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Introduction
Out of many other alternative theories of Einstein’s theory of 

gravity, the ( )f R theory of gravity has a long history. During the last 
few years, there has been tremendous change in this area bringing 
about a lot of study which yields exciting results. On behalf of 
some evidences, it has been concluded that Weyl1 was the first who 
worked in the field of ( )f R gravity while many others are in view 
that it was Eddington2 who was the pioneer to contribute in this field. 
Later, Buchdahl3 reflected his ideas and efforts in the same field. A 
comprehensive review has been presented here which consists of 
relevant literature and important features and characteristics of ( )f R
theories of gravity.4

Using the relation with the week field limit, Capozziello et al.5 
obtained exact spherical symmetric solutions in ( )f R  gravity for 
constant Ricci scalar as well as for Ricci scalar as function of radial 
coordinates. Later on, the same authors6 discussed spherically 
symmetric solution in ( )f R gravity via Noether symmetric approach. 
Kainulanianen et al.7 investigated spherically symmetric spacetimes in

( )f R theories of gravity using analytical and numerical approaches. 
Multamaki and Vilja8 explored exact spherically symmetric static 
empty space solution. These results showed that a huge number of

( )f R theories have exact solutions as Schwarzschild de sitter metric. 
The said authors9 also extracted non–vacuum solutions using static 
spherical symmetric background.

Hollenstein and Lobo10 coupled ( )f R gravity to non–linear 
electrodynamics in order to produce static spherically symmetric 
solutions. In an extended study of ( )f R gravity, Shojai11 pondered on 
static spherically symmetric interior solutions. Caramês and Mello12 
in a higher dimensional spacetime, scrutinizes spherically symmetric 
vacuum solutions. Sharif and Kousar13 determined non–vacuum static 
spherically symmetric solutions. Much work is available in literature 
carried out by different authors.14–18

In a detailed study of ( )f R gravity, Sharif and Shamir19 researched 
static plane symmetric vacuum solutions. Amir and Maqsood20 
discussed some non–vacuum plane symmetric solutions using 
metric approach and non–varying Ricci scalar assumption. They 
also explored the energy contents of these solutions. Shamir21 has 
an elaborated contributions in examining plane symmetric vacuum 
Bianchi type III cosmology in ( )f R gravity. Momeni and Gholizade22 
proved that exact solution of ( )f R gravity constant curvature can be 
applied to the exterior of a string. Azadi et al.23 using Weyl coordinates 
in the framework of the metric ( )f R theories of gravity, explored the 
static cylindrically symmetric vacuum solutions.

Amir and Sattar24 found locally rotationally symmetric vacuum 
solutions  in ( )f R models. Amir and Naheed25 explored vacuum 
solutions of spatially homogeneous rotating spacetimes. Sharif 
and Arif26 worked on dust particle for the investigation of static 
cylindrically symmetric solutions in metric ( )f R gravity.

In GR , energy localization is a very serious problem and it is 
not still sorted out exactly. Much work has been done on problem 
in the framework of GR to resolve this issue. Different scientists 
gave their own energy momentum complexes and found the energy 
momentum distribution of many spactimes but could not present a 
concrete conjuncture. Methodology of energy–momentum pseudo 
tensor was the first effort to solve this matter and this step was taken 
by Einstein. Following him many authors, like Landau–Lifshitz, 
Moller Bergmann–Thomson and Weinberg gave their own energy–
momentum prescriptions. Virbhadra and Parikh27 investigated the 
energy–momentum distribution of several spacetimes, such as Kerr–
Newmann, Kerr–Schild classes, Einstein–Rosen, Vaidya and Bonnor–
Vaidya spacetimes but could not reach at solid and unique conclusion.

There are many authors who are of the view point that this issue 
may be tackled correctly in the other frameworks, for example, in 

Phys Astron Int J. 2018;2(5):489‒496. 489
© 2018 Imtiaz et al. This is an open access article distributed under the terms of the Creative Commons Attribution License, which 
permits unrestricted use, distribution, and build upon your work non-commercially.

