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The unified sub-equation method and its
applications to conformable space-time fractional
fourth-order pochhammer-chree equation

Abstract

In this article, we apply the unified sub-equation method proposed by Lu Bin and Zhang
Hong Qing to construct many new Jacobi elliptic function solutions, solitons and other
solutions for the conformable space-time fractional fourth-order Pochhammer-Chree
equation. This method is direct and more powerful than the projective Riccati equation
method. The solitons and other solutions of this equation can be found from the Jacobi
elliptic solutions when its modulas m — 1 or m — ( respectively. Comparing our

new results with the well-known results is given.
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Introduction

When the nonlinear partial differential equations (PDEs) are
analyzed, one of the most important equation is the construction
of the exact solutions of those equations. Searching for the exact
solutions of those equations plays an important role in the study of
nonlinear physical phenomena. Nonlinear wave phenomena appear
in various scientific and engineering fields, such as fluid mechanics,
plasma physics, optical fibers, biology, solid state physics, chemical
kinematics, chemical physics, geochemistry, thermodynamics,
soli mechanics, civil engineering, and non-Newtonian fluids to the
natural sciences including population acology, inflectious disease
epidemiology, natural networks and so on. Throughout the past
few decades, a particular attention has been given to the problem
of finding the exact solutions of these nonlinear PDEs. By virtue
of these solutions, one may give better insight into the physical
aspects of the nonlinear models studies. In recent years, quite a
few methods for constructing explicit and solitary wave solutions
of the nonlinear PDEs have been presented. A variety of powerful
methods, such as the inverse scattering method,! the Hirota method,?
the Béacklund transform method,>* the Painlevé expansion method,’
the exp-function method,*’ the sub-ODE method,*!'* the Jacobi
elliptic function method,""?> the sine-cosine function method,'>!

the(G / G) -expansion method,'”™"7 the modified simple equation

method,'®! the Kudryashov method,**?! the multiple exp—function
method,?>? the homogeneous balance method,* the auxiliary equation
method,? the extended auxiliary equation method,””* the soliton
ansatz method,**33 the new mapping method,*** 'he first integral

method,3%%7 the (G /G,1/ G) -expansion method**° and an unified

sub-equation method,* the projective Riccati equation method*'*? and
so on. Motivated by the projective Riccati equation method proposed
by Conte & Musette* and developed by Yan*, we present a new direct
algebraic method proposed by Bin L & Hong-Qing Z*’ to obtain many
new double periodic wave solutions of nonlinear PDEs which cannot
be acquired by using the projective Riccati equation method.

The objective of this article is to apply a unified sub-equation
method combined with the conformable space-time fractional
derivatives* for finding many new Jacobi elliptic function solutions,
solitons and other solutions of the following nonlinear conformable
space-time fractional fourth-order Pochhammer-Chree equation:
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Where 0 <o, f <1andu(x,t)is a real function, while ¢,f,
and y, are arbitrary constants. Equation (1.1) represents a nonlinear
model of longitudinal wave propagation of elastic rods.**® Here
the exponentn >1is the power law nonlinearity parameter. When
a = B =1, Equation (1.1) has been discussed in*? using the generalized
projective Riccati equation method, in*’ using the extended (G / G)
-expansion method, in*® using the (G / G)-expansion method, in®
using the tanh-coth and the sine-cosine methods, and in* using the
exp-function method.

This article is organized as follows: In Section 2, the description of
conformable fractional derivative is given. In Section 3, the description
of the unified sub-equation method combined with the conformable
space-time fractional derivatives is obtained. In Section 4, we apply
this method to the conformable space-time fractional fourth-order
Pochhammer-Chree equation (1.1). In Section 5, we present the
graphical representations for some solutions of Equation (1.1). In
Section 6, conclusions are obtained. To the best of our knowledge.
Equation (1.1) has not been previously considered in literature using
the method of Section 3.

Description of the conformable fractional
derivative
Khalil et al.*" introduced a novel definition of fractional derivative

named the conformable fractional derivative, which can rectify the
deficiencies of the other definitions.

Definitionl: Suppose f:[0,00) > R is a function. Then, the
conformable fractional derivative of f of order ¢t is defined as
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For allt > 0 and & € (0,1]. Several properties of the conformable
fractional derivative are given below as in®'™

Thereom 1: Suppose a € (0,1], and f and g are  — differentiable
att > 0. Then

T, (af +bg)=aT, (f)+bT,(g), Va,beRr. 2.2)

T, (t”) ut"™“, YueR. 2.3)

1, ()= 11, (9) 7. (1), 04

r (fj_ g7, (f)—sza (9) ’ 25)
g g

Furthermore, if f is differentiable; then

T, (F)(¢)=t"" ;U;(t). (2.6)

Thereom 2: Suppose f :[0,0) —> R is a differentiable function and
also o — differentiable. Let g be a function defined in the range of f
and also differentiable. Then

L (9)(0)-¢6 ()7 (o(0))

Description of the unified sub-equation
method combined with the conformable
space-time fractional derivatives

Consider the following nonlinear PDE:
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Where F is a polynomial in u(x,t) and its partial derivatives, in

which the highest order derivatives and the nonlinear terms are

involved. In the following, we give the main steps of this method:

Step 1: We use the conformable space-time wave transformation:

B a

X t
u(x,t)= U(QE)' 5 =7_C1 0
B

a

(3.2)

Where ¢
ODE:

1 is a constant, to reduce Equation (3.1) to the following

2.7)
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(3.3)
Where P is a polynomial in u(£) and its total derivatives, such that
" od

_dg

Step 2: We assume that Equation (3.3) has the formal solution:

S S )]

i=

&)+ (3.4)

-

Whereaq, ,a,,b, (i =1,...,N) are constants to be determined later,

such thata, # 0 orb, # 0, while f(£) and g(&) satisfy the auxiliary
ODEs:

f (&)= f(£)a&), (3:5)

g(E)=a+g° () +rf (&), (3.6)
2 ro 2

g Bpp —[q+2f & +of :} 3.7)

Where g , r and € are constants.

Step 3: We determine the positive integer N in (3.4) by using the
homogeneous balance between the highest order derivatives and
the nonlinear terms in Equation (3.3). More precisely, we define the
degree ofu(&)as D|u(&)]= N, which gives rise to the degree of
other expressions as follows:

d" '
(&) d;(f) = ()

(3.8)

From (3.8) we can get the value of N in (3.4). In some nonlinear
equations, the balance number N is not a positive integer. In this case,
we make the following transformations:

When N = q—l where T is a fraction in the lowest terms, we let

P, b,
9
u(é)= [V(e‘)]l’l , (3.9)
When N is a negative number, we let
u@ =[], (3.10)

And substitute (3.9) or (3.10) into Equation (3.3) to get a new
equation in terms of the function v(&) with a positive integer balance
number.

