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In this paper, the influence of the electric field of co-rotation on the possibility of long
holding of micro-particles with dimensions on the order of tens of nm and quasi-equilibrium

charge moving along weakly elliptic orbits in the plasma-sphere of the Earth is considered
with the help of analytical and numerical methods. It is shown that, unlike the magnetic
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field, the electric field of co-rotation causes a slow change in the shape of the orbit.
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Introduction

The problems of the dynamics of fine-dispersed particles in near-
Earth space (NES) are actively considered for more than 30 years in
connection with the problem of manmade pollution of near space by
manmade micro-particles (MP). At the same time, the main attention
is paid to the determination of the characteristics of man-made MP
and the conditions for their injection into NES, capable of long-term
holding in near-Earth space. As a result of the conducted researches it
was established that the large orbital existence times in the NES can
have fairly large particles with dimensions of the order of 1-100um.
At the same time, the fundamental possibility of prolonged holding
of manmade particles of submicron sizes in the vicinity of the Earth
was questionable, since, as shown by numerical simulation data on
the dynamics of particles with dimensions of the order of 0.1-1pm
in the NES, the orbital lifetimes of MPs of the indicated sizes, as
a rule, when injected at high altitudes by a disturbing effect of the
solar pressure force'? and in low Earth orbits - by the residual gas
resistance of the upper atmosphere.>* For the first time studies of the
dynamics of smaller particles with dimensions less than 0.1pum were
carried out by us in.>¢ Received in, ; the results of numerical modeling
of the motion of these particles in the Earth’s plasma-sphere showed
that, in contrast to the previously considered submicron particles with
dimensions of the order of 0.1-1um, particles with dimensions less
than 0.1um (on the order of tens of nm) under certain conditions as a
result of disturbing effects on their the movement in the NES of the
Lorentz force acting on the electric charge accumulating on the MP
from the magnetic and electric fields of near-Earth space is able to be
held for a long time in the near-Earth space and may be, therefore, an
important factor of manmade pollution of near space.

In connection with the foregoing, it became necessary to carry out
fundamental theoretical studies of the conditions for the “capture” of
submicron particles in the vicinity of the Earth, including, on the basis
of the application of appropriate analytical methods. In the work,’
we showed that under certain model assumptions about the number,
nature, and method of determining perturbing forces acting on MP, the

problem of the dynamics of submicron particles in the plasma-sphere
admits a canonical formulation in the form of a Hamiltonian system
of equations. In this case a basis for an analytic study of the properties
of motion are methods of the qualitative theory of Hamiltonian
systems developed in the papers of Kolmogorova AN, Arnold VI and
Moser J (the so-called KAM-theory).*® Using well-known methods
of KAM-theory, we in'®!" proved that in the Earth’s plasma-sphere,
the weakly elliptic orbits of micro-particles with dimensions on the
order of tens of nm and a quasi-equilibrium charge retain their shape.
However, in the model used in,'*!" we did not take into account the
electric field of co-rotation. In this paper the influence of the electric
field of co-rotation on the possibility of prolonged holding of these
micro-particles is considered with the help of analytical and numerical
methods.

General canonical formulation of the problem
of the motion of a particle with a locally
equilibrium electric charge in the terrestrial
plasma-sphere

A general condition for the correctness of the canonical formulation
of the problem of the motion of a micro-particle in the NES is the
possibility of representing all forces acting on the MF in the form:'

au’ 4 au’
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Wherer’ =¥/ (x,,x,,x,,0) - ordinary potential U~ (x:%,.x,08.4,.8,.0)
is a generalized potential. When the MP moves at sufficiently high
altitudes, the resistance force of the background gas of the upper
atmosphere can be neglected and, therefore, the main forces acting
on the MP are the gravitational force, the solar pressure force, and
the Lorentz force. The velocity-independent gravitational force and
the solar pressure ggrce (fosg the spherical MP) are represented by the
usual potentials V'~ and V' " . In this case, the Lorentz force acting on
the generally variable charge of the MP from the magnetic and electric
fields of the NES, as shown by us in,” allows a representation with the
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help of a generalized potential y* when the corresponding restrictions
on the nature of the change in the charge of the MP in the process
of its orbital motion are met, and also on the features of the spatial
distribution of the magnetic and electric fields of the NES. The first of
these limitations consists in fulfilling the quasi-equilibrium condition
of the electric charge of the MP, which is determined by the local
values of the parameters of the background plasma and depends only
on the current coordinates of the MP,