Non–vacuum perfect fluid static cylindrically 
symmetric solutions in f(R) gravity and their energy 
distribution

Volume 2 Issue 5 - 2018

Farhat Imtiaz, M Jamil Amir
Department of Mathematics, University of Lahore, Sargodha 
Campus–40100, Pakistan

Correspondence: M Jamil Amir, Department of Mathematics, 
University of Lahore, Sargodha Campus–40100, Pakistan, 
Email mjamal.dgk@gmail.com 
 
Received: August 28, 2018 | Published: October 25, 2018

Abstract

Much attention has been given towards modified theories of gravity especially towards
( )f R gravity during the last two decades to understand the reason behind the accelerated 

expansion of the universe. Recently, Sharif and Sadia explored the non–vacuum static 
cylindrically  symmetric solutions for dust case and their energy contents too. In this paper, 
we are intend to extend their work for perfect fluid case. Regarding this, we obtain the non–
vacuum field equations of ( )f R gravity for perfect fluid static solution using cylindrically 
sym–metric background. The field equations turn out to be complected and hence can’t be 
solved analytically so we have to put some restrictions to solve the field equations. For this 
purpose, we utilize metric approach and constant curvature assumption. Further, we explore 
the energy distributions of the obtained solutions by using generalized Landau–Lifshitz 
energy–momentum prescription in the context of ( )f R theory of gravity for a specific 
choice of ( )f R models. Moreover, we examined the stability conditions for the obtained 
solutions.
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telepararllel(TP) theory of gravity, modified theories of gravity etc. In 
the framework of TP gravity, Sharif and Amir28–34 found out energy–
momentum distribution of various spacetimes by using TP version 
of different prescriptions. They conclude that no general conjecture 
can be made here because results in some cases are consistent while 
others are inconsistent. Landau–Lifshitz energy momentum complex 
was generalized to evaluate energy–momentum distribution for 
Schwarzschild de Sitter spacetime. The energy density was calculated 
with the help of generalized Landau–Lifshitz prescription for the 
plane symmetric static solution and cosmic string space time by Sharif 
and Shamir35.

This paper of current study explores the non–vacuum perfect fluid 
static cylindrically symmetric solutions by using some basics of ( )f R
gravity. We utilize generalized Landau–Lifshitz EMC to evaluate 
energy density for the solution having constant scalar curvature. The 
following arrangement has been used in this paper. In section 2, the 
modification of field equations in metric approach of ( )f R gravity 
has been precisely discussed. Section 3 contains the derivation of 
generalized Landau–Lifshitz EMC. In section 4, the exact non 
vacuum solution by using the constant curvature condition, of perfect 
fluid static cylindrically symmetric solutions is described. In section 
5, by using Landau–Lifshitz EMC, we have calculated the energy 
density of the solution that was obtain in the previous section. In the 
last section results have been summarized.

Field equations in f(R) theory of gravity
We will extract the field equations for this section. For this reason, 

we utilize the metric approach of ( )f R theory of gravity. In this 
approach, the variation of the action is done with respect to the metric 
tensor only. The action of ( )f R theory is expressed as

π
− +∫

41
= ( ( ) ) ,

16 mS g f R L d x
G

                                                 (1)

where ( )f R is a arbitrary function of Ricci scala R and mL is 
the matter Lagrangian. In the standard Einstien–Hilbert action the 
replacement of R by ( )f R gives us this action. By varying this action 
with respect to metric tensor

µν
g , these corresponding field equations 

can be derived, 

µν µν µ ν µν µν
κ− − ∇ ∇ + ,

1
( ) ( ) ( ) ( ) =

2
F R R f R g F R g F R T

     
(2)

 Where

µ
µ

∇ ∇
( )

( ) = , = .
df R

F R f
dR

                                                              (3)

Here,
µ

∇ represents the covariant derivative, µ
µ

∇ ∇=f is 

called D ’ Alembert operator and
µν

T is the standard matter energy–
momentum tensor derived  from mL . In the metric tensor these are 
the fourth order partial differential  equations. For ( ) =f R R these 
equations reduce to the famous Einstein field equations of GR . After 
contraction the field equations we get are

κ− +( ) 2 ( ) 3 ( ) =F R R f R F R T                                                         (4)

and, in vacuum, i.e., when = 0T , the last equation turns out be

− +( ) 2 ( ) 3 ( ) = 0.F R R f R F R                                                              (5)

We come to know an important relationship between ( )f R and
( )F R from this which helps in the simplification of field equations 

and to find out the ( )f R . Any metric with scalar curvature though, 
as 0=R R , is a solution of Equation (5) if the below equation is as 
following

−0 0 0( ) 2 ( ) = 0.F R R f R                                                                     (6)

This condition of the constant scalar curvature for the vacuum and 
non–vacuum case will have following form

κ−0 0 0( ) 2 ( ) = .F R R f R T                                                               (7)

These conditions have vital role to find the acceptability of ( )f R
models.

