrections:
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248,582
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P 2
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Figure 3 Evolution of the TAS vs. time with m =k m initiated with the
extended equilibrium.

FPA (deg
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Figure 4 Evolution of the FPA vs. time with m =k, m initiated with the
extended equilibrium.

Correction m=0 Firstorder Second order
Flight Path kg k,

=0 Vi = =
Angle 7 " ahVe Vi ahVe
AocA a, a; =a, o, =a.(1+¢,)
Pitchingrate g, =0 q; =0 q,=0

Elevator _ B
deflection de, Jey, = de, oey, =oe (1+&5,)
Throttle Sx. =(1 s -

position o, Xp = (1+ 850X, Oxy =(1+£5,)0%,

Concluding remarks

In this article, it has been demonstrated that the fuel flow rate of the
aircraft affects the trimmed conditions. This has led to the definition
of extended trimmed conditions, which are the equilibrated conditions
in flight considering the weight decrease of the aircraft. When
considering these extended trimmed conditions, correcting factors
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have to be applied on the control commands computed at constant
weight to get the exact equilibrated flight taking into account the fuel
mass flow rate of the aircraft. Moreover, it has been demonstrated that
the mass derivative vs. time itself must be proportional to the total
mass of the aircraft to get correct trimmed conditions. As a conclusion,
the correcting factors given in this article give a sharper computation
of trim points to be used as the starting points of numerical simulation
and erase undue transients due to the sudden application of in-flight
fuel burn. Moreover, these corrections should be taken into account
to compute analytically the performance of the aircraft (endurance,
climb, . . . ) as it has been already done for the range given by the
Bréguet range formula.
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