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difference method; AFEM, analytical finite element method; RBFs, 
radial basis functions; PDEs, partial differential equations 

Nomenclature

0
H imposed magnetic field; α the angle between 

0
H  and y

-axis;
z

v , *
z

z
V -component of fluid velocity and dimensional form 

u  dimensionless z -component of fluid velocity; B dimensionless 
z -component of magnetic induction; a half channel width; σ
conductivity; η fluid dynamic viscosity; µ permeability; ρ fluid 
density; ,p p∇ fluid pressure and pressure gradient; k coefficient of 

p∇ ; 
Z

B , *
z

z
B -component of induced magnetic field and dimensional 

form; , xxH H y -component and y -component of imposed magnetic 

field; M Hartmann number, 
0

;=M H a σµ
η  

x
M

;
Hartmann number 

Multiplied sin ;α  y
M  Hartmann number Multiplied cos ;α  E  

electric field; j current density vector; V fluid velocity vector; H
imposed magnetic field; B magnetic induction.

Introduction
Magnetohydrodynamics (MHD) is the study of the interaction 

between moving, conducting fluids and magnetic fields. In this 
paper, the discussion is restricted to incompressible, viscous and 
electrically conducting fluids through pipes and ducts under an 
imposed uniform, oblique magnetic field. The MHD issues have 
become increasingly important because of the practical engineering 
applications such as the design of cooling systems with liquid metals 
for a thermal nuclear fusion blanket. Blankets which rely only on the 
heat transverse ability of liquid metal are known as self-cooled liquid 

metal blankets. There are a number of amount of data and papers 
concerning the physical phenomena of liquid metal flows in the 
absence of a magnetic field. However, in a fusion reactor environment 
such as the first wall and the blankets, a strong magnetic field (high 
Hartmann numbers 3 510 M 10≤ ≤ ) by Molokov S & Buhler L1,2 
is necessary and confines the liquid-metal (electrically conducting) 
flows. The hydraulic and thermal behaviors of liquid metal flows in 
the existence of a magnetic field are quite different from the behaviors 
of liquid metal flows without a magnetic field.3,4 Furthermore, the 
exact solutions of the MHD problems can only be obtained for some 
special cases.5,6 Therefore, it is important to explore a stable, accurate, 
and effective numerical method to obtain the approximate solutions 
of MHD problems.

Currently, researchers have investigated the two-dimensional 
MHD problem using several numerical methods. Singh & Lal7,8 
solved MHD flows through pipes of triangular cross-section for small 
values of Hartmann number using finite difference method (FDM). 
Since it is hard to fit the arbitrary cross-section of the channel, the 
finite element method (FEM) for Hartmann number less than 10 
was presented in.9-11 Tezer-Sezgin & Koksal12 used standard FEM 
with linear and quadratic elements for Hartmann numbers up to 100. 
After that, Demendy and Nagy obtained the numerical solutions 
for Hartmann number 1000<M  using analytical finite element 
method (AFEM).13 Furthermore, the boundary element method 
(BEM),14 and the fundamental solution method15 also have been used 
to obtain approximate solutions for MHD flow problems. To our best 
knowledge, the numerical results for MHD flow problems are mostly 
restricted to the moderate Hartmann numbers ( )M<1 000 . However, 
Nesliturk & Tezer-Sezgin16 have obtained the results for Hartmann 
numbers up to 510  using two-level finite element method (TLFEM). 
Nevertheless, the Hartmann numbers referred in regard to 510  is 
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Abstract

In this paper, a localized integrated radial basis function-based differential quadrature 
(iRBF-DQ) method to solve steady, magnetohydrodynamic (MHD) duct flows is presented. 
Local iRBF-DQ method is a truly meshless and efficient method, which discretizes any 
derivative at a knot by weighted linear sum of functional values at its nearby nodes. The 
integrated RBF based approaches are more stable than conventional meshless procedure 
ones. The high Hartmann numbers (high magnetic field) MHD problems apply to the design 
of cooling systems with liquid metals for a thermal nuclear fusion blanket. We present 
results for Hartmann number up to 510 with fully insulating, partly insulating, and partly 
conducting walls, with the shapes of rectangular, circular or arbitrary cross sections. The 
results show that by using local iRBF-DQ method we can obtain accurate and stable 
approximations for the velocity and induced magnetic field at the range of Hartmann 
numbers of 2 5