Generalized landau–lifshitz energy–
momentum complex

The generalized Landau–Lifshits EMC is given by

µν µν µν λ µλ ν

λ
τ τ

κ

∂
′ ′+ − −

∂
0 0 0 0

1
= ( ) { ( ) ( )} ( )

6LLf R f R R f R g x g x
x

                                                                                                                       (8)
where µντLL is the Landau–Lifshitz EMC in GR andκ π= 8 G . In the 

field of ( )f R theory of any metric tensor which holds constant scalar 
curvature late, EMC can be calculated. Energy density is represented 
by 00–component and as following,

τ τ
κ

∂
′ ′+ − +

∂

00
00 00 00

0 0 0 0

1
= ( ) ( ( ) ( ))( 3 ),

6

iX
LL i

f R f R R f R g g
x

                                                                                                                       (9)

whereτ 00
LL represents the sum of energy–momentum tensor and the 

energy–momentum pseudo tensor and is given by

τ − +00 00 00= ( )( )LL LLg T t                                                              (10)

and

κ
−00 00 001 1

= ( ),
2

T R g R                                                                  (11)

where R is the Ricci scalar and 00
LLt can be evaluated from the 

following expression

γ δ γ δ γ δ µα νβ µν αβ
αβ γδ αδ βγ αγ βδκ

Γ Γ − Γ Γ − Γ Γ −00 1
= [(2 )( )

2LLt g g g g

µα βγ ν δ ν δ ν δ ν δ
αδ βγ βγ αδ γδ αβ αβ γδ

+ Γ Γ + Γ Γ − Γ Γ − Γ Γ( )g g

να βγ µ δ µ δ µ δ µ δ αβ γδ µ ν µ ν
αδ βγ βγ αδ γδ αβ αβ γδ αγ βδ αβ γδ

+ Γ Γ + Γ Γ − Γ Γ − Γ Γ + Γ Γ − Γ Γ( ) ( )].g g g g
                         

                                                                                                                (12)

Perfect fluid static cylindrically symmetric 
solutions

In this section, we find the non–vacuum field equations of ( )f R
theory for the metric representing static cylindrical symmetric 
spacetimes by using the condition  of constant scalar curvature and 
metric pattern, i.e., ( = )constantR . The line element representing 
static cylindrically symmetric spacetimes is given below

ρ φ− − −2 2 2 2 2= ( ) ( ) ( ) ,ds A r dt B r d C r d Bdz                          (13)

http://doi.org/10.15406/paij.2018.02.00131


Non–vacuum perfect fluid static cylindrically symmetric solutions in f(R) gravity and their energy 
distribution

491
Copyright:

©2018 Imtiaz et al.

Citation: Imtiaz F, Amir MJ. Non–vacuum perfect fluid static cylindrically symmetric solutions in f(R) gravity and their energy distribution. Phys Astron Int J. 
2018;2(5):489‒496. DOI: 10.15406/paij.2018.02.00131

here ( ), ( )A r B r and ( )C r are taken as arbitrary functions of r . 
For this line element Ricci scalar turn out to be

′′ ′′ ′′ ′ ′
− + − + − +

2 2 2

2 2 3 2
= .

22 2

' ' 'A A B B C C A C
R

AB BC ABCA B B B BC          
(14)

where prime shows the derivative with respect to r . For perfect 
fluid the energy–momentum tensor is given as

µν µ ν µν
ρ + −= ( ) ,T p u u pg                                                            (15)

where ρ is the density of energy and p is the pressure of the 
fluid and in comoving coordinates the fourth–velocity is given by

µ 00= (1,0,0,0)u g . The equation of state given below is satisfied 

by pressure p and energy density ρ .

,0 1p ωρ ω= ≤ ≤                                                                             (16)

Also, from field Equation (4), we get

κ+ −3 ( ) ( )
( ) = .