0=0(r). (1)

Where r is the radius vector of the current position of the MP. The
second restriction (on the geometric characteristics of fields) consists
of the following:

BLlV,, 2)
E| Vy. (3)

As shown in,” under the conditions (1)-(3), the Lorentz force can
be represented by a generalized potential

L v-Y,
U =Y -

4)
c
Where yzand Y, are the scalar and vector coordinate functions that

satisfy equations
{ VY =0Ve

rotY, = QrotA’ ®)
In (5) ®and A —respectively, the scalar and vector potentials
acting on the MP electric and magnetic fields of the NES.

As shown in,” with allowance for (4), the Hamiltonian function
describing the dynamics of a micro-particle with a variable charge in
the NES is determined by the formula:

LY SR i I 6
H=—3%P-2| 4v4r” 4y’ (©)
2m = c
Where the components of the generalized momentum vector are
Y.
P =mi +-2

c
In’ by the results of numerical simulation, it is shown that when
the MP moves in the terrestrial plasma-sphere, the condition (1) is
fulfilled for micro-particles with radii of more than 0.01pum, whose
orbits pass at distances greater than one and a half radii of the Earth
from its surface.

The fulfillment of the same geometric conditions (2) & (3) follows
from the features of the spatial distribution of the plasma in the
plasma-sphere of the Earth. This distribution is described, as is well
known, by the model of a two-component plasma,'> consisting of a
“cold” component with a density TC o and temperature T . and
“hot” components with density n, ~and temperature 7, . In this

case, the total density of the plasma. Options n =n_,, +n cold

co hot
andn, , T, are given by the expressions [Hill, J.R., and Wipple,
E.C.1985]:
L o L T st o _ B T s 1er @)
cold ~ | = * cold ~ ) _x *
n, T <leV T, T <leV
S . . 8
n, =M To>telp o' 1t s gep ®
ot * hot
0, T <leV

Copyright:
©2018Yakovlev ecal. 49

In (7) and (8), the functions n (L) and T (L) are defined by
the formulas:

n (L) _ 10(12:) | Sm_3’ T (L) _ 0'092391}7073’ oV,

Where L is parameter of the local magnetic shell. The equilibrium
charge of the body, being a function of local density and temperature,
does not depend, therefore, on the longitudinal coordinate along the
magnetic field line, which corresponds to the fulfillment of condition
(2). In this case O = Q(L) . The main contribution to the geo-electric
field at altitudes of the plasma-sphere is made, as we know, by the
electric field of co-rotation -, :i(rxg)xn, where U is the angular
velocity vector of the Earth’s rofation. It is easy to verify that if the
geomagnetic field is approximated by a dipole magnetic field with
a magnetic moment anti-parallel to the Earth’s rotation axis, the co-
rotation field satisfies the necessary condition (3).

Main result

We make a number of additional simplifying assumptions about the
dimensions of the MP, which forms its material and the orbits of the
MP in the plasma-sphere. We confine ourselves to the consideration
of MPs with radii of the order of some hundredths of micron. For
particles of these dimensions, the efficiency of light pressure at the
MP is small'* and the influence of the solar pressure forces on the
movement of MP in the NES can be neglected. We will consider the
MP from a material with a low photoemission yield. For such particles,
in the plasma conditions of the plasma-sphere, the potential of the
MP (and, accordingly, its charge) varies insignificantly when passing
through the Earth’s shadow. Thus, in the case under consideration, the
dynamic shadowing effect of a part of the orbit of the MP can also be
neglected. Finally, we restrict our attention to the cases of the motion
of MPs along weakly elongated orbits (with eccentricities less than
0.3-0.4) lying in the near Earth part of the plasma-sphere, with perigee
height greater than the Earth’s radius. We note that in these orbits one
can neglect the disturbing effect of electric field of convection on the
motion of the MP.