Step 4: We substitute (3.4) along with (3.5)-(3.7) into Equation
(3.3) and collect all terms of the same order of f'(&) g’ (&)
(i,j=0,1,....) and set them to zero, yield a set of algebraic equations
which can be solved by using the Maple or Mathematical to finda ,

0
a,b..c ,q,r,c.
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Step 5: It is well-known® that (3.5), (3.6) have the following

Jacobi elliptic function solutions:

(M

()

(€)

(4)

©)

(6)

™)

®)

©)

Ifq=(1+m2), r=—2m2, ¢ =-1, then

ecnéEmdném

0 9:(8)=~
sn(g,m) sn(g,m)

INGE

Ifqz(lfzmz), r=2m’, C=(m271), then

gz(f)zsngmdngm .

cn(g,m) en(g,m)

£,(&)=

Ifq=(72+m2), r=2,c=(17m2),then

pD phD ¢& &
ANE
dn(&,m) dn(&,m)

f(8) =

Ifq=(1+m2), r=-2,c=-m>, then

cn(&,m)dn(&,m)

f,(&)=sn(g,m), g,(&)=
sn(g,m)

Ifq=(172m2), r=(72+2m2),c=m2, then

sn(g,m)dn(g, m)

f5(§)=cn(g,m), gs(5)=~
en(g,m)

Ifq=(72+m2), r=(272m2), c =1, then

phD(E, ) (& )
dn(¢,m)

fe(§)=dn(5,m), g,(¢) =~

Ifq=(—2+m2), r=(72+2m2), ¢ =-1, then

, dn(¢,
&)= - ne.m

sn(&,m) (&, myen(é,m)’

Ifqz(lemZ), r=(2m2 72m4), ¢ =-1, then

dn(&, ,
f,(&)= n(s m), gs(g)z_ﬂ.
sn(&,m) sn(&, m)dn(&,m)

Ifq=(72+m2), r=-2, c=(71+m2), then

, dn(¢,
P L B S L)

en(E,m) ~sn(& m)en(é,m)’
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(10) Ifq=(1+m2), r=—2m’, c=-1, then

dn(é,m

& m)

fo(8)=

cnlg,

) B (l—mz)sn(§

glO

Copyright:

,m)

~ en(E,m)dn(é,m)

an Ifq:(lfzmz), r=-2, c:(m2 fm4),then

fie= 2

nig,

11

&m)’ © sn(&,m)dn(£,

m) B cn(&,m)

m).

1 2 1 1
(12) Ifq=f(—1+2m ) r=——, c=——, then
2

1/, 1
(13)Ifq=——<m +1), r=—(1—m
2

flz(f)z

sn(g

cen(éE,m)x1

2 4

» 91,(&) = Fds(&, m).
,m)

2

dn(g,m)

msn(&,m)£1

f13(§)=

» 933(8) = Fmed(s,

1 2 1/, 2 1
(14) Ifq=—f(1+m ),r=7(m —1) ,C=—
2 2 4

m).

, then

f14(§) = men(&,m) +dn(g,m), g,,(5)=—msn(S,m).

1 , 1, , 2 1
15 Ifg=——I|\1 , r=—— -1) ,c=-—, th
(15) q 2( +m) r Z(m ) c . en
,m)xtdn(¢,
fo(e)= SEMEANET) | ey - ns(e,m).
sn(&,m)

2
(16) Ifq=(m276m+1), r=-2,c=4m (m—l) , then

fi6(6)=

DEBD

msnz(g‘,m) -1

» 916(8)= CS(f,m)d"(i,m)[

2

& +

2
17) Ifq=(m2+6m+1),r=—2, c=-4m, (m+1) , then

fi,(8)=

DBDD

msnz(;",m) +1

» 917(8) = —CS(§,M)d"(§.m)[

2

2

§ —

msn’ (&,m+1

453

1
2), C=*(1—m2), then
4

msnz(g,m)—1:|-

}.

1 2 1 1/ 5
(18) Ifq=—f<1+m ), r=7(m —1),0:—(m —1),then
2 4

2
f(@)= M ()= 3de(,m)
sn(é,m)x1
4
(19)If g = l(Z—rnz), re e —1, then
2 2 4
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dn(é,m)+1
fio(§)=———, g,y(&) =Fcs(&,m).
sn(&,m)
1 1
(20) If g= f(Zmz —1), r=——, c=——, then
2 2 4
fu(@)= M ()= wase,m),
1+cn(&,m)

1 2 1 1/ , 2
(21) Ifq:—f(1+m ) r=——, c:—f( —1) , then
2 2 4

sn(&, m)
cn(&,m)xdn(&,m)

fu ()= 1 51 (&) = £ns(s, m).

Where sn(&,m), cn(&,m) anddn(&,m) are Jacobi elliptic sine
function, Jacobi elliptic cosine function, Jacobi elliptic function of the
third kind respectively, and m denotes the modulus of Jacobi elliptic

Copyright:
©2018 Zayed etal. 454

functions, where0 <m<1. It is well-known> > that the Jacobi-
elliptic functions satisfy the following relations:

en’(E,m)=1—sn"(&m),dn’ (&, m)=1—m’sn°(&,m),
sn (&,m) = cn(&,m)dn(&,m),cn (&,m) = —sn(&,m)dn(&,m),
dn (&,m) = —m’sn(&, m)cn(&, m).

1
nsbpbbbBD— nc & m

—ndém ——

sn(&,m) cn(§,m) dn(&,m)
SCM)BDDBBisn(QE'm) sd & m 7sn(§,m) cs 7cn(§,m)
cn(&,m) dn(&,m) sn(&,m)
ch)BDDBABicn(g'm) ds &m 761"(5"") dc & m 7dn(§,m)
dn(&, m) sn(&,m) cn(§,m)

The Jacobi elliptic functions degenerate into hyperbolic functions
when m — 1as follows:

sn(&,1) - tanh (&), cn(£,1) - sech(&),dn(&,1) — sech(&),ns(&,1) - coth (&), de(£,1) - 1,

ds(¢,1) > cosech(é‘),sc(g,l) - sinh(é),sd(f,l) - sinh(é),cs(f,l) - cosech(g),

And into trigonometric functions when m — 0 as follows:

sn(&,0) > sin(ej),cn(§,0) - cos(é),dn(§,0) —1,ns(&£,0) > cosec(f),cs(é,O) - cot(g),

ds(&,0) > cosec(&), sc(&,0) — tan(&), sd(£,0) — sin(E), de(£,0) — sec(&)

Step 6: We substitute the valuesa,a; b and the solutions (1)-
(21) given in step 5 into (3.4), to get the exatt solutions of Equation

3.1).
Applications

In this section, we apply the method of section 3, to solve Equation
(1.1).To this aim, we first use the conformable space-time wave
transformation:

4.1)

Wherec, is a non zero constant and0O<ea,f <1, to reduce
Equation (1.1) into the following nonlinear ordinary differential
equation (ODE):

g n+1 2n41
DiDD_ 1 _(0‘1 + : N +) =0,

Integrating Equation (4.2) twice with respect to £ and vanshing the
constants of integration, we get

(4.2)

(cf -a )u - cfu” - ﬂluml - yluzml =0, 4.3)

" 1
Balancingu with umt , we get N = — . According to (3.9) we use
the transformation: n

(4.4)

Where v (§ ) is a new function of & , to reduce Equation (4.3) into
the new ODE:

2 22 2 2(1 )'2 23 2,4 _ o
¢, —a |nv —cinw —ci\1-n)v" = gnv —ynv =0,

4.5)

Balancing w withv* in Equation (4.5), we get N = 1. According
to the form (3.4), Equation (4.5) has the formal solution:
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V(‘f)”’o +01f(§)+b19(§). (4.6)