2

F R F R R T
f R

                                                   
(17)

Using this value of ( )f R in non–vacuum field Equation (2), we 
have

αα α α αα

αα

κ κ− ∇ ∇ − − −( ) ( ) ( ) ( )
=

4

F R R F R T F R F R T

g



       (18)

In the above equation, the terms on the right hand side are 
independent of indexα , so we can write the field equation in the 
following manner,

αα α α αα
αα

αα

κ− ∇ ∇ −( ) ( )
= .

F R R F R T
A

g
                                           (19)

Here
αα

A is used to represent the traced quantity. By subtracting 

(00) and (11) components, we get

κ ρ
′ ′ ′′ ′′ ′ ′ ′ ′ ′ ′ ′ ′ ′′

− + − + + + + + − − +
2 2

2 3 2 2 2 2
( ) = 0.

4 2 22 2 4 4 4 2

' 'A C F B F B F C F C F A B F B C F A F B F F
p

ABC BC AB BB B BC AB B C B                                                
(20)

Similarly, we get just two independent equations by subtracting 
(22) and (33) components from (00).

κ ρ
′′ ′′ ′ ′ ′ ′

− − + + − − +
2 2

2 2
( ) = 0,

2 2 2 24 4

' 'A F A F C F C F A F C F
p

AB BC AB BCA B BC
 

                                                                                                                 (21)

κ ρ
′′ ′′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′

− − + − − + + − − +
2 2

2 2 3 2 2 2
( ) = 0.

2 4 24 2 2 4 4 2

' 'A F A F B F B F A B F B C F A C F A F B F
p

AB ABC ABA B B B AB B C B

                                                                                                              
(22)

These are the three non–linear ordinary differential equations in 
which six unknown variables ρ, , , ,A B C F and p are involved. We 
can not find the solution of these equations directly. Condition of 
constant curvature has been used to solve these equations.

Constant curvature solution

Let’s say, for constant curvature 0=R R , it is apparent that the first 

and second derivatives of
( )

( ) =
df R

F R
dR

will always reduce to:

′ ′′
0 0( ) = 0 = ( ).F R F R

                                                                     
(23)

In the Equation (23), the Equation (20)–(22) and Equation (14) 
reduce to

κ ρ
′ ′ ′′ ′′ ′ ′ ′ ′

− + − + + + − +
2 2

2 3 2 2 2
( ) = 0,

4 22 2 4 4 4

' 'A C F B F B F C F C F A B F B C F
p

ABC BCB B BC AB B C

                                                                                                           (24)

κ ρ
′′ ′′

− − + − +
2 2

2 2
( ) = 0,

2 24 4

' 'A F A F C F C F
p

AB BCA B BC
                          (25)

κ ρ
′′ ′′ ′ ′ ′ ′ ′ ′

− − + − − + − +
2 2

2 2 3 2 2
( ) = 0,

2 44 2 2 4 4

' 'A F A F B F B F A B F B C F A C F
p

AB ABCA B B B AB B C

                                                                                                                       (26)

′′ ′′ ′′ ′ ′
− + − + − + −

2 2 2

02 2 3 2
= 0.

22 2

' ' 'A A B B C C A C
R

AB BC ABCA B B B BC
(27)

We will solve these equations using power law as well as 
exponential law assumptions.

Power Law Assumption

Power law assumption is used to solve these equations i.e.,

∝ ∝,m nA r B r and ∝ qC r , where ,m n and q are any real 

numbers. Therefore, we use 1 2= , =m nA k r B k r , and
3= qC k r

where 1 2,k k and 3k are constants of proportionality. By inserting 
these values of ,A B andC in Equations (24)–(26) and subtracting 
them, we attain

2 2 2 0,m m n mn nq mq− − − − − =                                                          (28)
2 22 2 2 2 0,m m q mn nq q− + − − − =                                                 (29)

2 2 2 0.q q n mq mn nq− + + − − =                                                      (30)

Also when we put these values in Equations (27) and compare 
coefficient, we obtain

− − + − +2 22 2 2 = 0.m m n q q mq                                        (31)

To solve these equations, we consider the following cases

I. = 0, =m n q  II. = 0, =n m q , III. = 0, =q m n
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Case I:

When we put = 0, =m n q in Equation (31), we obtain the 
following equation

−2 4 = 0,q q

which gives two cases, i.e., either = 0q  or = 4q . In former case 
we get trivial solution while the later case yields the non–trivial 
solution, given as

ρ φ− − −2 2 4 2 4 2 4 2
1 2 3 2= .ds k dt k r d k r d k r dz                             (32)

For this solution it is evaluated that:

= 0,R

ρ
κ ω+ 6

2

4= ,
(1 )

F
k r

which is a non–vacuum solution.