.10 M 10≤ ≤

Keywords: meshless, iRBF collocation method, local iRBF-DQ method, MHD, 
Hartmann number
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only for one case, a rectangular duct with partly conducting wall, 
which is computationally very expensive, due to the need of large 
memory and time consuming in building finer meshes. The difficulty 
for high Hartmann numbers is analogous to the advection-diffusion 
equation. When advection process dominates diffusion, the physical 
values near the boundary would suddenly decrease to zero to satisfy 
boundary conditions and form very thin boundary layers. Radial basis 
functions (RBFs) have been originally developed for scattered data 
approximation, especially for higher dimensional problems. In recent 
years, RBFs have been further applied to solve numerical partial 
differential equations (PDEs). This new development is very useful 
due to the fact that this method is a truly mesh or grid free technique. 
Kansa17 initially published a series of papers in this area, and then 
Franke & Schaback18,19 were able to give a convergence proof and 
error bounds of numerical approach. In a comparative study, Franke20 
surveyed an extensive number of techniques for interpolation/
approximation. He concluded that overall the Multiquadrics (MQ) 
and Thin Plate Splines (TPS) are the most favorable techniques for 
scattered data approximation. Nevertheless, the accuracy of MQ 
depends on a shape parameter which is still an open research topic. 
Hence most applications of MQ used experimental tuning parameters 
or expensive optimization techniques to evaluate the optimum shape 
parameter.21 In this work, the integrated TPS is used as it combines 
good accuracy without the additional burden of computing a shape 
parameter.

Furthermore, integrated TPS is based on sound mathematical theory 
Duchon J22 whereas for MQ, although it works well, its construction 
theory is yet to be established.23 Furthermore, the numerical schemes 
based on RBFs to solve PDEs proposed up to date have one more 
feature concerned, which are based on function approximation. That 
is to say, these methods directly substitute the expression of function 
approximation by RBFs to a PDE, and after that we replace the 
dependent variables into the coefficients of function approximation. 
The process is very complex, especially for nonlinear problems. Later, 
Wu & Shu24 proposed a new approach using the so called RBF-DQ 
method, which focuses on the derivative approximation through 
the differential quadrature (DQ) methodology. The basic idea of 
the DQ method is that the derivatives of unknown function can be 
approximated as the function values at a group of nodes. Unfortunately, 
full exploitation of the feature of RBFs-based methods causes the 
ill-conditioned coefficient matrix as the rank increases. The RBF 
collocation method and RBF-DQ method also suffered this kind of 
problem. To circumvent this difficulty, Kansa25 suggested substituting 
the global solvers into block partitioning and LU decomposition 
schemes for huge simulation problems. Shu & Yeo26 further proposed 
the local RBF-DQ method using local supporting nodes. Recently, 
Tran-Cong and his collaborators,27-31 further proposed the indirect 
radial basis function networks (IRBFN). They found that the IRBFN 
are more stable than the conventional RBF method. In the IRBFN 
approach, the RBF approximation is applied to a specific derivative of 
the solution function, and thus the solution function can be derived by 
integrating the derivative with the RBF expression. Consequently, the 
expressions of IRBFN are derived from integration of conventional 
RBFs. Mai-Duy & Tran-Cong27,28 proved that this procedure can have 
better approximation for the targeted derivative. Later, based on the 
idea of IRBFN, Shu & Wu32 proposed the local iRBF-DQ method to 
improve its performance.

The present paper is an application of techniques mentioned 
above, namely the iRBF collocation method and the local iRBF-DQ 
method, to the MHD duct flows. And its aim is to establish an accurate 
numerical approximation to the solutions of benchmark problems of 
MHD duct flows for the range of Hartmann number 2 510 M 10≤ ≤ . 
In general, the important range of Hartmann number in engineering 
practice is 2 510 M 10≤ ≤ . Since these two meshless methods are 
based on RBFs, they differ from traditionally mesh-dependent 
numerical methods such as FEM with the need of meshing.

Problem physics

MHD equations derivation
The discussed geometry of cross section of blankets is restricted to 

the directions of imposed magnetic field lines which are orthogonal to 
the direction of flow velocity. We now consider a steady, laminar, fully 
developed flow with incompressible, viscous and finite conducting 
fluid in a duct which is infinitely long in z -direction. Hence, we 
can assume this is a two-dimensional duct flow along x  and y  
directions.6

There is an imposed uniform, magnetic field 0H  outside the 
field forming an angle α  with the y -axis. The fluid velocity u  
is parallel to z -axis, the half channel width is a , and the origin is 

located at the center of the channel (Figure 1). 

The Maxwell’s equations in steady state can be expressed as 
follows:

			   E = 0∇ × , 		              (1)

			   H = j∇ × , 		              (2)

			   B = Hµ . 		              (3)

For per unit charge, Ohm’s Law can be written as

j = (E v B) = (E v H)σ σ µ+ × + × . (4) 

from (1) and (2), we obtain

		  j = H = (v H)σµ∇ × ∇ × ∇ × ∇ × × .	              (5)

Through vector analysis, (5) can be written as follows
2( H) H = [(H )v (v )H ( H)v ( v)H].µσ∇ ∇ ⋅ − ∇ ⋅ ∇ − ⋅ ∇ + ∇ ⋅ − ∇ ⋅  (6)

When we apply Biot-Savart Law and the incompressible fluid 

Figure 1 Duct problem setting.
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property, H∇ ⋅ and v∇ ⋅  both vanish, then (6) becomes:  		
		  2H [(H )v (v )H] = 0µσ∇ + ⋅ ∇ − ⋅ ∇ .	             (7)