Where ao,al,b1 are constants to be determined, such that

a, #0orb, #0. Substituting (4.6) along with (3.5)=(3.7) into

f74(§):cfr2b12 +cfnr2bl2 +n2ylr2bf =0,

f3 (£): —nzﬂlaig + 3n2

2, 2 2
:=3n" Ba,a, —2n"a,aya, =0,

fﬁl(ff) :3n2,6'9g9rb2 + 12n2y aarb’ =0,

17171 17171

2

2
pER: 2 °

According to Step5 of Section 3, we have the following results:

2 2
Result 1: If we substituteq = (1 +m ),r =-2m ,c=-1into the

algebraic equations (4.7) and use the Maple, we have

m=m,n=1,p =0,a,=0a, =0,b, =

2a, -a, (4.8)
o Ty <0y <0
7,(1+2m") (1+2m7)
or
2( 2
15 5 (m _1> -35
m=m,n=2,a1=— 5 ,a, = ,a,
64 ym 8y,
(4.9)
3 -3
- ﬁl ,b1=0.61=ﬁ 7:71<0
8my, am\ y,
Substituting (4.8) into (4.4), (4.6), we have the Jacobi elliptic solutions:
20, cn(f,m)dn(g,m)
u(x,t)=— > ,a1<0,71<0
7,(1+2m") sn(é,m)
(4.10)
x’ —a, |t”
Where £ = — — — | Ifm — 0, then we have the
periodic solutiof: (1+2m’) |«

b bbb
f %ﬁ? nyabc+cac—cbc +ncac—nya —nybc —cnbc

ﬂlalbfc + ZnC%aOalc + 12n271a001bfc - 4n27/1a0af =0,
2 2 22 2 2 22 2 2
Dzﬂﬁ): 11~ 1189@9%%?9@’? =6 7ot
2 4 2 2,2 2,2 2 2
:=2n"y b, qc +6n"y,a,b,q —2nc b qc +3n"Ba b, c =0,
2

2 2 2 3 2 2
f(&): 3n" Ba,gb, —4n"y,a,a, +nciayqa, +2n°cia,a,

f0 (&): ZCfrbfc - 2n2cfb12q - ncfufr + 2n2a1bfq - ZnZylbfqz - 6ncfrblzc + 12n2yla§b12q
:6n2ﬂlaob12q Nﬁltzx’ylafblzr 2n2y1bfrc ancfas analaé 2n2ﬂ1a(3) 2112}/1a;l Cfafr =0,
f2 (&)g(&): 2ncfaoblc - 3r12ﬁlafb1 + nzﬁlbfc + 4n2ylaobfc - 12r127/1aoafb1 =0,

() :2nctayrb, +n’ Brb; +4ny,a rb; =0,

fBE%)g(cf) :2nc,a,b,c +2c abc—4n ya b +4n y,ab c=0,

o1t 2,81 fq—D}E}leaobl - nzylagb1 + nz}/laobfq— lqz,Blagb1

f(&)g(é): —2n2a1a1b1 + ZnZCfalb1 + 4nzyla1bfq - 6r12,b’1010011b1 - 12nz}/1a0alb1 + ncfblalq =0,
FHE9E): 2ncfalrb1 + 2n271a1rbf —cfalrb1 =0,

Copyright:
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Equation (4.5) and collecting all terms of the same order of f : (5)
J o .

,g (5), i,j=0,1,2, ) and setting them to zero, we have the

following algebraic equations:

2 22 2

2 2
-3 ﬂ101+ 117 @&

11
+ 12n2ylaoa1qbf

a.a

(4.7)

2

@.11)

while if m — 1, then we have the solitary wave solution:

20, x’ -a, t” x’ —a, t”
u(x,t)=- |[—| coth(——,|——) —tanh(— - ,——) |.
37, p 3 «a g 3 «a

(4.12)

Substituting (4.9) into (4.4), (4.6), we have the Jacobi elliptic
solutions:

1- , 7,<0,8,>0 (4.13)

p am\ 7,

(4.14)
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2

Copyright:
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Result 2: If we substitute g = (1 - ZmZ), r=2m, c= (m2 - 1) into the algebraic equations (4.7) and use the Maple, we have

-38, 38, B 3

i 3p; (4m2 - 1)

2

m=m,nh=2,a, = ,a, =——, ,Q, = ,b, =0,y (m —1)>O, (4.15)
0 8y, ! 8y, g 7 (m2 —1) ! 64y, (m2 —1) ' '
Substituting (4.15) into (4.4), (4.6), we have the Jacobi elliptic
solutions:
1
2
=35 1 have the periodic solution:
u(xBHD L - 7.8, (4.16) )
8y, cn(rf,m) =
B a 2
=30, ﬁl -3t
u(x,t)= 1-sec|] ——— |[—— By, <0.
x’ B t” 8 B 4 o 171
where & = — —| 2L ——~ |— 1fm—0, then we & &
B | 4 71("1 _1) o (4.17)
Result 3: If we substitute g = (—2 +m ), r=2,c= (1 - mz) into the algebraic equations (4.7) and use the Maple, we have
2a, —a,
DBD , =1,8,50, 0, =0 = , ,a >0,y <0, (4.18)
2 2
71 (Zm - 5) (Zm - 5)
Substituting (4.18) into (4.4), (4.6), we have the Jacobi elliptic %
lutions: -3
solutions u(x,t)= Ay (1 + sn(é,m)) 7, <0,8,>0  (422)
8;/1
sn(f,m)cn(é,m)
u(x,t)=m ,a1>0,yl<0
dn(f,m) x” B, -3 |t”
(4.19) whereé=———| =X |-~ |=—. Ifm—1, then we have the
i am\y, )«

a

t
—. If m— 1, then we have the

(4.20)

Result 4: If we substitute q = (1 + m2 ), r=-2,c= —m2 into the
algebraic equations (4.7) and use the Maple, we have

-3 -3
m=m,n=2,a0=i,b1=0,al= ﬂl,a=
87, 87,
2( 2
15 A, (’" —1) B, |-3 4.21)
— = = <0
64 ym 4m\ y,

Substituting (4.21) into (4.4), (4.6), we have the Jacobi elliptic
solutions:

dark soliton solution:

-3t*
u(x,t)=

8y, p 4 \y «

(4.23)

Result 5: If we substitute q = (1 - Zmz), r= (—2 + 2m2),c = m2

into the algebraic equations (4.7) and use the Maple, we have

_ﬂ1 _ﬁl
n=1a,=—,a =0,b, =—————,C
] e Bt g1
37, 3y,N2m’ -1
2 2
B, 1 ﬂl(Sm -5

),71 (2mz 71)<0.

