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Some new five dimensional minimal scalar-Einstein exact solutions are presented. These

new solutions are tested against various criteria used to measure interaction with the fifth
dimension. The first type of five dimensional solutions has the fifth dimension entering the
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scalar field in a similar manner to the null coordinates. The second has d = 4 spacetime the

same as in the d = 4 solution but has cross terms between the fifth dimension and the null

coordinates. The third has a conformal factor multiplying the d = 4 solution.
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Introduction

The use of the scalar-Einstein field equations and their solutions
seems to have gone through four, perhaps related, stages. In the first
stage! solutions were sought which it was hoped would represent an
elementary particle such as a meson. How the scalar field decays
from such solutions might effect the Yukawa potential has been
discussed. by Roberts? In the second stage it was noticed that most
scalar-Einstein solutions do not have event horizons. It was shown
that no event horizons happen under fairly general conditions in the
static case.’ In the non-static case there are imploding solutions which
create curvature singularities out of nothing,** these examples have
no overall mass, but there is a mass in the corresponding conformal-
scalar solutions.® In the third stage exact scalar-Einstein solutions
where found to be critical cases in the numerical study of stellar
collapse.” In the fourth stage exact scalar-Einstein solutions were
canonically quantized.®

Contemporary attempts at quan- tum gravity and unification
usually involve more than the observable four dimensions.>!® It
is possible that models in five dimensions might provide testable
cosmological models Randall L & Sundrum R or be testable on the
scale of the solar system by Wesson, Mashhoon & Lui'® or perhaps
be testable microscopically.' To build a five dimensional model in
addition to an exact solution one needs to prescribe another piece of
information: how the four dimensional spacetime is embedded in the
five dimensional spaces. This is typically done by requiring that the
four dimensional spacetime is a four dimensional surface in a five
dimensional space, this can be achieved by choosing a normal vector
field n“ =% to the surface. Once five dimensional scalar-Einstein
solutions have been found there turns out to be many in equivalent
ways of doing this and it is not immediate which the best is. For
simplicity here mainly solutions to the field equations R , = 2¢_¢, are
discussed. In particular these field equations and spherical symmetry
require R, = 0 so that there is no self-interaction, such as mass, for
the scalar field, and also there is no cosmological constant present,
both of these require Rj,a g, . The cosmological con- stant is often
taken to be related to a brane tension, so that the examples here are
for zero tension.

Most calculations were done using Maple 9.

The four dimensional solutions
In single null coordinates the line element is
ds? = ~(1+206)dv’ + 2dvdr + r(r — 20v)d32,d3’ = d6” +sin(6) dg”. )
The scalar field takes the form
= élnu S} (@)

.
To transformation to double null coordinates use

, 3)

So that the line element becomes

u=(1+20c)v-2r

1
ds; = —dudv +Y*dZ,Y* = —((1+20) - u)((1 - 20)v —u) 4)
4

WhereY is the luminosity distance. In double null coordinates the
scalar field takes the form
N et | )
2 (1+20)v-u
Roughly speaking a Killing vector is a vector which points in
a direction that space does not change, so if you go in its direction
everything looks the same. Examples are time like killing vectors
which is part of the requirement as to whether a spacetime is static
and various rotational killing vectors. Homethetic means that where
there was a zero for a Killing vector there is now a term proportional
to the metric, so that going in the direction of the Killing vector things
change by a constant amount. A gradient vector is a vector which is
just the derivative of a single scalar, in general several scalars are
needed. The solution has a homothetic gradient Killing vector with
conformal factor —2c¢ and potential, norm, acceleration, expansion,
vorticity and orthogonality

V=cuv,VV =2cV,A" =cV",0=-8c,0=0,V'p, =0. (6)