Under the assumptions made, the problem under consideration
reduces to the problem of the motion of a MP with a variable electric
charge in the superposition of the central gravitational field and
the Lorentz force acting on the electric charge of the MP from the
side of the dipole magnetic field of the Earth and the electric field
of co-rotation. We note that the dipole approximation is correct for
geocentric distances from one and a half to ten Earth radii.'®

We will work in a spherical coordinate system r,9,¢ with the
origin in the center of the Earth and the polar axis passing through the
south magnetic pole. In this case, the Hamiltonian function (8) can be
written thus:

1 1

2
Y rsin9 mu
P — 2¢ _ E L,y > (9)
2,2 [ 1
2m rosin 9 c r

2 2
H=—|P +F +

Where p, -geocentric gravitational constant. The magnitude of
the electric charge Q(L)is determined as a result of a numerical
solution of the balance equation of the charging currents

i 10

J (@ Y=J +J 4T +J (19)

tot eq P p ph

field -emission
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Here is equilibrium potential, J ; is the current of plasma
electrons, J is the total current of plasma ions, J , is the current of
photoelectrons and J .- _mission is current of ﬁelﬁ emission g, is
electrical constant and R is radius of micro-particle. In the plasma-
sphere, the equilibrium charge is negative, and therefore the charging

currents in (10) are determined by the expressions in.’

We approximate the value of the MP charge by the following

polynomial
k
" L-1L
Q(L):Q0 1+Zak( 0) ’
k=1 L

Where @, is charge at L = L. Values of the coefficients &,
can be obtained by substituting expression (11) into equation (10).
It is possible to show!! that an increase in the degree of a polynomial
significantly improves the accuracy of approximation even for a
greater interval of values L .

(1n)

To obtain expressions for Y2 and Lo We use dipole coordinates
L,®,M '%formula (11) for the charge and the Lamé coefficients for
the dipol€ coordinates

RE R . L RE-L3
%ﬁ - R
(1+A)-(1+4-A) W (1+A)52v(1+4.A)12

Where A = ctg29 » R is the radius of the Earth.
Then k

o (L-L,) |1
- QB R|1+2¢, © 1 |—=drL,
k=1 I

(12)
L

n L-1L,
= Oyl | 1+El&k E e (13)

Here 2, =%+ is induction of a magnetic field in the plane of the
magnetic equator (9-*) on the surface of the Earth,'® M _ is the
magnetic moment of the Earth £, - 7C'ZRE , is the intensity of the co-

rotation field, C =92kV. 4

Without loss of generality, in order to simplify the expressions
obtained, we confine ourselves to the case of a small eccentricity of
the unperturbed Keplerian elliptic orbit and, correspondingly, the first
three terms in the polynomial (11). Then from (12) and (13) we obtain
expressions for generalized potentials

_QOBER{HénéZLo(émz&z) ézfo} ,

Lsin39 ’

2¢ 2 + 3
L 2L 3L

YI:

5,(g +2£sz)+ézfo},

0, N 1+& +&,
\/ 2 - 2 3
sin9 - V1+3cos & L 2L 3L

Which in spherical coordinates have the for

. .2 2. 2 4
_QOME sind| 1+& +&, ~ R, L sin S(ﬁ1 + 2?;2) . E,LyR, sin 8 ,
r 2 3

r
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- LyR, sin s(gl +2¢’;Z) . &,L,sin SR,
1
\/1+3cos2 9

O,NR, sin9 | 1+& +¢&,
r 2r2 3r}
If the co-rotation field is not taken into account, then, as shown
in,"! the Hamiltonian of the problem can be represented as the sum

