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A new relativistic bound states solution for modified
pseudoharmonic potential in one—electron atoms at
planck’s and nano—scales
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In this paper, we present solutions of the modified Dirac equation (MDE) with modified Abdelma d]i d Maireche
pseudoharmonic (MPH) potential for spin—1/2 particles by means Bopp’s shift method, in
the framework of noncommutativity 3—dimensional real space (NC: 3D-RS) symmetries.
The exact corrections for n‘h excited states are found straightforwardly by means of
the standard perturbation theory. It is found that the energy eigenvalues strongly depend
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on the potential parameters, two infinitesimal parameter (§ and ), which induced by of Msila—Msila Algeria, Tel +213664834317;
position—position noncommutativity, in addition to the discreet atomic quantum numbers ( Email abmaireche@gmail.com
j=I(1)+1/2,s=+1/2,1(7) and fy (m) ) and we have also shown that, the usual

states in ordinary 3—.dimensions are canceled and has been replaced by new degenerated Received: November 24,2017 | Published: January 12,2018

2(21~ +1) and 2 (2l+1) sub—states under the pseudo spin symmetry and spin symmetry
conditions, respectively in the new quantum group (NC: 3D-RS).
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Introduction

The analytical solution of Dirac equation plays a vital role in relativistic quantum mechanics and solving the Dirac equation to obtain the
bound-state energies for with different potential models using various methods for example Nikiforov—Uvarov method, The Laplace transform
approach (LTA), factorization method and so on."® The quantum algebraic structure based to the ordinary CCRs in both of SP, HP and Dirac
picture (the operators are depended on time), as (¢ = /i =1):

[xi’p.i:| = [xi(t)’pj(’ﬂ = "54-,- and [x,-,x‘/} = [xl.(t),xj(t)J = [P,-,p,} = [pi(t)’pj(t)] =0 (1

Very recently, non—commutative geometry plays an important role in modern physics and has sustained great interest, for example.”?' and
our works in this context.”>*” in the case of relativistic and nonrelativistic quantum mechanics. The new quantum structure of NC space based
on the following NC CCRs in both of SP, HP and Dirac picture respectively, as follows.”

|:fc:f7j}=|:32,-(t):kf7j(t)}=ié‘l_j,|:)%if)2j}=|:fci(t)>f)2j(t):|=i9g and {ﬁ:@}:l:jai(t)?ﬁj(t)}:o @

v . . .
The very small parameters §  (compared to the energy) are element of antisymmetric real matrix and (*) denote to the new star product,

which generalized to two arbitrary functions ( (x) — /(%) and g(x) > g(2)t) 7(8) & (%) =(r*g)(x) instead of the usual product
(/&) (x).7

7(2)&(2)=(r=¢)(x) = eXp(é 0""a o7 (fe) (x.p) = (fg—éﬁ’”aﬁf ove

(s2=) " @ G)

The new term ( — % 9*“’@2 f(x) al’f g (x)) is induced by (space-space) noncommutativity properties. A Bopp’s shift method can be used,
instead of solving any quantum systems by using directly star product procedure.'s-33

(4%, =10 and [p.p,]-0 (4)

The new three—generalized coordinates (fc:fcl ,}A’=?A52 ,2=)A63) are given by.?>3*

_O O

o 0>, 03
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A o5 ) 5
5 P, 5 P and Z = z P (5)
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Where (x,y,z) and ( Px>Py> pz) are three—usual coordinates and momentum ,which allow us to getting the operator 7#~ on NC three

dimensional spaces as follows.?
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P=r -LO with LO=LO® +L O +L O and (@i:gﬁj (6)
x 12 y 23 z 13 ]

In recent years, the study of PH potential has attracted a lot of interest of different authors, it have the general features of the true interaction
energy, inter atomic and dynamical properties in solid—state physics and play an important role in the history of molecular structures and
interactions; this potential is considered as an intermediate between harmonic oscillator and Morse—type potentials which are more realistic
anharmonic potentials, furthermore, the PH potential is extensively used to describe the bound state of the interaction systems, and has been
applied for both classical and modern physics.>® This work is aimed at obtaining an analytic expression for the eigenenergies of a MPH
potential in (NC: 3D-RS) symmetries using Bopp’s shift method to discover the new symmetries and a possibility to obtain another applications
to this potential in different fields. This work based essentially on our previously works.?>* it was studied in our works.**3% in the case of
nonrelativistic case. The organization scheme of the study is given as follows: In next section, we briefly review the DE with PH potential on
based to.® Sec. 3 is devoted to studying the MDE for MPH potential by applying Bopp’s shift method. In the fourth section and by applying
standard perturbation theory we find the quantum corrections of spectrums of the 7 excited states in (NC-3D: RS) for relativistic spin—orbital
interaction. In the next sub—section, we derive the magnetic spectrum for MPH potential. In the fifth section, we resume the global spectrum
and corresponding NC Hamiltonian operator for MPH potential. Finally, the important results and the conclusions are discussed in last section.