Adding Lorentz force (see Appendix A for more details) to the 
Navier-Stokes equations in a steady state problem, we have the 
following form:

		
2j H v = (v )vpµ η ρ× − ∇ + ∇ ⋅ ∇ .	  (8)

From (2) and using a vector identity, we have

		
21

j H = (H )H | H |
2

× ⋅ ∇ − ∇
	

(9)

Substituting (8) into (7), we will obtain the modified Navier-
Stokes equations as follows:

2 2v (H )H = (v )v ( | H | )
2

p
µ

η µ ρ∇ + ⋅ ∇ ⋅ ∇ + ∇ + .   (10)

Notice that all physical values except pressure gradient are 
unchanged in the z -direction. Thus the fluid velocity v , the 
magnetic field H , and the pressure gradient p∇  can be expressed in 
the following form:

						    
 (11)

where 
z

v  is the z-component fluid velocity, 
Z

B is the induced 
magnetic field, k is

a constant, and

						    
(12)

are all constants.
The z-component of equations (7) and (10) becomes

						    
(13)

						    
(14)

It follows that we can substitute some non-dimensional variables 
[33]

* * * * *0 0
z z z z 2

v = v , = , ( , ) = ( , ), =0
H H

B H B x y L x y k k
L

µ
ση ση

(15)

into equations (13) and (14). Then we have the following non-
dimensional form:

						    
(16)

						             
(17)

It is noted that there is a convenient independent dimensionless 
number, which is called Hartmann number, M ; and is defined by as 
follows:

			   0
= /M H aµ σ η ,    	   (18)

			         			      
(19)

Equations (16) and (17) can be further simplified to the following 
forms:

					   
	     (20)

		     				        
(21)

where * = 1k  is assumed.

To facilitate easy reading, we omit the symbol “ u  B  “ and 
replace   and *

z
B  respectively in the following sections.

Boundary conditions
We consider the following simplified dimensionless coupled 

differential equations

	          				  
	 (22)

		
				           (23)

where ,Ω is the fluid region with the boundary ∂Ω  ; α is the angle 
between imposed magnetic field and y -axis (Figure 2). The general 
boundary conditions which are suitable in practice for the MHD 
problems can be expressed as:

			 

1

2

=0, on ,
=0, on ,

=0, on ,

u
B

B
n


 ∂Ω


Γ
∂ Γ

∂

where 
1 2

=∂Ω Γ ∪ Γ  with
1 2

= 0Γ ∩ Γ . Let 
1

Γ  be the insulated 
part and 

2
Γ  be the conducting part of the boundary ∂Ω=Γ .

Numerical method

Decoupled governing equations
The MHD equations are coupled convection-diffusion 

equations. In general, solving coupled equations will consume more 
computational time and memory space than solving decoupled 
equations. Considering a rectangular duct with insulating walls, we 
can decouple the MHD equations.

First let us assume

		  1
=U u B+ ; 

2
=U u B−  ,            (24)

Figure 2 A 2D duct flow.

( )v 0,0,v , , , , ,pz x y
BzH H H kη
µ

 
= = ∇ = − 

 

21 v v
0 z z

z x yx y
B H Hµσ µσ

µ
∂ ∂

∇ + + =
∂ ∂

2v 0 z z
z x yx y

B B
H H kη µ η

∂ ∂
∇ + + + =

∂ ∂

* *
2 * *

0 0
v sin cos 0 z z

z

B B
H a H a k

x y
σ σµ α µ α
η η

∂ ∂
∇ + + + =

∂ ∂

* *
2 * v v

0,z z
z x y

B M M
x y

∂ ∂
∇ + + =

∂ ∂

* *
2 * *v 0,z z

z x y

B B
M M k

x y
∂ ∂

∇ + + + =
∂ ∂

0

0

,
= c

sin
os ,

x

y

H
H
H

H α
α=




=
sin
cos ,

,x

yM M
M M α

α
 =



2 1, in ,  
∂ ∂

∇ + + = − Ω
∂ ∂x y

B B
u M M

x y

2 0, in ,
∂ ∂

∇ + + = Ω
∂ ∂x y

u u
B M M

x y

* *
2

0 0

v v
sin cos 0 z z

z x
B H a H a

y
σ σµ α µ α
η η

∂ ∂
∇ + + =

∂ ∂

http://dx.doi.org/10.15406/mojabb.2018.02.00047
http://medcraveonline.com/MOJABB/MOJABB-02-00047A.pdf


Citation: Wang TC, Shen LH, Young DL, et al. Local iRBF-DQ method for MHD duct flows at high Hartmann numbers. MOJ App Bio Biomech. (2018);2(1): 
00047. DOI: 10.15406/mojabb.2018.02.00047