Case II:

In this case, we insert = 0, =n m q in Equation (31) and have

−23 4 = 0,m m

which gives two cases, i.e., either = 0m or 4=
3

m . In first case we 

get trivial solution while in second case we have the following non–
trivial solution

ρ φ− − −
4 4

2 2 2 2 23 3
1 2 3 2= .ds k r dt k d k r d k dz

                               
(33)

For this solution, the Ricci scalar and the energy density have been 
evaluated as

= 0,R

ρ

κ ω+
6
3

2

8=

27 (1 ) ,

F

k r

which is obviously a non–vacuum solution.

Case III:

Here, we put = 0, =q m n  in Equation (31) and obtain that 
−2 4 = 0,n n

which have again two cases either = 0q or = 4q . In previous 
case, the solution is trivial. But later case yields the following non–
trivial, presented as

ρ φ− − −2 4 2 4 2 2 4 2
1 2 3 2=ds k r dt k r d k d k r dz .                            (34)

For this solution, we evaluated R and ρ as

= 0,R

ρ
κ ω

=
+ 6

2

8 .
(1 )

F
k r

Again it proves that the solution is non–vacuum.

Exponential law assumption

By using exponential law assumption, i.e., inserting
µ ν2 ( ) 2 ( )( )= , ( )=r rA r e B r e and λ2 ( )( )= rC r e so that Equations 

(20)–(22) and (14) be

ν ν νµ λ ν λ λ µ ν ν λ ν κ ρ− − −′ ′ ′′ ′′ ′ ′ ′ ′ ′′ ′ ′− − − + + − + − +2 2 2 2( ) ( )= 0,' Fe F e F e p

                                                                                                                     (35)

ν νµ µ λ λ µ λ κ ρ− −′′ ′′ ′ ′ ′+ − − + − − +2 2 2 2( ) ( ) ( )= 0,' ' Fe F e p       (36)

ν νµ µ µ λ ν µ ν ν λ µ ν κ ρ− −′′ ′ ′ ′′ ′ ′ ′ ′ ′ ′ ′+ + − − − + − − +2 2 2( ) ( ) ( )= 0,' Fe F e p                          

                                                                                                             (37)

νµ µ ν λ λ µ λ −′′ ′′ ′′ ′ ′+ + + + + −2 2 2 0( ) = 0.
2

' ' R
Fe

                               
(38)

Now, we get four non linear differential equations and six unknown
µ ν λ, , , ,F p and ρ . By assumption of constant scalar curvature, we 
calculate the solution of these equations For constant curvature,these 
equation are as follows

νµ λ ν λ λ µ ν ν λ κ ρ−′ ′ ′′ ′′ ′ ′ ′ ′− − − + + − +2 2( ) ( )= 0,' Fe p                  (39)

µ µ λ λ κ ρ−′′ ′′+ − − − +2 2 2( ) ( )= 0,' ' Fe p                                           (40)

ν νµ µ ν λ λ µ λ µ µ µ λ ν µ ν ν λ κ ρ− −′′ ′′ ′′ ′ ′ ′′ ′ ′ ′′ ′ ′ ′ ′+ + + + + − + + − − − − +2 2 2 2 20( ) = 0( ) ( )= 0,
2

' ' 'R
Fe Fe p                                                  (41)

νµ µ ν λ λ µ λ −′′ ′′ ′′ ′ ′+ + + + + −2 2 2 0( ) = 0.
2

' ' R
Fe

                          (42)

The subtraction of Equations (40), (41) from (39) and similarly, the 
subtraction of Equations (41) from (40). Also comparing coefficient 
of Equations (42). we have,

µ µ ν µ ν ν λ µ λ′′ ′′ ′ ′ ′ ′ ′ ′+ + − − −2 = 0,'
                                            (43)

µ µ λ λ µ ν ν λ′′ ′′ ′ ′ ′ ′+ + + − −2 2 2 2 )= 0,' '
                                        (44)

