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Abstract

In the nonlinear theory of elasticity, which is an apparatus for the study of rubber-like
materials, at present there is no single equation of state for such materials, similar
to Hooke’s law in linear theory. The development of new rubber-like materials,
the study of various biological materials leads to the need to create new models of
response to external influences. In the framework of hyper elasticity, this leads to the
appearance of new mathematical expressions for the deformation energy potential. In
commercial packages designed to calculate the stress-strain state of structures from
elastomers, the expressions for the deformation energy potential are rather rigidly
defined. To accommodate new models, you have to create new application packages.
Their verification is carried out using known exact solutions. In this paper, two exact
solutions of one model problem for deformation energy potentials proposed by Fungl
and Gent et al.2, for which we could not find solutions in the literature. The practical
significance of exact solutions is not limited to their application for the verification
of numerical methods; they allow one to investigate effects not described by linear
theory. It is shown that the difference in potentials leads not only to quantitative, but
also to qualitative difference of solutions.
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Introduction

The notation and terminology of the article follow the adopted
in.> Rubber is a unique structural material, due to which it has a lot
of engineering applications.* It has a high elasticity in a wide range
of temperatures, resistance to aggressive media and hard radiation,
which can be used as seals in space vehicles, chemical production. It
has excellent damping properties, which contributes to use as shock
absorbers, in particular cylindrical shock absorbers. Rubbers are used
in the manufacture of solid fuels and in biomechanics. Biological
materials® have similar properties (high elasticity), therefore, rubber
is widely used in prosthetics. Precise prediction of the mechanical
behavior of rubber is an important task that is still far from full
understanding. At the moment, many models are known which are
in good agreement with experiment in one type of loading and poorly
with another for specific materials. In®, 32 known models of hyper
elastic isotropic incompressible materials are presented and new ones
are proposed. In’ one can find 12 more models not mentioned in.
Therefore, it is important to find exact solutions within the framework
of different potentials for a reliable study of the properties of
materials modeled by these potentials. Since the problem of antiplane
deformation is one of the simplest, a lot of work has been devoted to
it both by domestic and foreign authors. The results are outlined in
the chapters of the monographs.®!® We note that for incompressible
materials a finite antiplane deformation is possible only in bodies with
deformation energy potentials satisfying the conditions formulated.

It is always possible in materials with a generalized Neo-Hukonian
potential. For potentials of the type, antiplane deformation is possible,
for example, in the material of Mooney-Rivlin and some others. Here
are the principal invariants of the right Cauchy-Green deformation
tensor. In the general case, a cylindrical deformation is realized,
that is, a complex of flat and antiplane deformations. The planar

deformation acts in the transverse plane for the antiplane deformation
of the plane. If external factors for plane deformation are absent, and
it appears as a reaction to an antiplane shift, then it is called latent.'
If flat deformation is forbidden kinematically (as in shock absorbers),
then a flat stress field appears.’>'* A review of the state of studies of
finite antiplane deformation up to 1995 is contained in."> A systematic
investigation of the finite antiplane deformation begins with the works
of Knowles JK.'>> More recent works are associated with the names
Gao,”*» Hayes et al.?, Polignone et al.’, Pucci et al.?® Cylindrical
deformation was considered in.'>' In the present paper, two solutions
are given, one for a material with a generalized non-wick potential
deformation energy,' for which the latent stress field in the transverse
plane does not occur, and for a material with potentials,? in which such
a field arises. The effect of the latent stress field on the concentration
of the deformation energy potential is discussed.

Statement of static problems for finite
cylindrical deformation

The general statement of the problems of nonlinear elasticity is
reduced to a form convenient for further consideration."” We orient
the spatial Cartesian coordinate system so that the radius vectors of
the points in the current and reference configurations, respectively,
have the form:

X :Xi+Yj+[Z+w(X,Y)]k, X=Xi+Yj+2Zk (1.1

where (X ,Y ,Z)— coordinates of pqints in the reference
configuration, selected as material. {)i, j,k( - basis of the spatial
Cartesian coordinate system. Expressions (1.1) ensure that the
deformation is anti-flat.