Local iRBF-DQ method for MHD duct flows at high Hartmann numbers 74
Copyright:

©2018 Wang et al.

where u  is the velocity of the flow and B  is the induced 
magnetic field. We can obtain decoupled equations by substituting the 
two variables (24) into MHD equations to get:

	

2 1 1
1

= 1
U U

U M Mx yx y
∂ ∂

∇ + + −
∂ ∂

, in ,Ω ,   (25)

	

2 2 2
2

= 1
U U

U M Mx yx y
∂ ∂

∇ − − −
∂ ∂

, in ,Ω     (26)

		  1 2
= = 0U U on Γ .           	         (27)

This decoupled method is feasible only when the walls of the 
channel are insulated, which allows the two variables 

1
U  and 

2
U  

which are assumed to be zeroes on Γ . In another case for partly 
insulating and partly conducting walls, we cannot do the decoupled 
process if the induced magnetic field is zero or no zero on Γ  of the 
conducting part, so that the decoupled method is not possible. As a 
result, we have to solve the original coupled MHD equations (22) and 
(23) directly.

Radial basis functions
A m-th order integrated TPS is defined as

		
2 2( ) = ( ) = log( )m

j j j
r r r rjϕ ∇ Φ ,      (28)

where = x x jj
r − is the Euclidean norm. Since φ  given by (28) 

is 2 1mC − , a higher-order integrated Thin Plate Splines must be used.

Local iRBF-DQ method
The basic idea of iRBF-DQ method was originated from the 

traditional DQ method. The basic approach of DQ method implies 
that the partial derivative of a continuous function at a reference node 
can be approximated by a weighted linear sum of function values at 
all discrete points within its support. Thus, DQ approximation of m-th 
order derivate with respect to x  -direction at a reference node ix  
can be expressed as

    						        
     (29)

where jx  are the discrete nodes in the domain, (x )
j

f and the 
( )( ) p

ij
wx  are the values of function at supporting nodes and the related 

weighting coefficients respectively. In the local iRBF-DQ method, the 
number of each reference node corresponding to its supporting node 
can be different and fixed. 

This means that, at any reference node, there is a supporting region, 
in which there are 

l
N  supporting nodes which can be arbitrarily 

distributed. Then, the local iRBF-DQ approximation of m-th order 
derivative with respect to x  -direction at a reference node x

j
 can 

be written as

  						                   (30)

where = x x
jk

kr j j−  is the Euclidean norm, x k

j
are 

the corresponding supporting nodes near the reference node  
1x ,x = x ,

j j j l
N is the number of supporting nodes in the region, 

( )
jk

f r and the ( )( ) p

jk
wx  denote the function values at supporting 

mnodes and the related weighting coefficients respectively.

For the local iRBF-DQ method, =m l is chosen (i.e. integrated 
the first-order TPS) as the basis functions. Integrated TPS can be 
obtained as follows

		

4( ) (2log 1)
( ) =

32
k k

k

r r
r

−
Φ

      		  
(31)

where = x x
k

r k− . By combining (30) and (31), we can obtain 
the values of corresponding coefficients for the first-order derivative 
fr om the following system of equations:

						                 
(32) 

For the given jx , we can define 
(1) (1)(x ) = , = ( ), ( ) = ( )

k j k jk jk k jk
r wx wxjkΦ Φ Φ Φ  and express Eq. 

(32) as the numerical scheme:
11 12 11 (l)

l
21 22 2 (l)

2 2

1 2
(l)

1

( )

( )

( )

Nl

Nl

N N N Nl l l lNl
N

wxx
wx

x

wx
x

Φ Φ Φ ∂Φ       ∂ Φ Φ Φ    ∂Φ    =    ∂     Φ Φ Φ  ∂Φ   
     ∂   





   





           

(33)

Substituting (32) into (25), (26) and (27), we have

						                  (34) 

1 2
= = 0U U , on Γ , (35)

where N  is the number of all discrete nodes in the domain, and
(2) (2) (1) (1)1

(2) (2) (1) (1)2

=1

= (( ) ( ) ( ) ( ) ) , =1,2, ,

= (( ) ( ) ( ) ( ) ) , =1,2, ,

NU
jk j jk j lik

j

NLU
jk j jk j lik

i

a wx wy k M wx M wy k k NX y

wx wy k M wx M wy k k NX yβ


 + + +∑




+ − −∑






 

						      (36)

1( )j
U and 

2( )j
U  in (34) can be determined by the following 

numerical scheme:

								      
						               ’ (37) 

						          

						         (38)

( )( ) ( )
1

, 1, 2, , ,
Nf p

jijp
jx xi

p
wx f j N

x ==

∂
= = …∑

∂
x

( )

=1
= ( ) ( ), = 1, 2, , , = 1, 2, ,

Nl
p

jk jk l

j l

f

k
p

p

x x x
wx f r j N k N∂

∂ =
∑  

1
1,1 1,2 1,2(1)

02,1 2,2 2,2(2)