:? Bﬂi{ mz— )"11: ;/l(mz_

Substituting (4.24) into (4.4), (4.6), we have the Jacobi elliptic
solutions:

(4.24)
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Substituting (4.27) into (4.4), (4.6), we have the Jacobi elliptic

-5 1 sn(f,m)dn(f,m) solutions:
u(x,t) =—1- .
37, \/Zm -1 cn(éf,m) (4.25)
1
B, t” 34 2
where &= — —| = —, 7,>0 or y, <0.If u(xt) = 1=H1+dn(Em)) ", 7, > 0.8 <0.  (428)
3 @2m —12 a 87 Lo
m — 1, then we have the'dar 1( oliton soldtion: 5
where & = X | b \/7 —. If m — 1, then we have the bright
-p x’ B |-1t" B A\
u(x,t) = "1 1—tanh| — -2 |~ " ||, 7, <0. soliton solution:
37, B 3 \2y «
(4.26) '
Result 6: If we substitute g = (72+m2), r= (272m2), c=1 34 N B [3 B
into the algebraic equations (4.7) and use the Maple, we have dili, ) = 1 —"L 1+ —1\/7 . (4.29)
87 B 4\na
2 2
3 A (’" +8) 383 5 [3
uiE :27051_64 ” > 07 87/11’ 1= 8;/11’ =0, 1=Zl 71’71>0 Result 7: If we substitute g = (—2+m2), r= (—2+2m2), c=-1
into the algebraic equations (4.7) and use the Maple, we have
4.27)
m=m,n=2,b,= 3h (—1+\/1—mzj 3’31 ’B\/ [m —2+42v1- j
8m27/1 871 4m*
152 ([mz—ﬁﬁii\/ —m? )(—m4— m*+ +(m2— ) —mzj (4.30)
= ﬂ: - a :0,(m2—2+2\/1—m2 Jyl>0,
16
" 7‘{ (—1+\/1—m2j
o . o B o dn(&,m)
Substituting (4.30) into (4.4), (4.6), we have the Jacobi elliptic u (x,t) = , (4.33)
solutions: \/}/l(mz—l) sn(&,m)
1
e —3/31{ — 14+ 1-m? dn(&,m) ? p
u (xit)i + 7B X
87, L m? sn(&,m)cn(&E,m) 171 where £ = 5 —. Ifm — 0, then we have the
(4.31)

periodic solution:

A a
o ¢S (ST ot B ]
N @

then we have the same solitary wave solution (4.14).

. (1~ 2 _ 2 4 4 -
Result8. If we substitute g = (1 2m ) g (2m 2m )’ c=-1 Result 9: If we substitute g = (72+m2), r=-2,c= (71+m2)
into the algebraic equations (4.7) and use the Maple, we have

into the algebraic equations (4.7) and use the Maple, we have

m=m,n=1,L,;70,a =0,b =0,a I

) )

2
—1}<0,y <0
“ (m ) ’ 2¢ —

LitFE 5 :laﬂﬁ(ﬁo, :0, :0, :’ , =
\/yl(Zmz—S) (2m*-5)

,a >0,y <0

(4.32) 435

Substituting (4.32) into (4.4), (4.6), we have the Jacobi elliptic

solutions: Substituting (4.35) into (4.4), (4.6), we have the Jacobi elliptic

solutions:
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[ dn(ém) J, a >0,y <0
2 1 1
(4.36) \/ (Zm 5) sn(&.m)en(g.m)
x? -, t*
where =" —| |[——L—|—_If m — 1, then we have the
(2m -5) )¢

singular soliton solut

u(x,t) = =2

B a
20 coth(x——\/zt—) ,
3n p 3 a

while if m — 0, then we have the periodic solution:

u(xp) = \/7 cosec(— \/: ﬂ_\/zi) )
> Sa | (438)

Result 10: If we substitute g = (1+m2), r= —2m2,
algebraic equations (4.7) and use the Maple, we have

-3
_)ao a, S}flbl Clﬁl 7 — N }

(4.39)
Substituting (4.39) into (4.4), (4.6), we have the Jacobi elliptic

solutions:
=35 1_"_a'n 2’ £>0,7,<0
8, cn(&,m)

where cf——[ 1 ] If m—0, then we have the periodic
solution: N\
1

u(x,t)= _3ﬂlﬁ+sec(xﬂ B ﬁﬁ) 2.
871L g 4\n a

Result 11: If we substitute q:£1—2m;), r=-2, c:(mz—m4) into
the algebraic equations (4.7) and use the Maple, we have

(4.37)

c=-1into the

=34
87

S,

{ 64y,

(4.40)

(4.41)

-2

A
71(4m2—1)

i, =1,5=0, =0, =0, =

- L,(4m2—1)a1>0,y1<0,

=

Substituting (4.42) into (4.4), (4.6), we have the Jacobi elliptic
solutions:

(4.42)

u(x,t)= W{ cen(&,m)
\/71(4m2—1) sn(é,m)dn(ém)

} e o Ly

o

If m—0, then we have the same periodic solution (4.11), while if

Copyright:
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m—1, then we have the same singular soliton solution (4.37).

Result 12: If we substitute qur%ti\; + mz) r—c .l into the
algebraic equations (4.7) and use thg aple, we hav?e:

m=m,n=1,a;70,a =0,8 =0,b = I a c= I —% a (m2—1)<0,;/ <0
\/}/l(mz—l) \jZ(m2—l)

(4.44)

Substituting (4.44) into (4.4), (4.6), we have the Jacobi elliptic
solutions:

u(x,t):$ (3.45)

- t— If m—0, then we have the same
2(m2—1) a
periodic solution (4.34).

Result 13: If we substitute q:%l(mzﬂ),r:%(l—mz),c:i(l—mz)

x
where £=—-
B

into the algebraic equations (4.7) and use the Maple, we have

m=m,n=1,a,=0,b=0,5,=0,a,= /Z,cl
N
(4.406)

Substituting (4.46) into (4.4), (4.6), we have the Jacobi elliptic
solutions:

al(m2—1)<0,;/1a1>0

u(x,t) =

dn(f,m) :l,

o
7 msn(f,m)il

’ 2 |t*
where £=% %

]
Result 14: If we substitute g = — {il+m ),

1 )2 1.
r=—|m*~1| ,c== into
the algebraic equations (4.7) and us€ the Maple,

V\% ave

GhtfEGE o pi(ix2nr) (1+2m’) A A
9, (m2 + 1) 37 3n (m2 + 1)
_B -1
¢ = ?1 m,ﬂ <0

(4.48)
Substituting (4.48) into (4.4), (4.6), we have the Jacobi elliptic

solutions:
Bl / 2
3, {1 m (m2+1)sn(§,m):|, (4.49)

u(x,t)=
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* (B -1 *
where §=—-| = |————|—. Ifm — 1, then we have the
p 3Vy(m +1)

same dark soliton solution (4.26).
. -1 ) -1/ 5, 2 -1
Result15: Ifwesubstitute q = —(l +m ), = —(m - 1) ,C0=—
2 2 4

into the algebraic equations (4.7) and use the Maple, we have

342 (m? -1 _

m=m,n=2,q = 1( ),a0= 3ﬁ1,a1 =0,
64y, 871

b /i c _A _—3,71<0

1 >¥l
8 AN (4.50)

Substituting (4.50) into (4.4), (4.6), we have the Jacobi elliptic
solutions:

u(x,t)={_83—f'[1$ns(§,mﬂ}2,ﬂ, >0,,<0. (451

Vii _ a
Whereg‘:X——Lﬁ‘/z]t—.
singular solitorfsoltidnV 71 ) @
1
B eom| XA B |
u(x,t) { 8 {1+coth[ 74 \/; “ﬂ} , (4.52)

while if m — 0, then we have the periodic solutions.