Following,® the stress state of a homogeneous isotropic hyper
elastic incompressible material with a deformation energy potential
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W(I ol c) can be described with the aid of the Cauchy tensor of
the true stresses T in the form:

ow ow  ow
T=29|-—VwVw+pl [+ —+— (Vwk+ka)+
ol ol al,
ow
—Vw-Vw+ p |kk (1.2)
ol

C

Across 1) =i + jj,1 =1, + kk denotes the unit tensor, p -the
hydrostatic pressure function V =1i0/0X + jo/0Y +k 0/ dZ is the
Hamiltonian operator in the reference configuration.

The principal invariants of the right Cauchy-Green deformation
tensor are obtained in the form:

(1.3)

Equilibrium equations in the absence of mass forces will be written
in the form:

I.=01,.=3+Vw-Vw, Il =1

ow
Vp=V .| —VuwVw
oll
J c (1.4)
ow ow
V| —+— |vw|=0
AN

Eliminating the hydrostatic pressure function in the first equation
from (1.4), we obtain

ow
——VuwVw

G/

VxV. =0 (1.5)

Thus, the strain energy potential must ensure the consistency of
the second equation in (1.4) and equation (1.5). The conditions for
choosing the potential are given in.' It is obvious that these conditions
are satisfied by the generalized Neo-Hooke potential, since for it
ow /o, =0.

When cylindrical deformation (including anti-flat), the cylindrical
lateral surface again passes into a cylindrical surface with a unit vector
of the normal n = nxi + n_j, so the force boundary condition on the
lateral surface n - T = f will be written in the form:

ow
2n-| pl) - ——VwVw (= fpl (1.6)
o,
ow ow
2n- | —+— |Vw= f] (1.7)
ol ol

1 2

Here, the density of external forces f =f  + fk, f k=0
. : 22 z pl
is calculated per unit area of the lateral surface in the deformed state
(for an antiplane deformation, the area of the lateral surface does not
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change). In expression (1.6), the quantity fpl gives the density of
external forces in the transverse plane necessary to maintain the regime
of antiplane deformation. If this regime is maintained kinematically,
then the force density f , manifests itself as a reaction from the rigid
clips, between which a deformable cylindrical body is enclosed. In the
case of a generalized Neo-Hooke potential, the function is assumed to
be zero and there are no stresses in the transverse plane. The kinematic
boundary conditions reduce to setting the longitudinal shear on the
outer lateral surface.

Model problem of the finite longitudinal
displacement of a circular cylindrical sleeve
between rigid concentric rings

As a problem for which exact solutions are sought, the problem of
the finite longitudinal shear of a circular cylindrical sleeve between
rigid concentric rings is considered. On the one hand, this is one of
the simplest tasks, on the other hand it has an applied value, since it
is one of the designs of a shock absorber. The inner cage is stationary,
and the outer casing is shifted along the symmetry axis by A . The
counting and deformed sleeve configurations are shown in Figure 1.

A
[
!
!
|

-
!
!

RI
Figure 1 The counting and deformed sleeve configurations

As material we will use the coordinates of the cylindrical
coordinate system ( »,0, z ) with a unit basis:

e, =cos0i +sin0j,e, =—sin0i+cos6j, e, =k and
an axis directed along the axis of symmetry of the sleeve.
The Hamilton oplerator in this basis is obtained in the form:
V=eod/0r+r e, 0/00+k0/oz. In this case, the antipdasne

deformation is also axisymmetric, thatis w = w\r» ) and p = plr

s

Thus, the expressions (1.1) - (1.4) go over into the following (the
prime denotes the derivative with respect to r :

x =X+ w(r)k

1= 2{[p() (e, ese,) - () (e |+ (7, (7) o, () w () e e )+
) ()= 0}
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/)= [m 0]
[ ()= m ()] -0

Equation (1.5) is a consequence of the second equation in (2.2),
that is, an axisymmetric version of the antiplane deformation exists
for any deformation energy potential.

2.2)

The kinematic boundary conditions are written in the form:

ng ) =0, w(R2)=A We find the first
integral of the second equation in (2.2):
[W1 (r) +W, (r)] w'(r) = E, ¢ — const 2.4

The unit vector of the outer nor;’nal to the outer lateral surface
of the sleeve with equation » = R, equals e, therefore, the shearing
force calculated per unit length of the sleeve according to (1.7), (2.1)
and (2.4) is obtained as:

Q/h=Te 1(r,)Rd0- ZI"[TH (&,)e, + 7, (&, )k]r,a0 =
0 0

271713 (Rz) Rzk = 41'(:R2 [Wl (Rz) + W2 (R2 )] w’(Rz)k = 4mc

Hence ¢ = Q(4Tlih)7l , 0= |Q| . Thus, we obtain:

2¢ (0]
o =T, .=—=—

rz VRI13 -
r 27hr

In what follows we turn to dimensionless quantities:

A R, 0 (
— R=—7,94= > VAP )= >
R R, 2mhR p R R

1<p<k

The correspondence of the notation for the derivatives is obtained
in the form:

aw(r) av(p) ()=o)

dr dp
With these relations in mind, the expression for the shear stress
can be rewritten

0 2.5)

Expression (2.5) does not depend on the deformation energy
potential and coincides with the solution of the linear theory.