2( C)

2( ) ,,1 ,,2 ,,

0 0 1
0 1

=
00 0 10 0 0

10 0

Nl

Nl

B

N N N N Nl

U
U

U
U

β β β

β β β

β β β

−    −      −        
     
     
     
     −    



 





     





1
1,1 1,2 1

1(1)
1,2 2,2 21(2)

1( C)

1( ) N,1 NN,2

0 0,N 1
0 0,N 1

=
0 0 1 0 0 0 0
0 0 1,N

l

l

B

N l

U
U

U
U

α α α

α α α

α αα

−    −      −       
    
    
    
    −     






      



( )

( )

1
1

=1

2
2

=1

= 1, =1,2, , , =1,2, , , =1,2, , in ,

= 1, =1,2, , , =1,2, , , =1,2, , in ,

j

j

N U
l lik

i

N U
l lik

i

U i N j N k N

U i N j N k N

α

β


 − Ω∑




− Ω∑


  

  

(1)
=1(x ) = ( ) ( ), = 1, 2, , , = 1, 2, ,Nk l

kj jk jk jk l l
wx r j N k N

x
∂Φ

∑ Φ
∂

 
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and the velocity of the flow u  and the induced magnetic field B  
can be obtained by (37) and (38). From (24), we have

		
1 2 1 2= ; =

2 2
U U U U

u B
+ −

	         
(39)

 iRBF collocation method
For iRBF collocation method, a 2=m  is used (i.e. integrated 

second-order TPS) to guarantee at least 2C  continuity for 
1

U  and

2
U . The approximation of function 

1
(x )

i
U  and 

2
(x )

i
U  , using 

integrated radial basis functions, can be written as a linear combination 
of N  radial functions; i.e.,

		
1

=11
(x ) ( )UN

jj j ij
U rα∑≡ Φ , for x

i
∈ Ω  	 (40)

		
2

=12
(x ) ( )UN

ji j ij
U rα∑≡ Φ , for x

i
∈ Ω  (41)

where i jij
r = −x x  is the Euclidean norm, N  is the number 

of data points, 
1 2

x = (x , x , )
i

 is the vector position,         are 
coefficients to be determined, and Φ  is the integrated radial basis 
function.

For any linear partial differential operator L , the governing 
equation can be written in the following matrix form

			 
      			    (42)

where

		

2

1
= [ ]L M Mx yx y

∂ ∂
∇ + +

∂ ∂    	   
(43)

		

2

2
= [ ]L M Mx yx y

∂ ∂
∇ − −

∂ ∂                 
(44) and

		            1 2
= [ 1], = [ 1]f f− −       	   (45)

For a function, we can use the collocation method and obtain the 
following form by substituting (40) and (41) into (42):
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We can define = ( )
ij ij

rΦ Φ  and combine the equations (46), (47)
and (48) into the global numerical scheme
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It follows that
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Thus, )x(1 iU  and )x(2 iU  can be obtained. From (24), we 
have
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Numerical Results
In this section we show the results of the MHD duct flows 

using the numerical methods introduced in the previous section. It 
is obvious that RBF collocation method and local RBF-DQ method 
do not need to mesh the complicated physical problems. In the 
following subsections, under different influence of magnetic field 
and boundary conditions, the numerical results using small (< 100)  
, moderate (> 100  and < 1000)  , high (10000), and even very high 

510  Hartmann numbers are obtained.

Shercliff ’s problem:  imposed transverse magnetic 
field outside a square channel with insulating walls

The MHD flow is in a long duct channel with a cross section
[ 1,1] [ 1,1]− × − , and the angle α  between y -axis and imposed 
magnetic field is / 2π  (Figure 3). Shercliff [5] proposed this example 
where the walls of the channel are insulated ( = 0)B  . The velocity 
is zero on the solid walls ( = 0)u  . In Tables 1&2, the approximate 
solutions of iRBF collocation method and local iRBF-DQ method for 
velocity at Hartmann number 100 on x = 0, y= 1 1−   are compared 
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with uniform triangular element FEM and analytical solution, 
respectively. There are 10201 global nodes and 400 supporting 
nodes for local iRBF-DQ method, and 20000 elements for FEM. In 
Tables 1 and 2, we use 1681 and 2601 nodes for iRBF collocation 

method independently. The definition of relative error (i.e. R.E.) is
experimenta exact

R E exact

1=| |
e e

E
e⋅ ⋅

−
. We can find that the accuracy close to 

the walls becomes worse. In Figure 4, the relative errors at M = 100  
of uniform FEM can only reach to at least about 10th power minus 1, 
but iRBF collocation method and local iRBF-DQ method can reach 
up to at least about 10th power minus 2 and 10th power minus 3, 
respectively. On the other hand, the relative errors at M = 500  of 
uniform FEM and iRBF collocation method can only reach to at least 
about 10th power minus 1, but local iRBF-DQ method can get up to at 
least about 10th power minus 2. In these tables, the exact solutions of 
velocity and magnetic induction are presented in,5.