1
_ B 1 & 2
u(x,t) ={§7{j{1$cosec(%—% /713 %)E _(4.53)

Result 16: If we substitute uuu( z_

Ifm—1,then we have the

+ ) r=-2,c=4m

(m—l)2 into the algebraic equations (4.7) and use the Maple, we
have

204

~ b 7 (2m? —12m+1)

m=m,n=1,5 =0,a,=0,a,

-
1
scl

) .2 (2m2 —12m+ 1) <0,7,<0 (454)

(2m2 —12m+1

Substituting (4.54) into (4.4), (4.6), we have the Jacobi elliptic

solutions: ,
) [cs(é,m)dn(g‘,m)[wﬂ,

)=
u(x ) 71(2m2—12m+1 msnz((,“,m)—l
(4.55)

2a
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x? - t*
wher & = —— 2—1 —.Ifm—> 0, then we have
B\ (2w —12m+1) @
the same periodic solution (4.11), while ifm— 1, then we have the
solitary wave solutions:

u(x,t):— ﬂ coth ﬁ—ﬂi + tanh ﬁ_ﬂi )
97 Vit 3 «a p 3 «
(4.56)

substitute uuug 2y o4 21 r=-2,
.7) and use the Maple,

Result 17; If we
c= —4m(m + 1) into the algebraic equations (
we have

37 (m? ~18m +5)

m=m,n=2,a, :iﬁl’al =iﬂl(m+1),bl =0,a, =
87 871 256my,
=2 =, <0
8 \\my,
4.57)

Substituting (4.57) into (4.4), (4.6), we have the Jacobi elliptic
solutions:

_ 73ﬂ1( (m+1)sn(§,m) 2

B _ a
where &= X——Eﬁ /—3]t—
solitary wave softitioh:8 Vm7 ) &

B _ a

2tanh X—fﬁ S

34, B 8\n «a
8 B 7 i@
7] 1+tanh2 L_ﬁ iti
B 8 V?’l a

Result 18: If we substituteq=_71(1+m2),r=%(m2—l),

If m—1, then we have the

[ SR

i )

(4.59)

c= %(m2 - 1) into the algebraic equations (4.7) and use the Maple,

we have
m=m,n=2,a, =—_3ﬂ1 ,b, =—_3ﬂ1 ,a; =0,
87 3
L L Y
) Uit———+ =€ =
T Ay, (4.60)

Substituting (4.60) into (4.4), (4.6), we have the Jacobi elliptic
solutions:
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periodic solutions (4.17) and (4.41) respectively.

1 -1 -1
! Result 19: If we substitute q ——gl2 m 2 ,r=—m*,c=—into

u(x,t) = {3_@[1 T dc(f,m)]}z . B>0,7,<0 4.61) the algebraic equations (4.7) and uséthe Maple, we %ave
87
B _ a
where & SRS N t— Ifm — 0, then we have the same
B 4\ n
2 / 2
— 1-m? —
Guddaans —;ﬂ' | —83ﬂ‘2 (— ++ - 2) | 2/312 J3m rovlom -6
/4l yim m N (462)
2 ((IO—mz)\/l—m2 +m*+6m’ —10)(m2 —2+2\/1—m2)
_ _3ﬂ1 _ 2 2
o = 7 3 ,b,=0,|3m" +6v1-m~ - 6|y, >0,
1673m (—1+\/1—m2)

Substituting (4.62) into (4.4), (4.6),we have the Jacobi elliptic
solutions: x? ﬂl 3m* +6yl-m? -6 t
where £ =— F - . Ifm—1, then
1 2m’ "
2 we have the solitarj\wave solutions:
38 —1+1-m? | dn(&m)+1)||?
u(x,t)= 1- 5 P <0
(4.63) & m sn(¢,m)

1
e « «\1|2
u(x,t)= %{}Jcosech{—ﬁ—%\/z—]icoth[—ﬂ—%\/z—ﬂ . (4.64)
1 1

. 1 -1 -1. . .
Result 20: If we substitute q = E(Zmz - 1), r= EX c= 7 into the algebraic equations (4.7) and use the Maple, we have

N _ [ 2
000 \/71(2mzl+1)’C \/(2m21+1)’a>0’y<0 (4.63)

m=m,n=1,a,7F

Substituting (4.65) into (4.4), (4.6), we have the Jacobi elliptic
solutions:

B a
tan - 2 =

- sn(&,m _|a
u(X’t): azl (1_*_ (S‘Eé ))]aal>0171<0 (466) u(x,t)— },_1 Xﬂ ta '
2m +1 T~ Ccn ’m 1 eases A -
\I}’l( ) uuuﬂ N " + (4.68)
s @ 1 -1
where & = x # t— Ifm—1, then we have the Result 21: If we  substituteq= *5(1 +m’ ), = X
(2m* +1) | & — 2
solitary wave sélutle ( m ) c= Tl(m2 - 1) into the algebraic equations (4.7) and use the Maple,
r s T 1 we have
tanh(x—f /%— 5 =
u(x,t): ;_al lBﬂ aa , (4.67) m=m,n=1,a0=3—}/1 0,b, = 37 B ﬁ
347 (1+m
" 1 sech (X - 2“‘ ) ’ 1 &
B p2(1+2m )
’al :72571 < O’
I (1 +m )
while if m— 0, then we have the periodic solution:
(4.69)
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Substituting (4.69) into (4.4), (4.6), we have the Jacobi elliptic
solutions:

(4.70)

. Ifm—1, then we have

the singular soliton solution:

_ B 1 t¢

u(xt) = 2L 1 com| X AL 471
37 B 3\ a

while if m — 0, then we have the periodic solution:
_ B 1 t¢

u(x,t)=ﬁ 1++/2cosec XA Y . (4.72)
3n B 3\n «a

The graphical representations of some

solutions

In this section, we present some graphs of the solitons and other
solutions of Eq.(1.1). Let us now examine Figures 1—12 as it illustrates
some of our solutions obtained in this article. To this aim, we select
some special values of the parameters obtained for example, in some
of the solutions of (4.10), (4.12), (4.22), (4.23), (4.28), (4.37), (4.41),
(4.56), (4.58), (4.64), (4.67) and (4.72) of the conformable space-
time fractional fourth-order Pochhammer-Chree equation (1.1). For
more convenience the graphical representations of these solutions are
shown in the following figures.

Figure | Plot of the Jacobi elliptic conformable fractional solution (4.10) with
o Ny, 2, 1L, 1/4m 1/2.

From the above Figures, one can see that the obtained solutions
possess the Jacobi elliptic solutions, the conformable fractional solitary
wave solution, the Jacobi elliptic conformable fractional solution
and the solitary wave solutions . Also, these Figures expressing the
behaviour of these solutions which give some perspective readers how

the behaviour solutions are produced.
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Figure 2 Plot of the solitﬁry wave solution (4.12) with

o =-3,p,=-2,a=pF=1.

Figure 3 Plot of the Jacobi elliptic conformable fractional solution (4.22) with

B =8, p="3,a=1,=1/2,m=1/3.

-10

Figure 4 Plot of the solution  (4.23) with

B=2n="3,a=p=1

solitary ~ wave

Figure 5 Plot of the Jacobi elliptic conformable fractional solution (4.28) with

Bi=37n=2a=F=1/2,m=1/3.
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solution

Figure 6 Plot of the
a]:2’712_2>a:ﬂ:1'

solitary ~ wave (4.37)

Figure7Plotofperiodicwavesolution(4.4l)with f, =2, 7, =3, a=f=1.