If it is necessary to find the stress state in the transverse plane, the
hydrostatic pressure function is found from the first equation in (2.2):

r1d ) 1d )
p= f——[rWz (t)w' (t):|dt +up, = L—I:zWZ (t)\'z (t):IdH wp,
R di V¢ dr

The dimensionless integration constant p is found from the
condition that the principal vector on the end surface vanishes.
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Since the transverse plane is deplanated in the case of an antiplane
deformation, it is easiest to take into account the vanishing of the
principal vector in this plane by means of the first Piola-Kirchhoff T,
, stress tensor (T)btained from the Cauchy tensor by using the relation
T, = T- VX', written for an incompressible material. The vector
of the unit normal to the cross section in the reference configuration is
the vectore, =k, therefore we have:

Ry 2w Ry 2w

I tgkrdrdd = [ [|eT, , +KT,., ]rdrde =
R0 R 0
Ry Jn
2% S Ty, rdrk = 4TR f[p -w, (p)f}(p)] pdpk =
Ry 1

p

amk? 11~ ow, ()5 (e + w, 0, () (o) o = 0

1|1t dt
(2.6)
We obtained an equation for finding.
Equation (2.4) can be rewritten in the form
‘ ug
HORAQIOR e

2.
This non-linear differential e3uation i%) used to find the cross-

sectional de-planing functionw{r )= Rv|r /R ).

Choice of models of isotropic incompressible
hyper elastic material

This problem was solved by many authors for various potentials.”
Let us dwell on some potentials from,' for which we could not find a
solution in the literature. Since for homogeneous first-order materials
W and W, are functions of only \;Z p3 some parameters, when
substituting a specific expression for the deformation energy potential
into equation (2.7), it becomes an algebraic or transcendental equation
with respect to v (p . The success in obtaining an explicit expression
for an exact solution v( p ) depends on the possibility of obtaining an
explicit expression for solving this equation with respect to f/Zp .
Obtaining such a solution is always possible for algebraic equations
of degree not higher than the fourth. For transcendental equations,
obtaining explicit expressions for solving is problematic.

Solution for potential [1]

Here and below is the shear modulus of the linear theory
of elasticity. Although the equation (2.7) for the potential [1]

) e ey 6

eﬁ(V(p))zv.(p> 4

p

3.1)

it is not less than that, the solution of the differential equation
is found and expressed through the function of Lambert* and the
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exponential integral
0
. -tz -
El(z,a) =e e
1

v(p) =g o0 _ 0 i[El (1, A(p)) _Ei (1, A(l))]

2
2

A (p) = :LambertW 2?3

(3.2)

This verification is verified by the direct substance (3.2) in (3.1).
For the connection I take a relationship™®,

%{:;%(;)].

From (3.2) we obtain the hardness curve of the resinometallic
amortizator

S l[E (La()- £ (1,A(1))]
(33)

For 3 — 0 potential [1] it is aimed at the non-zero potential
W =pl\l.—3)/2,and the expression (3.3) is about to be known
0 = In(x)q . Figures 2 are represented by curves (3.3) for =2
(curve 1) and B = 0.9 (curve 2). The linear direct corresponds to the
non-zero potential in all cases k = 2 . It is clear that the dependencies
are non-linear and approach with decrease Bto the non-dependent
dependence of the lower; they are described by more severe materials.

8
04
02 2
0 . .
0 02 04 06 08
g

Figure 2 Representation of curves (3.3) for B = 2 (curve 1) and = 0.9
(curve 2).

Poskol’ku potential [1] relates to the class of generalized non-
magnetic potentials, this voltage state does not drive in the transverse
plane. Introducing interest is a consideration of the potential, which
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depends on both main algebraic invariants { ., II . . In this case, a field
of voltage is applied in the lateral plane.