Figure 3 Shercliff ’s problem.

Table 1 The velocity comparison of local iRBF-DQ method, iRBF collocation method, FEM (uniform) and exact solution in Shercliff ’s problem at M=100 on 
x=0, y=-1~1

x y u (exact) u (FEM) u (iRBF) u (Local iRBF-DQ) R.E.(FEM) R.E.(iRBF) R.E. (Local iRBF-DQ)

0.00 -0.98 2.06E-03 1.49E-03 1.97E-03 2.05E-03 -2.77E-01 -4.48E-02 -4.48E-03

0.00 -0.78 9.59E-03 8.75E-03 9.58E-03 9.58E-03 -8.69E-02 -6.61E-04 -1.72E-04

0.00 -0.58 9.99E-03 9.90E-03 1.00E-02 9.99E-03 -9.67E-03 5.89E-04 -5.93E-06

0.00 -0.38 1.00E-02 1.00E-02 1.00E-02 1.00E-02 -5.00E-04 -1.21E-05 3.96E-06

0.00 -0.18 1.00E-02 1.00E-02 1.00E-02 1.00E-02 -2.71E-05 -1.26E-05 5.76E-06

0.00 0.02 1.00E-02 1.00E-02 1.00E-02 1.00E-02 -1.30E-05 -1.21E-05 6.31E-06

0.00 0.22 1.00E-02 1.00E-02 1.00E-02 1.00E-02 -4.30E-05 -1.27E-05 5.66E-06

0.00 0.42 1.00E-02 9.99E-03 1.00E-02 1.00E-02 -9.40E-04 -6.39E-06 3.81E-06

0.00 0.62 9.98E-03 9.82E-03 1.00E-02 9.98E-03 -1.62E-02 1.55E-03 -1.41E-05

0.00 0.82 9.17E-03 8.08E-03 9.16E-03 9.17E-03 -1.19E-01 -1.61E-03 -2.62E-04

Table 2 The velocity comparison of local iRBF-DQ method, iRBF collocation method, FEM (uniform) and exact solution in Shercliff ’s problem at M=500 on 
x=0, y=-1~1

x y u (exact) u (FEM) u (iRBF) u (Local iRBF-DQ) R.E.(FEM) R.E.(iRB) R.E. (Local iRBF-DQ)

0.00 -0.98 8.29E-04 6.20E-04 7.66E-04 8.17E-04 2.52E-01 7.66E-02 1.52E-02

0.00 -0.78 2.00E-03 1.99E-03 2.05E-03 2.00E-03 2.64E-03 2.36E-02 9.20E-05

0.00 -0.58 2.00E-03 2.00E-03 2.05E-03 2.00E-03 1.01E-04 2.45E-02 7.80E-05

0.00 -0.38 2.00E-03 2.00E-03 2.05E-03 2.00E-03 7.39E-05 2.46E-02 5.50E-05

0.00 -0.18 2.00E-03 2.00E-03 2.05E-03 2.00E-03 6.32E-05 2.46E-02 4.45E-05

0.00 0.02 2.00E-03 2.00E-03 2.05E-03 2.00E-03 6.04E-05 2.46E-02 4.16E-05

0.00 0.22 2.00E-03 2.00E-03 2.05E-03 2.00E-03 6.37E-05 2.46E-02 4.50E-05

0.00 0.42 2.00E-03 2.00E-03 2.05E-03 2.00E-03 7.53E-05 2.46E-02 5.62E-05

0.00 0.62 2.00E-03 2.00E-03 2.05E-03 2.00E-03 1.05E-04 2.44E-02 7.69E-05

0.00 0.82 2.00E-03 1.98E-03 2.04E-03 2.00E-03 1.01E-02 2.24E-02 1.57E-04

In order to apply the approximation data to real blanket channels 
(high magneticfield), the high Hartmann numbers 3 5(10 10 )M≤ ≤  
MHD problems must be solved. In Figures 5&6, the approximate 
solutions of velocity and magnetic induction using iRBF collocation 
method are compared with the approximate solutions of local iRBF-
DQ method for Hartmann number 3= 10M  and 510 . In Figure 7, the 
approximate solutions of velocity and magnetic induction using the 

local iRBF-DQ method at 5= 10M  is also presented independently. 
There are some oscillations near the walls of contour lines by iRBF 
collocation method as shown in Figures 5&6. However, the contour 
lines by local iRBF-DQ method are much smoother than by iRBF 
collocation method. The iRBF collocation method cannot obtain 
good numerical results of u  and B  by the reason of ill-conditional 
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matrix. However, local iRBF-DQ method can still obtain accurate 
numerical results of velocity and induced magnetic field, especially 
when Hartmann number is up to1E05. It can be seen that the boundary 
layers become thinner as Hartmann number increases (Figures 5-8). 
We also observe that the Hartmann number and the velocity and 
magnetic induction are varied inversely. It means that the values of 
velocity and magnetic induction approximate to 1/10 of their original 
values when Hartmann number becomes 10 times larger (see more 
detail in Appendix A).