λ λ µ λ ν µ ν ν λ′′ ′ ′ ′′ ′ ′ ′ ′+ + − − − =2 0,'                                               (45)

µ µ ν λ λ µ λ′′ ′′ ′′ ′ ′+ + + + +2 2 = 0.' '
                                                   (46)

We take into account the following three cases, in order to solve 
these equations

 I. λ′= 0 , II. µ′= 0 , III. ν ′= 0.

Case I:

We consider the value of λ′= 0 , It implies that

λ 1= ,c                                                                                                (47)

where 1c is an integration constant. Using this value in Equation 

(43)–(46), we get

µ µ ν µ ν′′ ′′ ′ ′+ + −2 = 0,'                                                                   (48)
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µ µ µ ν′′ ′ ′+ −2 2 = 0,'                                                                          (49)

ν µ ν′′ ′ ′− − = 0,                                                                                  (50)

µ µ ν′′ ′′+ +2 = 0.'                                                                            (51)

By using the Equation (51) into Equation (48), we obtain

µ ν′ ′= 0                                                                                                 (52)

Now, we use Equation (52) into Equation (49) and (50), we get

µ µ′′ + 2 = 0'
                                                                                   (53)

ν ′′= 0.                                                                                               (54)

We can easily get the solution for the above equations as

µ +1 2= ln( ),a r a
                                                                             

(55)

ν +1 2= .b r b                                                                                          (56)

Thus, we have found the following non–vacuum solution:

ρ φ+ ++ − − −2 2 2 22 2 2 2 2 21 2 1 2
1 2 2=( ) .b r b b r bds a r a dt e d c d e dz   (57)

For this solution, we obtain

= 0,R

ρ
κ ω ++ +

1 1
2 21 2

1 2

2
= .

(1 )( ) b r b

a b F
a r a e

Case II:

We have assumed the value of µ′= 0 , It implies that

µ 3= ,a
                                                                                                   

(58)

where 3a is an integration constant. Using this value in Equations 
(43)–(46), we get

ν ν λ′′ ′ ′− = 0,                                                                                  (59)

λ λ ν λ′′ ′ ′+ −2 2 = 0,'                                                                       (60)

λ λ ν ν λ′′ ′′ ′ ′+ − −2 = 0,'                                                                       (61)

λ λ ν ν λ′′ ′′ ′ ′+ − −2 = 0.'                                                                      (62)

From the Equations (59) we have

ν ν λ′′ ′ ′= .                                                                                             (63)

Using Equation (63) in Equations (60)–(62). we obtain

λ λ ν′′ ′′+ −2 2 = 0,'                                                                               (64)

λ λ ν′′ ′′+ +2 2 = 0.'                                                                           (65)

These equations can be simplified we get

λ +3 4= ln( ),c r c
                                                                          

(66)

ν +3 4= .b r b
                                                                                  

(67)

Thus, we get the following non–vacuum solution

ρ φ+ +− − + −2 2 2 22 2 2 2 2 23 4 3 4
4 3 4= ( ) .b r b b r bds a dt e d c r c d e dz

  
(68)

Corresponding this solution has been evaluated as

= 0,R

ρ
κ ω ++ +

3 3
2 23 4

3 4

2
= .

(1 )( ) b r b

b c F

c r a e

Case III:

When ν ′= 0  we get on integrating that

ν 5= ,b
                                                                                                   

(69)

where 5b is an integration constant. Substituting this value ofν in 
Equations (40)–(46), we get

µ µ µ λ′′ ′ ′+ −2 = 0,'
                                                                            (70)

µ µ λ λ′′ ′′+ + +2 2 = 0,' '
                                                                 (71)

λ λ µ λ′′ ′ ′+ +2 = 0,'
                                                                           (72)

λ λ µ µ µ λ′′ ′′ ′ ′+ + + +2 2 = 0.' '
                                                           (73)

After making use of Equation (71) in (73), we get

µ λ′ ′= 0.                                                                                              (74)

By using last equation in Equation (70) and Equation (72), we 
obtain

µ µ′′ + 2 = 0,'
                                                                             (75)

λ λ′′+2 = 0,'
                                                                                    (76)

whose solutions can be easily obtained as

µ +5 6= ( ),ln a r a
                                                                            

(77)

λ +5 6= ( ).ln c r c
                                                                            

(78)