Solution for potential [2]
The expression for the potential has the form:

3-2 3

0<B<—
2

8 /.
W =n (IC—3)+Bln—,
3
brought into forms, for which the equation of state with this
potential in small deformations is transferred to the Guka law.

Correlation (2.7) for the potential [2] is equivalent to the third-
order algebraic equation relative to v | p

(3] 3056 —o(e) 0=

The following equation has significant coefficients, that is to
say, whether it is three important corners, whether two complexally
connected and one of the pure root. In our case for values
0<¢<0.8, 0<03<3/2the second option is implemented. The
only real root is:

) i(i—\/g)qz+2qul/3+(i+\/§)H2"3+3<i—\/§)pz(26—3)}
vip)= Ji= -1
21" (28-3)p

(3.4)

H=-¢ 79q<2[32 —5B+3)p2 +3(25—3)p\jq4+3(3ﬁz —6B+2)quz +3(3-28)"

P
By (3.4) there is an expression for v(p) = f\'/(t) dt and a rigid
curve amortizator (dependence from) 1

8 =}\>(p)dp

When 3 — 0 the poté:ntial [2] tends to the Neo-Hooke potential.
Figure 3 shows the curves (3.5) for (curve 1) and B = 1.0 (curve 2).
The shaded line corresponds to the Neo-Hooke potential. In all cases
Kk = 2. It can be seen that the non-linear dependences approach the
decrease [ to the Neo-Hukonian dependence from above, that is, they
describe the softer materials.

(3.5)

Figure 3 Representation of curves (3.5) for f = 1.3 (curve I)and B =1.0
(curve 2)
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It is of interest to compare the distribution of tangential stresses
o_, = T, that are not taken into account by the linear theory, with
shear stresses from longitudinal shear o

i, =] () 3

8ov” () LB
{f(0+3j \f(@+3]

For the potential [2] - and equation (2.6) can

be rewritten in the form

> e

1—w 1|1t dt

V'(p) pdp

(3.6)

by =

Substituting (3.4) into (3.6) we obtain an expression for finding p |
,that is not given because of the unwieldiness. For example, Figure 4
shows the dependences p,of g for 3 =13 (curve 1) and B =1
(curve 2). In both cases Kk = 2.

For the tangential stress,

1d pr(
a, —2p—2uff— dt+p0
1t dt||v

Py
0.3

0.25-
0.2 1
0.15- 74
0.1 /
0.05-

3.7)

rd

00102030405060708
q

Figure 4 The dependences Poof 9 for B=13 (curve 1) and B=1
(curve 2)

Substituting (3.4) into (3.7) we obtain the final expression. Figure
5 shows the distributions of the relative stresses o/ (curve
1) and T /' (curve 2) for 3 =13and k= 2. It is seen that
the concentration of tangential stresses is quite comparable to the
concentration of tangential stresses, although lower.

0.7

B EANPERAN

0.5

0.4+

T \

1 12 14 16 18 2

Figure 5 The distributions of the relative stresses o,

S /p (curve 2) for 3 =1.3andk = 2

/v (curve 1) and 4.
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Figure 6 shows the distribution of the specific energy of deformation
energy W / u across the cross section of the sleeve, for g =1,k =2
and different . At B =0 (Neo-Hooke potential) we have curve 1.
In this case, there is no latent stress field in the transverse plane. The
values of B =1 and P = 1.2 correspond to curves 2 and 3. It is seen
that with increasing transverse stress field not taken into account by
the linear theory of elasticity, the concentration of the deformation
energy potential increases and exceeds the corresponding values for
the Neo-Hooke potential. This may be important, since there are
experimental data®' that the destruction of rubber products does not
begin in the zones of maximum stresses, but in the zones of maximum
values of the deformation energy potential.

Ly

bk

9712 14 16 18 2
P

Figure 6 The distribution of the specific energy of deformation energy W /n
across the cross section of the sleeve, for ¢ = I, =2and differentﬁ

Conclusion

New exact analytical solutions of one problem of nonlinear
elasticity theory for two strain energy potentials of incompressible
material are obtained. As a model, the well-known problem of the
antiplane axisymmetric deformation of a cylindrical sleeve between
rigid concentric rings was considered. The nonlinear effect of the stress
state in the transverse plane under the action of a finite longitudinal
shear is investigated; its effect on the concentration of the deformation
energy potential is elucidated.
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