2-D rectangular duct flow with insulating walls, under 
the influence of an oblique magnetic field

In this subsection, the numerical experiments are the same as the 
one in section 4.1 except the angle α  between y -axis and imposed 
magnetic field changes from = / 2α π  to = / 3α π  and / 4π . In 
order to understand how different angles between imposed magnetic 
field and y -axis will affect the velocity and magnetic induction, the 
approximate solutions of u  and B  by iRBF collocation method 
are compared with the approximate solutions of u  and B  by 
local iRBF-DQ method for = / 3α π  and / 4π  in section 4.2. In 
Figures 9&10, we approximate a medium high Hartmann number 

3= 10M  and 510 , and the patterns show that the contour lines by 
iRBF collocation method are not smooth enough. There are some 
oscillations near the walls of velocity contour lines. We also show the 
capability to approximate the velocity and induced magnetic field by 
local iRBF-DQ method at 5= 10M  in Figure 11. The results show 
that as Hartmann number increases the boundary layers formation 
close to the walls for both velocity and magnetic induction is well 
observed. Velocity becomes stagnant at the center of the channel. We 

can also find an inverse ratio relationship between Hartmann numbers 
and the values of velocity and magnetic induction. It means that the 
values of velocity and magnetic induction approximate to 

1
10

 when 

Hartmann number becomes 10 times larger. In Figsures 12&13, we 

approximate a medium high Hartmann number 3M = 10  and 410  and 

the patterns show that the contour lines by iRBF collocation method 
are more smoother than the contour lines for = / 3α π . This is 
because that the symmetrical feature of = / 4α π  causes the velocity 
contour lines parallel to =x y . There are still some oscillations near 
the walls of velocity contour lines. We also show the capability to 
approximate the velocity and induced magnetic field by local iRBF-
DQ method at 5= 10M  in Figure 14. The results show that as 
Hartmann number increases the boundary layers formation close to 
the walls for both velocity and magnetic induction is very obviously 
observed. The velocity becomes a little stagnant at the center of the 
channel. When external magnetic field applies obliquely, the boundary 
layers are concentrated near the corners in the direction of the field for 
both solutions of velocity and induced magnetic field. These are the 
well-known behaviors of the magnetohydrodynamic flows (see more 
details in Appendix A). We can also find an inverse ratio relationship 
between Hartmann number and the values of velocity and magnetic 
induction. It means that the values of velocity and magnetic induction 
approximate to 

1
10

 when Hartmann number becomes 10 times larger. 
In case 4.1 and case 4.2, we show the capability of our local iRBF-DQ 
method scheme to establish numerical approximations to the solution 
of MHD duct flows for different angles between imposed magnetic 
field and y -axis even at very high Hartmann numbers.

Figure 4 The comparison of relative errors of velocity.

Figure 5 The velocity and magnetic induction at 1000=M :(a)iRBF 
collocation method (61 61) and (b) local iRBF-DQ method (101 101); 
local nodes (20 20).
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Figure 6 The velocity and magnetic induction at 10000=M :(a)iRBF 
collocation method (71 71) and (b) local iRBF-DQ method (201 201); 
local nodes (9 9).

Figure 7 The velocity and magnetic induction oflocal iRBF-DQ method 

at    	         local iRBF-DQ method (401 401); local nodes(9 9) .
5M = 10

Figure 8 A rectangular flow with an oblique magnetic field.

Imposed transverse magnetic field outside a square 
channel with partly insulating walls and partly 
conducting walls

In this subsection, we consider an external imposed transverse 
magnetic field 

0
H  which is perpendicular to the wall at x = 1−

. This wall is partly electrically conducted for a length 2l  at the 
center (Figure 15). The MHD flow is in a long duct channel with a 
cross section [ 1,1] [ 1,1]− × − , and the angle α  between y -axis and 
imposed magnetic field is          .

In Figure 16&17, we compare the approximate solutions of iRBF 
collocation method with the approximate solutions of local iRBF-DQ 
method at high Hartmann numbers 3M = 10  and 410 . The patterns 
show that the contour lines by iRBF collocation method are almost 
the same with the contour lines by local iRBF-DQ method. However 
the approximate solutions near the walls of iRBF collocation method 
are worse than the approximate solutions of local iRBF-DQ method. 
The contour lines near the edge by iRBF collocation method are not 
smooth enough. These figures show that there are more variations 
near the walls of velocity contour lines by iRBF collocation method 

Figure 9 The velocity and magnetic induction at 
M = 1000( = / 3)α π   : (a) iRBF collocation method (61 61) and 
(b) local iRBF-DQ method (101 101); local nodes (20 20) 0.8 

3
π

.