Review of the dirac equation for ph potential

The Dirac equation for a spherically symmetric potential in 3—dimensional reads for a single—nucleon with the mass of as and relativistic
energy r moving in an attractive scalar potential S(r) and a repulsive potential ¥ () in natural units.®

(aptBM+S(r) ¥ (6.4) = (E-V(r)) ¥ (r.0.9) ™
Here (a. = 0 o , 0= Lo 0 ),o = 01 ,O0. = 0 - and o = Lo are the usual Dirac matrices while the PH
i \lo, 0 0 L,) ' {1 o0o)72"li o 30 -1
potential V(r) for the spin symmetric and the pseudo—spin spin—symmetry.°
’ b
V(r)=D Fhl g+ Dse ®)
o\ r 72

Where, Do and I, are two constants related to the dissociation energy of a molecule and an equilibrium distance, respectively while

-2 2 . . o 2
a= Doro , b= Doro+ and ¢ = _2Do , thus, the corresponding ordinary Hamiltonian operator A o can ban be expressed as:

H = (aptpM+S(r) +V (r) ©)

The spinor ¥ (r,0,¢) can be written as.®

1a?)] 1 [Eatrriton)

¥ (r0.4)= ~ '
" gnk(r) "iG,i(r)Y),(6.9)

(10)

Where, F; " (V) and Gnl? (1’) are the upper and lower components of the Dirac spinor, ¥’ (6.¢) and Y_i (9,¢) are the spin and pseudo—spin
Jm Jm

spherical harmonics while k (lg ) is related to the total angular momentum quantum numbers for spin symmetry / and p-spin symmetry [ as®

—(1+1) if -(j+1/2),(s1/2,p3/2,etc),j:l+%, aligned spin (k(0)
)
+if j:l+%,(pl,2,d3/2,etc),j:l—%, unaligned spin (k)0)

=T if (j+172),(sy ,p3,2,etc),j=l~—l, aligned -spin (k(0)
k= 1 ’ 1 (12)
+{I+1) if j=l +E,(p1/2 sy et¢), j=I + unaligned- spin (k)0)

The radial functions (fl " (1’) s Gnk (i’) ) are obtained by solving the following differential equations.®

M(ii]
F

—@—[M+Enk—A(r)][M—Enk+Z(r)}+ dr_\dr_r

d2
e M+E,—A(r) |

< (r)=0 (13)
S
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dZ(r)[ d _kj

d® _k(k-1) dr \dr r
— _ - - AN TG (r) = 14
PR [M+E,~A(r) [ M=E,.+2(r) |+ MrE,—2() G (r)=0 (14)
dA(r)
The bound state solutions of the PH potential for the spin symmetric case obtained in the exact spin symmetry i =0 and then the

energy eigenvalues depend on , and /. According to LTA and asymptotic interaction method, which was applied in.® the upper component

F;l " (V) of the Dirac spinor gives by:

_wr?
v+l 2 3
F (r)=N""e 15 (—H,V+2J’2j (15)

Where, Nand 1F1 (—1’1,2}/+1,2€l’ ) are the normalization constant and the confluent hyper—geometric functions,

the relativistic positive energy eigenvalues with the PH potential under the spin—symmetry condition is obtained as.°

o

H(2D0+E—M) JM+E-C - \/(2k+1)2+4D02r02(M+E—C) = 4(n+1/2) (16)

For the exact pseudo—spin symmetric case, the lower Gnk (r) component of the Dirac spinor.°

ur

< il 2 . D
G (r)=R" 2 F (—n,er%,rZ) with v (v+1) = k(k + 1)+ (M+E-C) D r.* and * = =% (M+E~C) (17)

Ty
Here N denote to the normalization constant and the relativistic negative energy eigenvalues with the PH potential under the pseudo—spin

7;
spin-symmetry condition is obtained as.® 710)— (2Dy+E-M )NE-M—C - \/(2k+1)2+4D02r02(M—E+C) =4(n+1/2) (18)
0

It is well known that, the generalized Laguerre polynomials Lf,”) (x) can be expressed as a function of the confluent hyper—geometric
functions as:

[(n+p+l1
Lf,p)(x) = n(!r(p+1)) 1F1(=n,p+1x) (19)

Which allow us to rewritten the upper component Fn . (l’ ) and the lower Gnk (l” ) component of the Dirac spinor for the spin symmetric case
and the pseudo—spin spin—symmetry, respectively:

nk : "

I'| n+v+— Il n+v+=
2 2

(vs3) 0 () fond) e ()
F (r)=Nn! 2J v 2 2(r2) and G (r)= Nn! 2) e 2 2(r2) (20)

NC relativistic hamiltonian operator for mph potential

Overview of bopp’s shift method
In order to obtain the MDE for MPH potential ¥ (#) , we replace both ordinary Hamiltonian operator H ( D ,xi) , ordinary spinor Y (i’ ) and

ordinary energy g by NC Hamiltonian operator H ( ]3,-,)2,-) , New spinor Y (’7 ) and new energy Enciph and the ordinary product will be replace

by new star product =, respectively. Allow us to writing the new MED for MPH potential as follows.?*

H(pi’xi)*\P(r):Enc—ph\P(r) (21)
It is worth to motioning that the Bopp’s shift method permutes to reduce the above equation to simplest the form:
ne—ph (ﬁia)’ei)l//(f) = Em_ph‘//(?) (22)