Thus, the corresponding values of A,B  and C are

+ 2
5 6=( ) ,A a r a                                                                                  (79)

6= ,B b                                                                                           (80)

+ 2
5 6=( ) .C c r c                                                                                     (81)

When we use these values in Equation (14), we evaluate the Ricci 
scalar as

+ +
5 5

6 5 6 5 6

2
= ,

( )( )
a c

R
b a r a c r c

                                                            (82)

which is not constant. For the sake of constant Ricci scalar, we 
must take either 5 = 0a or 5 = 0c . In first case, we have

2
6= ,A a                                                                                         (83)

6= ,B b                                                                                            (84)

+ 2
5 6=( ) .C c r c                                                                            (85)

Now for the second case, these turn out to be

+ 2
5 6=( ) ,A a r a                                                                                 (86)
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6= ,B b
                                                                                              

(87)

2
6= .C c                                                                                          (88)

Finally, the corresponding solutions take the forms:

ρ φ− − + −2 2 2 2 2 2 2
6 6 5 6 6= ( ) ,ds a dt b d c r c d b dz                               (89)

ρ φ+ − − −2 2 2 2 2 2 2
5 6 6 6 6=( ) .ds a r a dt b d c d b dz                                   (90)

It is mentioned here that the energy density of these solutions 
vanish and hence these are the vacuum solutions. Energy Density 
of the Non–Vacuum Perfect Fluid Static Cylindrically Symmetric 
Solutions. In this portion, we calculate energy density of the non–
vacuum perfect fluid static cylindrically symmetric solutions (32), 
(33) (34), (57) and (68), which is obtained in the context of ( )f R
theory of gravity in the last portion. We use generalized Landau–
Lifshitz EMC in the framework of ( )f R gravity for this purpose. By 
substituting the value of 00g , the Equation (9), it will be

τ τ
κ

′
′ ′+ − +00 00

0 0 0 0 2
1 3= ( ) {( ( ) ( ))( )}.

6LL
rAf R f R R f R

AA
                  (91)

Now, by calculating the values of 00T  and 00
LLt  from Equations 

(11) and (12) respectively and then using in Equation (10), the final 
expressions ofτ 00

LL , for the solutions (32), (33), (34), (57) and (68), 
take the form

τ ρ
κ

−00 2 12
2 3 6

2

28= ( ),LL k k r
k r

                                                                (92)

τ ρ

κ

−
4

00 2 3
2 3 6

3
2

4= ( ),

9
LL k k r

k r
                                                        (93)

τ ρ
κ

−00 2 8
2 3 6

2

8= ( ),LL k k r
k r

                                                           (94)

τ ρ
κ

+
+

−
2

4 400 11 2
2 2 21 2

2
= ( )b r b

LL b r b

b
c e

e
                                                 (95)

and

5τ ρ
κ

+

+

+ + + +
+ −

+

2 2
4 400 2 3 3 3 4 3 3 3 43 4

3 4 2 2 23 4
3 4

(2 ( ) 4 )( )
= ( ) ( ).

( )
b r b

LL b r b

c b c r c b c c r c
e c r c

e c r c
                                                                                                                  (96)

When we use Equations (92)–(96) in Equation (91), the 00–
components of the generalized Landau–Lifshitz EMC turn out 
respectively to be

τ ρ
κκ

′ ′− + −00 2 12
0 2 3 0 0 06

12

28 1= ( ) ( ) ( ( ) ( ))
2

Sf R k k r f R R f R
kk r

 

                                                                                                                   (97)
4

00 2 3
0 2 3 0 0 06 4

3 3
2 1

4 13= ( ) ( ) ( ( ) ( )),

9 18

f R k k r f R R f R
k r k r

τ ρ

κ κ

′ ′− + −

                     
                                                                                                    

(98)

( ) ( ) ( )( )00 2 8
0 2 3 0 0 06 4

2 1

8 7 ,
6

f R k k r f R R f R
k r k r

τ ρ
κ κ

 
 = − + −


′
 

′


                                                                                                   (99)