/ 2π
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as Hartmann number increases. However, the results for both u  and 
B  by local iRBF-DQ method are still accurate. We can find that the 

boundary layers become thinner as Hartmann number increases. In this 
case, the boundary layers are not only near to the walls but also inside 
the domain. Parabolic boundary layers are formed in the direction 
of imposed transverse magnetic field close to the discontinuity 
points =y l−  and = ,y l+  and thus cause three stagnant regions 
for the velocity (Figures 16&17). We can also find the dominant 
characteristics of MHD flows at very high Hartmann numbers. Flow 
in the channel is totally separated into two rectangular flow regions 
with the boundary layers leaving the heart regions stagnant. Therefore 
our local iRBF-DQ scheme has the capability to deal with this kind 
boundary condition of MHD problems for high Hartmann numbers.

Figure 12 The velocity and magnetic induction at 
M = 1000( = / 4)α π  :(a)iRBF collocation method (61 61) and 
(b) local iRBF-DQ method (101 101); local nodes (2020) 

4
π .

Figure 13 The velocity and magnetic induction at   :(a)iRBF collocation 
method (81 81) and (b) local iRBF-DQ method (184 184); local nodes 
(20 20). 

Figure 10 The velocity and magnetic induction at 
M = 10000( = / 3)α π  : (a) iRBF collocation method (81 81) 
and (b) local iRBF-DQ method (191 191); local nodes (9*9) 

3
π

Figure 11 The velocity and magnetic induction oflocal iRBF-DQ method 
at, local iRBF-DQ method (401 401); local nodes (9 9). 
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Figure 16 The velocity and magnetic induction at  :(a)iRBF collocation 
method(60 60) and (b) local iRBF-DQ method (101 101); local nodes 
(20 20).

Figure 17 The velocity and magnetic induction at  :(a)iRBF collocation 
method(90 90) and (b) local iRBF-DQ method (299 299); local nodes(9.9). 

Figure 18 A circular flow with a transverse magnetic field.

Figure 19 The velocity and magnetic induction oflocal iRBF-DQ method 
at local iRBF-DQ method (71082) ; local nodes(138).

Figure 14 The velocity and magnetic induction oflocal iRBF-DQ method 
at, local iRBF-DQ method (391 391); 

Figure 15 A rectangular flow with partly conducting walls.
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Figure 20 The velocity and magnetic induction oflocal iRBF-DQ method 
at local iRBF-DQ method (71082) ; local nodes(138).

Figure 21 The velocity and magnetic induction oflocal iRBF-DQ method 
at   local iRBF-DQ method (102263) ; local nodes (200).

2-D circular duct flow with insulating walls, under the 
influence of an imposed transverse magnetic field

In this subsection, we consider the MHD flows in a long pipe 
channel with a radius of circular section 2 2r = x y = 1 +   , and 
the angle α  between y -axis and imposed magnetic field is / 2π  
(Figure 18). The walls of the channel are insulated ( = 0)B  and the 
velocity is zero on the solid walls ( = 0)u  . In Figures 19-22, we 
presented the numerical results using the local iRBF-DQ method for 
Hartmann number = 100, 500,1000M  and 10000. We notice that the 
boundary layers become thinner as Hartmann number becomes larger. 

We can also find an inverse ratio relationship between Hartmann 
numbers and the values of velocity and magnetic induction. In this 
case, we show the local iRBF-DQ method is capable to produce good 
numerical results for the MHD circular pipe flows at exceptionally 
high Hartmann numbers. We observe that for the liquid metals used in 
fusion blankets the Hartmann number is high, 3 5= 10 10M  , i.e., the 
electromagnetic forces dominate over the viscous ones. Furthermore, 
the shapes of fusion blankets are mostly circular ducts. Thus, there is 
some superiority for using this meshless local iRBF-DQ method for 
solving the MHD circular pipe flow problems.

Figure 22 The velocity and magnetic induction oflocal iRBF-DQ method 
at local iRBF-DQ method (102263); local nodes(200).

Figure 23 Formation of MHD Lorentz force.

Figure 24 The velocity contour lines when x = 0, y = −1 ~ 1 at M = 100 
~ 105.

Figure 25 The diagram of Hartmann effect and Hartmann layer.

Conclusion
In this study, we have considered the application of local iRBF-DQ 

method to the MHD flow problems in a straight channel of uniform 
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or arbitrary cross-sections. The main work of this investigation 
is an accurate approximation and easy implementation of the two-
dimensional MHD flow problems. The results indicate that the local 
iRBF-DQ method is stable at moderate and high values of Hartmann 
number as comparing to the iRBF collocation method and FEM 
method. The localization feature reduces the computational time and 
solves the ill-condition problem of conventional RBFs methods. As 
the results shown we can conclude the present meshless local iRBF-
DQ method can stably, accurately and quickly obtain the weighting 
coefficients of derivative approximation with arbitrary cross-sections 
even at very high Hartmann numbers in MHD flow problems.
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