H=H +H +H,, (14)
Where
2
1 P mp PO Mpm
Hy=—| P+ B+ |- g oo B
r 2,2 1 3
2m rosin 9 r mr ¢
Q;Mz_sinzf)n2 1
H=————+0—,
2 2 4 4
2me r r
PL Ry
2 2 E
N = 1HE 48, m, L+ E +28, 426 +E + 28, —m,. M, = (5 +28,).
0 E

The first term H, corresponds to the Hamiltonian of the body
motion problem in the Newtonian gravitational field, and the second
and third terms are caused by the perturbing action of the magnetic
field. For a purely gravitational problem, the osculating elements of
the orbit are known to remain constant over an infinite time interval.
As shown in," act of H . and H 5 leads to small oscillations of the
osculating elements within narrow intervals of quantities. In this
connection, the question arises: how can the orbit behavior change the

influence of the co-rotation field.

Substituting ¥, in (9) we obtain:

H=H =H +H +H,+
Q“-IV-RE-sinS 1+8 +¢, 7L0'RE'SinAS(€1+2§2)+§2‘L2'5i"49'R; (15)
2 3 .
\/1+300529 r 2-r 3.

In contrast to the previous case, the transition to the Delaunay
variables L,.G,.H,.l n 7 does not lead to a simple

18p»
.. D’°D D’"D . .
decomposition #,, =#, +H,  +H, withfo., depending only

0,cor
on L, . Therefore, in the general case (8 #— ) even in the zero order
of the expansion of the Hamiltonian with reszpect to a small parameter,
the conservation of the basic orbital parameters is not ensured.
However, when ¢ - for the Hamiltonian #,, we can enter an
effective parameter «,, -u, -2~ ¢+, which allow recording Hy

in the same formas H | in the formula (14), in this case

o,cL,r, (&, +2¢,)

lLeor — 2

2r
203 poM 2 2
§,0,CLyR,. «an M QM n, 1
2cor + + R Bl

2me r

5

3 3
3r mr ¢ r
That is, when moving in the equatorial plane, taking into account
the co-rotation field reduces to the conservation in the zeroth
approximation of the semi major axis, eccentricity and inclination
angle. Member accounting H,, proportionate » , leads to small
oscillations of the semi major axis and eccentricity, as we have shown
earlier in," for the disturbing action of the magnetic field. But the
member H, . , proportionalo’ , stipulates the existence of secular

changes in orbital parameters.

To confirm the obtained analytical results, numerical experiments
were carried out to simulate the motion of micro-particles in the
terrestrial plasma-sphere with radii of the order of some hundredths
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of micron. Simulation of MP motion was carried out on the basis of a
numerical solution of the equations of motion of micro-particles with
a locally equilibrium electric charge, determined from the solution
of the current balance equation (10), under the same simplifying
assumptions under which the Hamiltonian (15) was written. As
an example, Figures 1 & 2 shows the calculated dependencies on
time, respectively, of the large semi major axis and the eccentricity
of the MP orbit from carbon with a radius of 0.033um injected into
the NES at the perigee point of the elliptical orbit with parameters:
perigee altitude 9000km, an angle of inclination of 00 , starting speed
5,449km/s, longitude of the ascending node of 1800 , ascending node-
perigee angle of 270 . The simulation was carried out at a time
interval of 720 hours (1 month), and in this case only two forces
were taken into account: gravitational and co-rotation, and did not
take into account the effect of shadowing part of the orbit. As can be
seen from the data in Figures 1 & 2, in the case under consideration
the semi major axis and the eccentricity of the orbit of the MP, as
predicted, almost monotonously increase with time. Figures 3—5 show
the results of numerical simulation for the same initial conditions, but
obtained on the basis of a joint solution of the equation of motion and
the equation of micro-particle charging. These results show that there
are no fundamental differences in the behavior of the semi major axis
and the eccentricity of the orbit for the cases of equilibrium and non-
equilibrium charges of MP. The results of the calculations presented
in Figures 6-10, allow us to estimate the influence of the initial angle
of inclination and shading of a part of the orbit on the character of
the orbital parameter change. A nonzero initial angle of inclination
causes oscillations of the semi major axis, eccentricity and inclination
angle, a monotonic increase in the mean value aand the appearance
of an additional frequency of the oscillations of the potential of the
MP, which coincides with the frequency of oscillations a, e and e