τ ρ
κκ

+
+

+
′ ′− + −

+

2
4 400 2 1 1 21 2

0 2 0 0 02 2 21 2
1 2

2 5 31= ( ) ( ) ( ( ) ( ))
6 ( )

b r b
b r b

b a r a
f R c e f R R f R

a r ae
 

                                                                                                                   (100)
and

τ ρ
κκ

+

+

+ + + +
′ ′+ − + −

+

2 2
4 400 2 3 3 3 4 3 3 3 43 4

0 3 4 0 0 02 2 23 4 43 4

(2 ( ) 4 )( ) 1= ( ) ( ) ( ) ( ( ) ( ))
2( )

b r b
b r b

c b c r c b c c r c
f R e c r c f R R f R

ae c r c                                                (101)
To get the final expression for energy density, we have to consider 

a suitable ( )f R model. It is important to mention here that we must 
be careful in choosing the ( )f R model specially when = 0R . It is 
because if the model contains the logarithmic function of Ricci scalar
R or a linear superposition of −nR , where n is positive integer, then 
we can not find this EMC. Hence, we consider the following ( )f R
model

ε+ 2( )= ,f R R R                                                                               (102)

where ε is a positive real number. Consequently, the Equations 
(32), (33), (34), (57) and (68), results the 00–component of generalized 
Landau–Lifshitz EMC as

τ ρ
κ

−00 2 12
2 3 6

2

28= ( ).k k r
k r

(103)

τ ρ

κ

−
4

00 2 3
2 3 6

3
2

4= ( ),

9

k k r
k r

(104)

τ ρ
κ

−00 2 8
2 3 6

2

8= ( )k k r
k r

τ ρ
κ

+

+

+ + + +
+ −

+

2 2
4 400 2 3 3 3 4 3 3 3 43 4

3 4 2 2 23 4
3 4

(2 ( ) 4 )( )
= ( ) ( ),

( )
b r b

b r b

c b c r c b c c r c
e c r c

e c r c
 

                                                                                                                   (105)

τ ρ
κ

+
+

−
2

4 400 2 11 2
2 2 21 2

2
= ( )b r b

b r b

b
c e

e
                                                  (106)

and

τ ρ τ ρ
κκ

+

+

+ + + +
+ − −

+

2 2
4 400 2 00 2 83 3 3 4 3 3 3 43 4

3 4 2 32 2 623 4
23 4

(2 ( ) 4 )( ) 8= ( ) ( ) = ( )
( )

b r b
b r b

c b c r c b c c r c
e c r c k k r

k re c r c
(107).

Furthermore, the stability condition for this ( )f R  model is also 
satisfied by all these solutions (as R = 0  for every solution) as ε ε ε+ 0

1 1= >0.
(1 2 )R                                                                      (108)
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Summary and conclusion
The objectives of this work are two folded: Firstly we explore the 

non–vacuum static cylindrically symmetric solutions in ( )f R gravity 
and the energy distribution  of the obtain solution for the perfect fluid 
case, i.e, ρ ≠, 0p . For this purpose, we obtain the field equations 
of ( )f R gravity and solve these equations for static cylindrically 
symmetric spacetimes considering non–vacuum case while using 
assumption 0= =coR R nstant . We use power law assumption, to 
solve these equation and obtain three non vacuum solutions as,

ρ φ− − −2 2 4 2 4 2 4 2
1 2 3 2= ,ds k dt k r d k r d k r dz                           (109)

ρ φ− − −
4 4

2 2 2 2 23 3
1 2 3 2=ds k r dt k d k r d k dz                            (110)

and

ρ φ− − −2 4 2 4 2 2 4 2
1 2 3 2= .ds k r dt k r d k d k r dz                             (111)

We solve these equations again for exponential law assumption 
and examine three cases µ ν λ′ ′ ′( = 0, = 0, = 0) and get three solutions 
from which one is vacuum while the other two are non vacuum 
solutions, which are given respectively as,

ρ φ+ ++ − − −2 2 2 22 2 2 2 2 21 2 1 2
1 2 2=( ) b r b b r bds a r a dt e d c d e dz   (112)

and

ρ φ+ +− − + −2 2 2 22 2 2 2 2 23 4 3 4
4 3 4= ( ) .b r b b r bds a dt e d c r c d e dz  (113)

Secondly, we evaluate the energy density of these obtained 
solutions by using generalized Landau–Lifshtiz EMC of ( )f R gravity 
for a suitable ( )f R model and we obtain a well defined  expression 
for components of energy densities of these solution in this case. 
Moreover, it is also checked that the stability conditions are fulfilled 
by these solutions.
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