Figure 8 Plot of the solution  (4.56) with

a1:3’71:_2’a:ﬂ:1'

solitary  wave

Figure 9 Plot of the Jacobi elliptic conformable fractional solution (4.58) with

ﬂ1=8’7/]=_3>0~'=1,ﬂ=%’m=%.
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Figure 10 Plot of the solit'ary wave solution (4.64) with
ﬂ] :4’ N =—3,a:ﬂ=1.
300
200]
1
ol
100~ A:
7 X
-0 : -10
0 b 0
Figure 11 Plot of the solitary wave solution (4.67) with
Q) :2,}/1 :_13a:ﬁ:1'
P
x 10"
x 10™— o5
x 107 038
10" b
x 10*
10
x 10
x 10"
=10 =10
0
’
Figure 12 Plot of periodic wave solution (4.72) with
B=2,n=—La=p=1
Conclusion

We have derived many Jacobi elliptic function solutions, the
solitary wave solutions, singular solitary wave solutions and the
trigonometric function solutions of the conformable space-time
fractional fourth-order Pochhammer-Chree equation (1.1) using the
unified sub-equation method combined with the conformable space-
time fractional derivatives described in Sec. 3. On comparing our
results in this article with that obtained in**=° using different methods,
we conclude that the Jacobi elliptic solutions obtained in our article
are new, while some solitary wave solutions, singular solitary wave
solutions and the trigonometric function solutions obtained in our
article are equivalent to that obtained in**-*°. From these discussions,
we conclude that the proposed method of Sec.3, is direct, concise
and effective powerful mathematical tools for obtaining the exact
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solutions of other nonlinear evolution equations. Finally, our results
in this article have been checked using the Maple by putting them
back into the original equation (1.1).%’

Acknowledgements

None.

Conflict of interest

The author declares that there is no conflict of interest.

References

1.

Ablowitz MJ, Clarkson PA, Solitons, nonlinear evolution equation and
inverse scattering. New York: Cambridge University press; 1991.

Hirota R. Exact solutions of KdV equation for multiple collisions of
solitons. Phys Rev Lett. 1971;27(18):1192—1194.

Miura MR. Bécklund transformation. Berlin: Springer; 1978.

Lu B. Bécklund transformation of fractional Riccati equation and its
applications to nonlinear fractional partial differential equations. Phys Rev
Lett. 2012;376(28-29):2045-2048.

Weiss J, Tabor M, Carnevale G. The Painlevé property for partial
differential equations. J Math Phys. 1983;24:522-526.

He JH, Wu X H. Exp—function method for nonlinear wave equations.
Chaos Solitons Fract. 2006;30(3)700-708.

EL-Wakil SA, Madkour MA, Abdou MA. Application of exp—function
method for nonlinear evolution equations with variable coefficients. Phys
Lett A. 2007;369(2):62-69.

Wang M, Li X, Zhang J. Sub—ODE method and solitary wave solutions for
higher order nonlinear Schrodinger equation. Phys Lett A. 2007;363(2):96—
101.

Zhang S, Wang W, Tang JL. The improved sub-ODE method for a
generalized KdV-mKdV equation with nonlinear terms of any order. Phys
Lett A.2008; 372(21):3808-3813.

.Lu D, Liu C. A sub-ODE method for generalized Gardner and BBM

equation with nonlinear terms of any order. Applied Mathematics and
Computation. 2010;217(4):1404-1407.

.Liu S, Fu Z, Liu S, et al. Jacobi elliptic function expansion method

and periodic wave solutions of nonlinear wave equations. Phys Lett A.
2001;289(2):69-74.

.Lu D, QShi Q. New Jacobi elliptic functions solutions for the combined

KdV-mKdV equation. Int J Nonlinear Sci. 2010;10(3):320-325.

. Wazwaz AM. The tanh and the sine—cosine methods for a reliable treatment

of the modified equal width equation and its variants. Commu Nonlinear
Sci Nurner Simul. 2006;11(2):148-160.

. Wazwaz AM. The tanh and the sine—cosine methods for solving the KP—

MEW equation. Int J Comput Math. 2005;82(2):235-246.

. Xu GQ. New types of exact solutions for the fourth-order dispersive

cubic—quintic nonlinear Schrodinger equation. Applied Math Comput.
2011;217(12):5967-5971.

. Wang M, Li X, Zhang J. The (]G’/G —expansion method and travelling

wave solutions of nonlinear evolution equations in mathematical physics.
Phys Lett A. 2008;372:(4):417.

. Zayed EME, Gepreel KA. The modified G /G| expansion method and

its applications to construct exact solutions for nonlinear PDEs. Wseas
transactions on mathematics. 2011;8 (10):270-278.

. Zayed EME. A note on the modified simple equation method applied to

Sharma—Tasso—Olver equation. Appl Math Comput. 2011;218(7):3962—
3964.

20.

2

—_

22.

23.

24.

25.

26.

217.

28.

29.

30.

3

—_

33.

34.

35.

36.

37.

38.

39.

Copyright:

©2018 Zayed etal. 463

. Zayed EME. Abdul-Ghani Al-Nowehy, The modified simple equation

method, the exp—function method and the method of soliton ansatz
for solving the long—short wave resonance equations. Z Naturforsch.
2016;71A(2):103-112.

Zayed EME, Al-Nowehy AG. Exact solutions of the Biswas—Milovic
equation, the ZK(m,n,k) equation and the K(m,n) equation using the
generalized Kudryashov method. Open phys. 2016;14(1):129-139.

. Zayed EME. Moatimid GM, Al-Nowehy AG. The generalized Kudryashov

method and its applications for solving nonlinear PDEs in mathematical
physics. Scientific J Math Res. 2015;5:19-39.

Ma WX, Huang T, Zhang Y. A multiple exp—function method for nonlinear
differential equations and its application. Phys Script. 2010;82(6):065003.

Zayed EME, Al-Nowehy AG. The multiple exp—function method and the
linear superposition principle for solving the (2+1)-Dimensional Calogero—
Bogoyavlenskii—Schiff equation. Z Naturforsch. 2015;70A(9):775-779.

Zayed EME, Arnous AH. DNA dynamics studied using the homogeneous
balance method. Chin Phys Lett. 2012;29(1):080203-080205.

Sirendaoreji S. A new auxiliary equation and exact travelling wave
solutions of nonlinear equations. Phys Lett 4. 2006;356(2):(2006):124—
130.

Sirendaoreji S. Exact travelling wave solutions for four forms of nonlinear
Klein—Gordon equations. Phys Lett A. 2007;363(5):440-447.

Xu G. Extended auxiliary equation method and its applications to three
generalized NLS equations. 4bst Appl Anal. 2014:7.

Zayed EME, Alurrfi KAE. Extended auxiliary equation method and
its applications for finding the exact solutions for a class of nonlinear
Schrodinger—type equations. Appl Math Comput. 2016;289(1):111-131.

Zayed EME, Alurrfi KAE. New extended auxiliary equation method
and its applications to nonlinear Schrodinger—type equations. Optik.
2016;127(20):9131-9151.

Biswas A, Milovic D, Edwards M. Mathematical Theory of Dispersion—
Managed Optical Solutions. USA: Springer—Verlag; 2010.

.Sarma AK, Saha M, ABiswas A. Optical solutions with power law

nonlinearity and Hamlitonian perturbations : an exact solution. Journal of
Infrared Millimeter and Terahertz Waves. 2010;31(9):1048-1056.