The Ricci tensor is a two index contraction of the four index
Riemann tensor, it can be further contracted to give the Ricci scalar.
The Riemann tensor is constructed from the first and second derivatives
of the metric and is a measure of the curvature. The general relativity
field equations which related matter to geometry can be expressed
in terms of either the Ricci tensor or Einstein tensor. Here the Ricci
scalar is simply expressed
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R 207wy 7
- vt . ( )
The Weyl tensor is constructed from the Riemann tensor. In general
relativity its contractions vanish and it is conformally invariant, which
means that if the metric is multiplied by a function it remains the
same. Using the preferred vector field £lvl,, =3k the magnetic part of
the Weyl tensor vanishes, and the electric part has one component

E[v], =— ®)

With X E[v],, =0. Using the preferred vector field V' the square
root of the completely transected Bell-Robinson tensor is a measure
of the gravitational energy and is

JBiv1- ©)

Substituting into the definition of the Weyl tensor the product
invariants obey

2
¢ ouvR.

2
WeyI2 = Rie® — Ricci® + R®. (10)
. d-2 (d—1)(d—2) o
The product invariants can be expressed in terms of the Ricci scalar
R, =32"*R*,R,=-32°R’,R, =372""R" (11)
As can the non-vanishing Carminati-McLenaghan'® invariants
R =32"R*,R,=-32"R’,R,=372""R", (12)

-1.,-5 4

R(M,)=M,=3"2°R" M, =37"2°R°

=372°F mm,) =37 2R

R(M,)=M, =3"2°R" M, =37"2°R°, ®(M,)=3"2°R".

The first five dimensional solutions

In double null coordinates the first five dimensional generalization
of the four dimensional solution is

(13)

2 2 2 2
dsg =— dudv +Y"d¥, +dy

1-ap
4Y? = (1 + 20 —u+2ax)(1 - 20 —u+2By),

(1-20)v-u+2p8y
¢7=71n( )!
2 (1+20)-u+lay

The solution has a homothetic gradient Killing vector with
conformal factor ¢ and potential, norm, acceleration and expansion

c C 2 a a
———uv+— " ,norm[V]=2cV,A" =cV",©0=5¢c (14)
208 -1 2

V=

And the vorticity vanishes. Defining

y=[1-20)a-(1+20)p (15)

The Ricci scalar is given by

R=[160"(1 - aB)uv + (@ - Bu- )’ +4(1 - aB)2o((a - B+ )+ (a - Bi)z) / @Y *) (16)

The product invariants are again completely determined by the
Ricci scalar, however contrasting with (11) this time
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11
Rie” =3R* ,Ricci’ = R* ,Weyl’ = ;R ’ (17)
So that the fraction multiplying the Weyl invariant has increased
by 1/2 from 4/3 to 11/6, signifying that there is more gravitational
field present.

The relationship between the product invariants (10) is obeyed by
both (11) and (17).

Projecting onto a surface

n =38%,
a a

(18)

Which has vanishing acceleration and rotation, and expansion,
shear and extrinsic curvature given by

0= 7%(0(((1 —20)Vv—-u)+4afy+ p((1+20)—-u,
2Y

(uv)

0
O 7( —20 b uy + 5 bgGH qu'g‘/’f/’ )G)'O-(n) == 24-Y2 0, 5 (19)

K, = gin, = (5

a "b;c

bgOO bgqnp)@

Respectively. The projected Weyl tensor is

cd a b

e _Cacbdn ng, gf’ (20)

Here

1
E =-—R ,E =-

uu u’ S
3

1 1 1 12
;RW'EW = *ng - ;RHW'EW = g%(zR + 5(1 ~ap)R,)

2]