. The shadowing effect of a part of the orbit does not significantly
change the behavior of the potential of the MP, the eccentricity and the
inclination angle of the orbit, and lubricates the clear character of the
behavior of the semi major axis (Figure 8). Numerical calculations for
other radii of MP and initial conditions for its injection, also satisfying
the conditions of application of the model in question, give similar
results.
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Figures | & 2 Dependences of the semi major axis (1) and the eccentricity
(2) of the orbit of the micro-particle with locally equilibrium electric charges
on time moving in the equatorial plane for the case of the action of only 2
forces: the gravitational and the Lorentz force component due to the co-
rotation field.
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Figures 3 & 4 Dependences of the semi major axis (3) and the eccentricity
(4) of the orbit of the micro-particle with non-equilibrium electric charges on
time moving in the equatorial plane for the case of the action of only 2 forces:
the gravitational and the Lorentz force component due to the co-rotation
field.
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Figure 5 Dependence of the electric potential of a micro-particle with non-
equilibrium electric charges on the time moving in the equatorial plane for the
case of the action of only two forces: the gravitational and the component of
the Lorentz force due to the co-rotation field.

Received in,' the results allow us to compare the evolution of
the semimajor axis and eccentricity under the injection conditions
indicated above (Figures 6—10) for two methods of calculation: 1)
only two forces: the central Newtonian gravitational force and the
magnetic component of the Lorentz force act on a granule whose
electric charge is assumed locally equilibrium at each step of the
numerical integration of the system of equations of motion of the
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granule; 2) a complete system of seven forces acts on the granule and
numerically integrates a single system of equations of motion and
charging the micro-particle.

0.176 —

0.172 —

Eccentricity

0.168 —|

oted T T T T
400
Orbital time, hour
Figure 6 Dependence of the eccentricity of the orbit of a micro-particle with
non-equilibrium electric charges on time injected with an initial inclination of
30 degrees for the case of the action of only 2 forces: the gravitational and
the Lorentz force component due to the co-rotation field (without shading).
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Figures 7 & 8 Dependences of the semi major axis of the micro-particle
orbit with the non-equilibrium electric charges on time injected with an
initial inclination of 30 degrees for the case of the action of only 2 forces: the
gravitational and the Lorentz force component due to the co-rotation field (7
without shading, 8 with shading).
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Figures 9 & 10 Dependences of the inclination of the orbit (9) and the
electric potential (10) of the micro-particle with non-equilibrium electric
charges on time injected with an initial inclination of 30 degrees for the case
of only 2 forces: the gravitational and the Lorentz force component due to the
co-rotation field (without accounting for shading).

The complete system of forces includes the central gravitational
force, its perturbation caused by the Earth’s polar compression, the
magnetic component of the Lorentz force, the electric component
of the Lorentz force, caused by the electric fields of co-rotation and
convection, the solar pressure force and the resistance force of the
neutral component of the atmosphere. It is shown that the existing
differences are small. Thus, the influence of not only the co-rotation
field but all other forces in addition to the Lorentz force due to the
interaction of the MP charge with the dipole magnetic field of the
Earth does not lead to a significant change in the behavior of the
orbital parameters at sufficiently large time intervals (in comparison
with the case the actions of only two forces).

Conclusion

Thus, for the micro-particles considered, in contrast to the
magnetic field, the electric field of co-rotation causes slow changes
in the basic parameters of the orbit. These changes consist of two
components: monotonous growth of the mean values of the semi
major axis, eccentricity and angle of inclination, and their oscillations
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at a nonzero initial inclination angle with a period much greater than
the period of the orbital motion. At sufficiently large time intervals
(of the order of one month), the co-rotation field does not lead to a
significant change in orbital parameters, but for even longer times
these changes can become significant.
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