.Zhou Q, Zhu Q, Savescu M, et al. Optical solutions with nonlinear

dispersion in parabolic law medium. Proc Romanian Acad Ser A.
2013;16(2):195-202.

Cevikela AC, Aksoy E, Giinerb O, et al. Dark—bright soliton solutions for
some evolution equations. /nt J Nonlinear Sci. 2013;16(3):195-202.

Zeng X, X. Yong X. A new mapping method and its applications to
nonlinear partial differential eqations. Phys Lett A. 2008;372(4):6602—
6607.

Zayed E M E, Al-Nowehy A G. Solitons and other exact solutions for a
class of nonlinear Schrodinger-type equations. Optik. 2017;130:1295-
1311.

El-Shiekh RM, Al-Nowehy AG. Integral methods to solve the variable
coefficient NLSE. Z Naturforsch. 2013;68a:225-260.

Moatimid GM, El-Shiekh RM, Al-Nowehy AG. New exact solutions
for the variables coefficients two—dimensional Burger equations without
restrictions on the variable coefficient. Nonlinear Sci Lett A. 2013;4(1):1-
7.

Li LX, Li QE, Wang LM. The (tg,lj — expansion method and its
applications to traveling wave solutions of the Zakharov equations. App/
Math J Chin Univ. 2010;25(4):454-462.

Zayed EME, Alurrfi KAE. The ({g,lj — expansion method and its
applications for solving two higher order nonlinear evolution equations.
Math Prob Eng. 2014:521712.

Citation: Zayed EME, Shohib RMA.The unified sub-equation method and its applications to conformable space-time fractional fourth-order pochhammer-
chree equation. Phys Astron Int J. 2018;2(5):451-464. DOI: 10.15406/paij.2018.02.00 124


https://doi.org/10.15406/paij.2018.02.00124
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.27.1192
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.27.1192
https://www.sciencedirect.com/science/article/pii/S0375960112005580
https://www.sciencedirect.com/science/article/pii/S0375960112005580
https://www.sciencedirect.com/science/article/pii/S0375960112005580
https://aip.scitation.org/doi/pdf/10.1063/1.525721?class=pdf
https://aip.scitation.org/doi/pdf/10.1063/1.525721?class=pdf
https://www.sciencedirect.com/science/article/pii/S0960077906002293
https://www.sciencedirect.com/science/article/pii/S0960077906002293
https://www.sciencedirect.com/science/article/pii/S0375960106017002
https://www.sciencedirect.com/science/article/pii/S0375960106017002
https://www.sciencedirect.com/science/article/pii/S0375960106017002
https://www.sciencedirect.com/science/article/pii/S0375960108003095
https://www.sciencedirect.com/science/article/pii/S0375960108003095
https://www.sciencedirect.com/science/article/pii/S0375960108003095
https://www.sciencedirect.com/science/article/abs/pii/S0096300309005323
https://www.sciencedirect.com/science/article/abs/pii/S0096300309005323
https://www.sciencedirect.com/science/article/abs/pii/S0096300309005323
https://www.sciencedirect.com/science/article/pii/S0375960101005801
https://www.sciencedirect.com/science/article/pii/S0375960101005801
https://www.sciencedirect.com/science/article/pii/S0375960101005801
https://pdfs.semanticscholar.org/c3c2/14e95d73476d99d2225d9c1984a00850bb9b.pdf
https://pdfs.semanticscholar.org/c3c2/14e95d73476d99d2225d9c1984a00850bb9b.pdf
https://www.sciencedirect.com/science/article/pii/S1007570404001522
https://www.sciencedirect.com/science/article/pii/S1007570404001522
https://www.sciencedirect.com/science/article/pii/S1007570404001522
https://www.tandfonline.com/doi/abs/10.1080/00207160412331296706
https://www.tandfonline.com/doi/abs/10.1080/00207160412331296706
https://www.sciencedirect.com/science/article/abs/pii/S0096300310012087
https://www.sciencedirect.com/science/article/abs/pii/S0096300310012087
https://www.sciencedirect.com/science/article/abs/pii/S0096300310012087
http://www.wseas.us/e-library/transactions/mathematics/2011/53-555.pdf
http://www.wseas.us/e-library/transactions/mathematics/2011/53-555.pdf
http://www.wseas.us/e-library/transactions/mathematics/2011/53-555.pdf
https://www.sciencedirect.com/science/article/abs/pii/S009630031101191X
https://www.sciencedirect.com/science/article/abs/pii/S009630031101191X
https://www.sciencedirect.com/science/article/abs/pii/S009630031101191X
https://www.degruyter.com/view/j/zna.2016.71.issue-2/zna-2015-0414/zna-2015-0414.xml
https://www.degruyter.com/view/j/zna.2016.71.issue-2/zna-2015-0414/zna-2015-0414.xml
https://www.degruyter.com/view/j/zna.2016.71.issue-2/zna-2015-0414/zna-2015-0414.xml
https://www.degruyter.com/view/j/zna.2016.71.issue-2/zna-2015-0414/zna-2015-0414.xml
https://www.degruyter.com/view/j/phys.2016.14.issue-1/phys-2016-0013/phys-2016-0013.xml
https://www.degruyter.com/view/j/phys.2016.14.issue-1/phys-2016-0013/phys-2016-0013.xml
https://www.degruyter.com/view/j/phys.2016.14.issue-1/phys-2016-0013/phys-2016-0013.xml
http://iopscience.iop.org/article/10.1088/0031-8949/82/06/065003/meta
http://iopscience.iop.org/article/10.1088/0031-8949/82/06/065003/meta
https://www.degruyter.com/view/j/zna.ahead-of-print/zna-2015-0151/zna-2015-0151.xml
https://www.degruyter.com/view/j/zna.ahead-of-print/zna-2015-0151/zna-2015-0151.xml
https://www.degruyter.com/view/j/zna.ahead-of-print/zna-2015-0151/zna-2015-0151.xml
https://www.sciencedirect.com/science/article/pii/S0375960106004154
https://www.sciencedirect.com/science/article/pii/S0375960106004154
https://www.sciencedirect.com/science/article/pii/S0375960106004154
https://www.sciencedirect.com/science/article/pii/S0375960106018263
https://www.sciencedirect.com/science/article/pii/S0375960106018263
https://www.hindawi.com/journals/aaa/2014/541370/
https://www.hindawi.com/journals/aaa/2014/541370/
https://www.sciencedirect.com/science/article/abs/pii/S0096300316302648
https://www.sciencedirect.com/science/article/abs/pii/S0096300316302648
https://www.sciencedirect.com/science/article/abs/pii/S0096300316302648
https://www.sciencedirect.com/science/article/pii/S0030402616305514
https://www.sciencedirect.com/science/article/pii/S0030402616305514
https://www.sciencedirect.com/science/article/pii/S0030402616305514
https://www.springer.com/in/book/9783642102196
https://www.springer.com/in/book/9783642102196
https://link.springer.com/article/10.1007%2Fs10762-010-9673-5
https://link.springer.com/article/10.1007%2Fs10762-010-9673-5
https://link.springer.com/article/10.1007%2Fs10762-010-9673-5
http://www.acad.ro/sectii2002/proceedings/doc2015-2/05Biswas.pdf
http://www.acad.ro/sectii2002/proceedings/doc2015-2/05Biswas.pdf
http://www.acad.ro/sectii2002/proceedings/doc2015-2/05Biswas.pdf
https://pdfs.semanticscholar.org/3536/d05690779ee29db90123e95dbbf11409f5e9.pdf
https://pdfs.semanticscholar.org/3536/d05690779ee29db90123e95dbbf11409f5e9.pdf
https://www.sciencedirect.com/science/article/pii/S0375960108013650
https://www.sciencedirect.com/science/article/pii/S0375960108013650
https://www.sciencedirect.com/science/article/pii/S0375960108013650
https://www.sciencedirect.com/science/article/pii/S0030402616314528?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0030402616314528?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0030402616314528?via%3Dihub
http://www.znaturforsch.com/s68a/s68a0255.pdf
http://www.znaturforsch.com/s68a/s68a0255.pdf
https://link.springer.com/article/10.1007/s11766-010-2128-x
https://link.springer.com/article/10.1007/s11766-010-2128-x
https://link.springer.com/article/10.1007/s11766-010-2128-x
https://www.hindawi.com/journals/mpe/2014/746538/
https://www.hindawi.com/journals/mpe/2014/746538/
https://www.hindawi.com/journals/mpe/2014/746538/