Transferring to single null coordinates using (3), further changing
coordinates using

r'=r+a;(,v'=v+w,0’¢0, (22)
20
And dropping the primes, the solution becomes
ds* = (1+20) v’ + 2 dvdr +r(r - ZUv]de
(1-ap) (1-ap)
+(a_[1+20)mdvd;(— (a-75) drdy+(1- (l;—ﬂ)r Vit (23)
o(l-af) o(l-ap) 40" (1-ap)
20v
7ln(1 -5

r

With y given by (15). Features of the line element in this form are
that 1) it is of the same form as the four dimensional case except for
constant factors. Truncating the line element (23) by simply putting
everything involving ¥ to zero, gives non vanishing R, = R, = aff
and simple relationships between the product invariants, such as
(17), are lost; however taking one of @ or fto vanish gives back
(1). Going back to the five dimensional case (23) g - _rexp(ap)/v? 1VES
O =-rexp(2¢)/ Y® so that there is essentially one independent
object the scalar field ¢, the projected Weyl tensor (20) now does not
have a dependence on y but does not seem to be simply expressible
in terms of the scalar field y. 2) y does not appear explicitly in the
metric, 3) THE scalar field takes exactly the same form as in the four
dimensional case, 4)there are no non-vanishing Riemann or Ricci
tensor y indexed components, but there are Weyl tensor y indexed
components, also no component depends on y . The Ricci scalar is

R=[(a - B)'r’ —4omv(20(1-ap) +ala - ) + 4oV (1 +20)(1 - af) +a’)] / (2¥"). (24)
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Using the same projection vector (18), the acceleration and shear
vanish, the extrinsic curvature take the same form as in (19) the
expansion is

2ao0v —(a+ B)r

YZ

(25)
And the shear is

10 o0
dﬂ:’?@)'%b **(5:;999*5 9, )®

2
(B-a)y (26)

" 46'(1-ap)-(a - By

The projected Weyl tensor (20) has__ components and does not
seem to be simply expressible. For o = 0 the coordinate transformation
(22) and the metric (23) are not defined; definingt =v-r,(14)
reduces to

ds’ = (- dt’ +dr’ )+[r+a;()(r+ﬂl)d2 +d;( (p—fln( Az

%4
+— (5bg +§bgr1+6bgvv+5bgvl S 9

), @7

1-ap r+ay

Which does not seem to further simplify. With respect to the vector
field x,rie* =0, many Lie derivatives vanish, in particular X, Rie® =0.
For (27) when & = S the metric is flat.

The second five dimensional solution

In double null coordinates the second five dimensional
generalization of the four dimensional solution is

ds? = —dudv + Y?d5} + 28(x)’ dx((1 + 20)dv + du) + a(2)’ 7 (1 - 20 v —u)' dz”,

(28)

With ¥ given by (4) and y is an arbitrary function which can
be set to 1 or 0. The line element is a scalar-Einstein solution when
the ordinary differential equation ﬂal = Za,b’l is obeyed, which
happens when either & and S are independent constants or when
,6’(;()2 =Aa(y) ., A constant. In thes=0r=1term the relative size of
the du and dv contributions is fixed by the requirement#=%7=1_The
scalar field is the same as for the four dimensional minimal scalar (2),
the fifth component vanishing identically. The only case where there
appears to be a homothetic Killing vector is when f# =0,y =1 anda
is a constant when the situation is similar to the four dimensional case.
In general this does not seem to be related to the first five dimensional
generalizations (14), because of the factor of 1 — af there. The Ricci
scalar is

326°((1+20) BV + (&7 +2(1+20)8") + pu?)

(1 +20)W -u)' (1 - 20 -u)(&’F +4(1+20)8")

29

The product invariants are again completely determined by the
Ricci scalar, and are given by (17). The Gauss-Bonnet invariant and
tensor vanish in . Ind greater than 4 they are objects constructed
from products of the Riemann tensor. Here the Gauss-Bonnet invariant
(43) and tensor (44) vanish. Projecting using (18) the acceleration and
rotation vanish and the expansion, extrinsic curvature and shear are

2

= Bjﬂz Koy = sin(0) " K,,, = _u-rzoy (30)

(u-(1-20W)(ay +4(1+20)8") 8(u—(1-20)v)

(24

4 4 2 2,4
1 a +4(1+20)a -1 w v
o, =27 ¢ a7 B 1wt Vg, + 0 g, +57g, - (5
ab 3 a272+4[1+20')ﬂ ab ab Yuv uy vy

PP
ab 9o + Oap 9 1O

All of which vanish for # = 0. The shear scalar and the projected
Weyl tensor are independent of y and do not seem to simply factor.

