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Introduction
Over the years, the Schrodinger Equation (SE) has proved an 

excellent tool for the study of quantum systems. The SE is solved in 
the non–relativistic limit both exactly and approximately. It is solved 
approximately for an arbitrary non–vanishing angular momentum 
quantum number, 0l ≠ and solved exactly for an s–wave ( )0l = by 
the path integral method,1 operator algebraic method,2 or power series 
method.3–4These are however traditional methods of solving the SE 
analytically.

Alternatively, it can be solved by the NU method,5 shifted 1 / N
expression,6 supersymmetric quantum mechanics,7 and a host of other 
methods.8–9 We use the NU method in this work and compare our 
results with those obtained by Greiner et al.10

Various authors have studied the Harmonic Oscillator Potential 
(HOP). For example, Ikot et al.11 derived the energy eigenvalues 
and eigenfunctions for the two–dimensional HOP in Cartessian and 
Polar coordinates using NU method. Wang et al.12 determined the 
viral theorem for a class of quantum nonlinear harmonic oscillators, 
Amore & Fernandez13 studied the two–particle harmonic oscillator in 
a one–dimensional box and Greiner & Maruhn10 obtained the energy 
eigenvalues and eigenfunctions of the HOP in cylindrical basis by 
factorization method.

However, it must be noted that the choice of basis set is a matter 
of whether the spin–orbit coupling or the deformation of the potential 
is more important. In practice this depends on deformation near 
spherical shapes. But the spin–orbit coupling splits the levels much 
more than the deformation, while for large deformation the cylindrical 
basis is closer to the true states.10 In cylindrical basis ( ), , zρ φ , the 
HOP is of the form:10
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2
V z z

ω
ρ ρ= +  	                               (1)

Where ω is the frequency of the oscillator.

The Nikiforov–Uvarov (NU) method
The NU method5 is used for solving any linear, second–order 

differential equation of the hypergeometric type:
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Where ( )sσ and ( )sτ are polynomials of at most, second–degree 
and ( )sτ is a first degree polynomial. The primes denote derivatives 
with respect to the variable s. The function ( )n sψ can be decomposed 
as

	  ( ) ( ) ( ) ,n n ns s y sψ ϕ=                                                      (3)

So that equation (2) takes the hyper geometric from
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Where the function ( )n sϕ  is obtained from the logarithmic 
derivative
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Here, ( )sπ  is a first–degree polynomial defined as
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Where k is obtained under the condition that the discriminant of 
the root function of order 2 is set to zero, so as to ensure that ( )sπ is 
a first degree polynomial.

 The other part ( )ny s is the hypergeometric type function whose 
polynomial solutions are given by the Rodrigues relation
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Where nB is a normalization constant and ( )sρ is the weight 
function given by
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By computing

	  ( ) ( ) ( )2 ,s s sτ τ π= +     		                              (9)

Subject to the condition

	
( ) 0sτ ′ <                                                                            (10)

and equating
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with

	 ( ) ,k sλ π ′= +  				                 (12)

the energy eigenvalues equation is obtained.

Solutions of the Schrödinger equation (SE) in 
cylindrical coordinates

In orthogonal curvilinear coordinates iq , with scale factors ih
the SE for a particle of mass M having energy E, interacting with a 
potential ( )iV q  is given by
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With the identifications14

1 2 3 1 2 31, , 1, , , 3j jh h h q q q z nρ ρ φ= = = = = = =  and with the 

potential (1), Equation (13) takes the form10

( ) ( ) ( )
2 2 2 2 2

2 2
2 2 2 2

1 1
, , , ,

2 2
z z E z

M z

ω
ρ ψ ρ φ ψ ρ φ

ρ ρ ρ ρ φ

− ∂ ∂ ∂ ∂
+ + + + + =

∂ ∂ ∂ ∂

  
  

  



 	
								      
						                  (14)

By using the decomposition

( ) ( ) ( ) ( ), , z zψ ρ φ ζ χ ρ η φ=  			                    (15)

Equation (14) reduces to the following equations:
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Where µ and Λ are separation constants. 

Solution of the φ – equation 

The φ  –equation is easily solved to give
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π
= = ± ± 	 	             (19)

Solution of the ρ – equation

By using the transformation 2 ,sρ →  Equation (17) reduces to the 
hyper geometric form
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Where
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Comparing Equation (20) with Equation (2), we obtain the 
following polynomials
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On setting the discriminate of ( )sπ to zero, we obtain the following 
expressions for ( )sπ
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so that
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and

	
( ) ( ) 0,  1 , 0 s s s sinceτ µ β τ β β′= + − = − < >               (24)

Thus,

	
,

2 2

βµ β
λ α= − − 	                                                                (25)

and using (11), 

	 n nλ λ β= =                                                                      (26)

Equating (25) and (26) yields the condition for Λ :

	 ( )2 1nω µΛ = + +  			              (27)

Using Equations (21, 23 & 5), we obtain the function ( )sφ as
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Where µα is the integration constant. The weight function is 
obtained using Equations (24, 21 & 8) as
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Thus, we obtain the other part of the wave function ( )ny s as 
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Where ( )nLµ ξ are the associated Laquerre polynomials.

 Thus,
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Where pn is the number of quanta in the ρ – direction.

Solution of the z–equation

By using the transformation 2z s→ , Equation (18) reads
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with the identification
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Following the same procedure in subsection, we obtain the 
following:

	
( ) ( ) 2 22 , ,s s s s sσ τσ β γ= = − +  		              (34)

with

	

( )
1

,
1 2 2
2 1

,
2 2

s for k
s

s for k

γ β
β

π
γ β

β

+

−

+
+ =

= ±
−

− =







 	                    (35)

so that
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Using the condition (27), the energy eigenvalues of the system 
become
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where

		  2 2 1.n nρ= +

This is a unique result and we note that nρ counts twice because 
it contains two oscillator directions and the angular momentum 
projection, µ contributes to the energy because of the centrifugal 
potential. 

The wave function ( )sϕ  is obtained as

		
( ) /2s
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and the weight function
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Using the relation15,16
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Where ( )nz
H ζ are the Hermite Polynomials of order zn .
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Thus, the complete wave function for the HOP in cylindrical basis 
is expressed as
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+−
= 	

  								      
				                                                (45)

Equations (45, 38 & 27) are the same as those obtained by Greiner 
et al.10 By using the normalization condition17–19
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we obtain the normalization constant nz nN µυ
as 
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The probability current
The probability current is defined as17
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or in cylindrical coordinates 
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where we have adopted the notation 
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Taking the conjugate of the above derivatives, we obtain 

expressing for
1

, , zρ φ
ρ

∂ ∂ ∂ . Thus, the probability current for the 

harmonic oscillator in cylindrical basis becomes
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This indicates that the oscillator propagates along the axis of 
symmetry of the HOP.

Conclusion 
We have obtained analytically the energy eigenvalues and 

normalized eigenfunctions of the SE with the HOP in cylindrical basis 
using a quite different powerful mathematical tool: Nikiforov–Uvarov 
method. Our results are in good agreement with those obtained by 
Greiner et al.10 As an application of our results we have also determined 
the probability current of the HOP in cylindrical basis.
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