The unified sub-equation method and its applications to conformable space-time fractional fourth-order

pochhammer-chree equation

40.

41.

42.

43.

44,

45.

46.

47.

48.

Bin L, Hong—Qing Z. A new variable coefficient algebraic method
and non-traveling wave solutions of nonlinear equations. Chin Phys.
2008;B17:3974-3984.

Li B, Chen Y. Nonlinear partial differential equations solved by projective
Riccati equations ansatz. Z Naturforsh. 2003;58(10):511-519.

Zayed EME, Alurrfi KAE. The generalized projective Riccati equations
method for solving nonlinear evolution equations in mathematical physics.
Abstract and Appl Anal. 2014;259190.

Conte R, Musettle M. Link between solitar waves and projective Riccati
equations. J Phys A Math & Gene. 1992;25(1)5609-5623.

Yan ZY. Generalized method and its applications in the higher—order
nonlinear Schrodinger equation in nonlinear optical fibers. Chaos solitons
Fractals. 2003;16(5):759-766.

Chree C. Longitudinal vibrations of a circular bar. Quarterly Journal of
Mathematics. 1886;21:287.

Zhang WL. Solitary wave solutions and kink wave solutions for a
generalized PC equation. Acta Math Appl Sinica. 2005;21(2005):125-134.

Zuo JM. Application of the extended (G'/ G) — expansion method to solve
the Pochhammer—Chree equations. Appl Math Comput. 2010;217(1)376—
383.

Zayed EME. Equivalence of the (Gl/ G) — expansion method and the tanh—

49.

50.

5

—

52.

53.

54.

55.

56.

Copyright:

©2018 Zayed eral. 404

coth function method. A4/P Conference Proceedings. 2010;1281(1):2225—
2228.

Wazwaz AM. The tanh—coth and the sine—cosine methods for kinks
solutions and periodic solutions for the Pochhammer—Chree equations.
Appl Math Comput. 2008;195(1):24-33.

Parand K, Rad J. Some solitary wave solutions of generalized
Pochhammer—Chree equation via Exp function method, World Academy
of science. Engineering and Technology. 2010;43:423.

. Khalil R, Al-Horani M, Yousef A. A new definition of fractional derivative.

J Comput Appl Math. 2014;264(1):65-70.

Abdeljawad T. On conformable fractional calculus. J Comput Appl Math.
2015;279(1):57-66.

Eslami M, Rezazadeh H. The first integral method for Wu—Zhang system
with conformable time— fractional derivative. Calcolo. 2006;53(3):475—
485.

Chandrasekharon K. Elliptic function. Germany: Springer; 1978.

Patrick DV. Elliptic function and Elliptic curves. New York: Cambridge
University Press; 1973.

Zayed EME, Amer YA, Shohib RMA. The Jacobi elliptic function
expansion method and its applications for solving the higher— order
dispersive nonlinear Schrodinger equation. Sci J Math Res. 2014;4:53-72.

Citation: Zayed EME, Shohib RMA.The unified sub-equation method and its applications to conformable space-time fractional fourth-order pochhammer-
chree equation. Phys Astron Int J. 2018;2(5):451-464. DOI: 10.15406/paij.2018.02.00 124


https://doi.org/10.15406/paij.2018.02.00124
https://www.degruyter.com/view/j/zna.2003.58.issue-9-10/zna-2003-9-1007/zna-2003-9-1007.xml
https://www.degruyter.com/view/j/zna.2003.58.issue-9-10/zna-2003-9-1007/zna-2003-9-1007.xml
https://www.hindawi.com/journals/aaa/2014/259190/
https://www.hindawi.com/journals/aaa/2014/259190/
https://www.hindawi.com/journals/aaa/2014/259190/
http://iopscience.iop.org/article/10.1088/0305-4470/25/21/019/pdf
http://iopscience.iop.org/article/10.1088/0305-4470/25/21/019/pdf
https://www.sciencedirect.com/science/article/pii/S0960077902004356
https://www.sciencedirect.com/science/article/pii/S0960077902004356
https://www.sciencedirect.com/science/article/pii/S0960077902004356
https://www.sciencedirect.com/science/article/abs/pii/S0096300310006314
https://www.sciencedirect.com/science/article/abs/pii/S0096300310006314
https://aip.scitation.org/doi/abs/10.1063/1.3498417?journalCode=apc
https://aip.scitation.org/doi/abs/10.1063/1.3498417?journalCode=apc
https://aip.scitation.org/doi/abs/10.1063/1.3498417?journalCode=apc
https://aip.scitation.org/doi/abs/10.1063/1.3498417?journalCode=apc
https://aip.scitation.org/doi/abs/10.1063/1.3498417?journalCode=apc
https://aip.scitation.org/doi/abs/10.1063/1.3498417?journalCode=apc
https://www.sciencedirect.com/science/article/abs/pii/S0096300307005139
https://www.sciencedirect.com/science/article/abs/pii/S0096300307005139
https://www.sciencedirect.com/science/article/abs/pii/S0096300307005139
https://waset.org/publications/12551/some-solitary-wave-solutions-of-generalized-pochhammer-chree-equation-via-exp-function-method
https://waset.org/publications/12551/some-solitary-wave-solutions-of-generalized-pochhammer-chree-equation-via-exp-function-method
https://waset.org/publications/12551/some-solitary-wave-solutions-of-generalized-pochhammer-chree-equation-via-exp-function-method
https://www.sciencedirect.com/science/article/pii/S0377042714000065
https://www.sciencedirect.com/science/article/pii/S0377042714000065
https://www.sciencedirect.com/science/article/pii/S0377042714004622
https://www.sciencedirect.com/science/article/pii/S0377042714004622
https://link.springer.com/article/10.1007/s10092-015-0158-8
https://link.springer.com/article/10.1007/s10092-015-0158-8
https://link.springer.com/article/10.1007/s10092-015-0158-8

	Title
	Abstract 
	Keywords
	PACS
	Introduction
	The graphical representations of some solutions 
	Conclusion
	Acknowledgements
	Conflict of interest 
	References
	Figure 1 
	Figure 2
	Figure 3
	Figure 4
	Figure 5
	Figure 6
	Figure 7
	Figure 8
	Figure 9
	Figure 10
	Figure 11
	Figure 12