The third five dimensional solutions

The solution is
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ds? =y {~dudv + Yds?} +d i, :1\/%1”, @31
2\2
With the term in the brackets given by (1) and ¢, given by (5).
The con- formal factor+/ ¢ fixed by requirement R,, = 0. This is a
solution for two scalar fields to the field equations

Rop =201,01 + 205,05, (32)

The solution has a conformal Killing vector with conformal factor

and expansion
1 3

a 8 1 c -
V® =c[-2u,0,0,-2v,—— y + Ay*],Cf =—O©=——(32-34y *), (33)
3 5 12

The norm and acceleration of this vector are not simple, the
shear and the fifth dimensional components{u, y} and{v, y} of
the vorticity are non- vanishing. The Nother current is related to the
symmetry properties of a Lagrangian and is typically a vector. Here
the Nother current is

j, =ilp 0,0-90,0 )=0,p,,

~01P20- (34)

Here the Nother current is
e oymin .,
Jo = v
8 Y x
The size of Nother current is
1 3
.2 “ 2 2
Jo=——F7R o, +——o,,
. 2\/; . 8x
And this is of undetermined sign, so that the Nother current can be
time like, null, or space like.

v 1 (1-20)v—u
us, ) - —In(———)]
(1+20c)v—u

(33%)

(36)

The scalar invariants are

2
R® 3 , 11RY
=t = ,
\E 4y 6x , (37)
2 2
S . R 9
Rie” = -—x " +— Ricci” = + T
V4 4 32y V4 16y

Where R is given by (7). Using the projection vector (18),
the acceleration and rotation vanish and the expansion, extrinsic
curvature, shear, and projected Weyl tensor, which for this metric is
the same as the electric part of the Weyl tensor are

1
©="—,0(n)=— (38)
x 6
7(5bguv +§b999 5¢¢g¢xp) _7Kab’

2w

2
ox
= —u S, )+

2 Juu (uv)
E,= e V'S, +uvd,,

o uv \/7
6

(Sy 9o + Oy 9,

Five dimensional vaidya spacetime
A generalization of Vaidya’s spacetime to five dimensions is

2m(v,
ds? = \/;{_(1 - M]dv2 +2dvdr +r'd=2} +dy” (39)
r

osing the requirement that R, = 0 fixes the conformal factor

as 4/ ¥, (39) has Ricci tensor
2m,  (xm,),

w2~ [ A
r rx r 4y 2

(40)

The mdependence of m means that the four dimensional stress
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is no longer that of a null radiation field. The Rz component is non
vanishing even when m is independent of . Tﬁe Ricci scalar and
product invariants are

3 ,  48m’
R=—— Weyl" =

4y ry

7
(Ricci® = R* ,Rie" = Weyl" + ~R* (41
6

These do not explicitly involve derivatives of m with respect to
eitherv or y . Using the projection vector (18), the acceleration and
rotation vanish and the expansion, extrinsic curvature, shear, and
projected Weyl tensor, which for this metric is the same as the electric
part of the Weyl tensor are

2

1 1 r
0=—XK, = Ko =
X

W Wy

, (42)

k‘

2

1 1 r L 2m)

o=—,0, =———F—,0,, =——F,0, = ym_+r—2m)>
61 127" 12y 12ry “

1 1
2y 4 -
EVV = —7(;(4”11)1 —72mv.
3r 3r

The gauss-bonnet invariant
The Gauss-Bonnet invariant

GB=R R

cd 2
e -4R_R“ +R

(43)
And Gauss-Bonnet tensor

cde cd c
GB, =4R . R -8R R, -8R R, +4RR, 6 —g GB (44)

Vanish for the first two solutions (14), (28), and non-vanishing and
long for third scalar solution (31) and the Vaidya solution (39). There
does not seem a way of reinterpreting the scalar-Einstein solutions
as Einstein-Gauss- Bonnet solutions. For the Einstein-Gauss-Bonnet
field equations

G, +kGB, =0, (45)
There is the simple solution
ds? = exp(+ %)dsj o A2 (46)
k

is is the same as the Randall-Sundrum (1999) metric!" with
2\/:I|<11 =%/, and this allows reinterpretation of the coupling between
the Einstein tensor and the Gauss-Bonnet tensor as the cosmological
constant. There is the modified Schwarzschild spacetime

2- (47)

. +dy

ds’ = exp(
e

This has invariants:

2
4Schwarzschild

)ds

Ve

2
48m* exp(— —x)

5 , 1 ;
R=—_"",Ricci® = —R* ,Weyl* =

. 1
,Rie’ = Z Ricci® + Weyl® (48)
a 5 r 2

This is a solution to any of three field equations:

the vacuum Bach equations P, i=2R,, ~2RR, +g,(K* /2-20R)G,, + pP, =0
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The Einstein-Pauli equations
P,:=2R,, ~2RR, +g,(R" /2-20R),G, +pP, =0 With p=-3a /5,3)
the Einstein-Gauss-Bonnet equations (45) with ¢ = kand stress

2
Ta, = —§£’Wey1 :

a

Conclusion

There at least three criteria one could use to test interaction with
the fifth dimension. The first is explicit interaction. The Einstein
tensor for a minimal scalar field isG,, = 2¢,¢, - (ofgab , so that
with respect to a vector ﬁzeld v, there is the momentum transfer
7,=v G, =2¢ @v-v, @ . Such a momentum transfer seems
unavoidable for non vanishing scalar field because of the metric
(or second) term in the Einstein tensor; whether this is good or bad
depends on ones point of view. It is good if one simply wants any
indication of transfer of information. It is bad if one wants only
gravity, in the sense that R, = 0, to be present in the fifth dimension,
because there will also be the scalar field present. For the above
examples it is also bad because there is no neat way of characterizing
the energy transfer, it is not even clear when it will be time like, null,
or space like. The second is implicit interaction. By this is meant that
the four dimensional metric takes a different form than would be
expected from four dimensional theories and that this difference can
somehow be measured. To illustrate this consider (23), except for the
factor of 1 — af8 the metric truncated to four dimensions would be of
the same form as (1). Roughly the dv’® term suggests a change in the
null velocity from ¢ — ¢ / (1 — af) ; how- ever other metric terms
change as well and it turns out not to be possible to have only the null
velocity change occurring. For o = 0, given by equation (27), similar
problems apply. The third is Nother criteria. One could image scalar
fields as in some way corresponding to a quantum mechanical wave
function of some part of a system. A quantum mechanical interaction
might be indicated by a non vanishing Nother current between one part
of'the system and another. To model this one would need exact solutions
for two or more scalar fields. It turns out to be simple to produce
solutions for linear combinations of scalar fields, however these have
vanishing Nother current. Spherical symmetry imposes a high degree
of symmetry making finding solutions with a non vanishing Nother
current hard to find. An example with a non vanishing Nother current
is (31); but prop- erties of this solution include 1) the two scalar fields
are disconnected, in the sense that one scalar field de- pends on one
set of coordinates {r, v} and the other depends on { ¥} , 2) the current
can be time like, null or spacelike, and 3) there is no simple way of
characterizing what happens to any Nother charge. Another problem
in general with the Nother criteria is that in quantum cosmology the
high degree of symmetry means that there are no Nother currents.
To conclude the five dimensional scalar-Einstein equations provide
simple exact solutions with which to discuss interaction with the fifth
dimension, how ever their interpretation is difficult.
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