Where, y (7) is a solution of the Dirac equation and the new operator of Hamiltonian H _— ( f?,-,fc,-) can be expressed in three general

varieties: both NC space and NC phase (NC-3D: RSP), only NC space (NC-3D: RS) and only NC phase (NC: 3D-RP) as, respectively.>*

A A . - . 1
an—ph (pi,xl-) = H(pi=pi—2c9,-jxj ;xi=x,-—2c9ijpjj for NC-3D: RSP (23)
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A n . . |
an—ph (pi, l-) =H (pi:pi;xi:xi—zﬁijpjj for NC-3D: RS (24)

A n 1- N
(Pi’xi) = H(pi:pi—zeij ;xj,xi:xij for NC-3D: RP (25)

nc—ph
In recently work, we are interest with the above second variety and then the new modified Hamiltonian H ne—ph ( D ,fcl») defined as a function

1 Ao
of $ =x —— andp =D :
Xo=x -5 0,-,- P, P =D,

(Pio) = aP + B(M +S(P) +V (7) (26)

nc—ph

Where the MPH potential ¥ (#) is given by:

v =Lt @7)
P
The Dirac equation in the presence of above interaction ¥ (#) can be rewritten according Bopp’s shift method as follows:
(aP+BM+S(7) ¥ (r.0.0) = (E-V(7)) ¥ (r.0.9) (28)
The radial functions (Fn " (1’) s Gnk (l”) ) are obtained, in the absence of tensor interaction, by solving two equations:
d k A
{dﬁr} F (r)= [M +Epe —A(r)} G (r) 29)
d k N
LirJrr} G (r)= [M -E,._ ph+2(r)} G (r) (30)

with A(7) =V (#)-S(#) and =(#) =V (#) + S (#) , eliminating F;k (I’) and Gnk (V) from Egs. (29) and (30), we can obtain the following
two Schrodinger—like differential equations as follows in (NC-3D: RS) symmetries:

d* k(k+1) . .
[2—2—(M+Encph—A(r))(M—EmpﬁZ(r)) F (r)=0 31
dr r
d* k(k-1) \ .
[2—2—(M+EMp,,—A(r))(M—E,”,,Jrz(r)) G (r)=0 (32)
dr r
After straightforward calculations one can obtains the two terms in (NC-3D: RS) spaces as follows:
. b b b -~
i:i+iL®+0(92) and - =- - ®+0(92) (33)
oo roro gl

Which allow us to writing the MPH potential ¥ (#) as follows:

Vet (7:050,0 )= a_b LO for spin symmetric case
a b ey o2
V(F)=—-—+c+

T (34)

o2

Itis clearly that the star product inducing the non—commutativity is replaced by the usual product plus non local corrections lemip " (r ,0,a ,b)

1}2 pert— ph(r,®,a,b):[a—b]i@)for p-spin symmetric case

and Vzpmiph (r,@,a,b) in the scalar potential ¥ (7). This allows writing the modified Dirac equation in the non-commutative case as an

equation similarly to the usual Dirac equation of the commutative type with a non local potential. Furthermore, using the unit step function (also
known as the Heaviside step function or simply the theta function) we can rewrite the MPH potential to the following form:

. a b A N
V()= "+c <0 (Buce) 7,y (r@a0) 4 0(<E )V, - (r©.a0) (35)
r
Where
_J1 for x)0
0(x) = {0 for  x(0 (36

We generalized the constraint for the pseudo—spin (p—spin) symmetry (A(r) = ¥ () and Z (V) = Cp9 = constants which presented in.®

into the new form A(#) = ¥ (#) and 2 (f) = épv = constants in (NC-3D: RS) and inserting the potential » (#) into the two Schrodinger—like
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differential Egs. (31) and (32), one obtains:

2 A A e A
{ dﬁ _&;D_(Mwm_ph JM=E,_i+C,y )—("z_ﬁc](M—Em_pthcps )—[i_bS]LG)(M—EM_pﬁCpS )1 F (r)=0 (37)
dr r e T o 2r
2 a— ~ ~ —_ = ~
[‘12_"("21)_( M+E, ) M=E,,_+C,, )—[az—bﬂ:J (M=E,_,+C,, )—(i_bJLQB(M—Enk +C, )} G (r)=0 (38)
dr r re T rro2r

and two similarly equations obtained by L — L.Its clearly that, the additive new parts I}l (r,@,a,b) and I}zpm_ph (r,@,a,b) are

pert—ph
proportional with infinitesimal parameter® , thus, we can considered as a perturbations terms. Our aim is to derive the energy spectrum for a
moving charged particle in the presence of a potential given by (35) analytically in a very simple way.

The exact relativistic spin—orbital hamiltonian and the corresponding spectrum for mph
potential in (nc: 3d- rs) symmetries for " excited states for one-electron atoms

The exact relativistic spin—orbital Hamiltonian for MPH Potential in (NC:3D- RS) symmetries for one—electron
atoms

The results (34) can be rewritten in a more accessible physical form, we replace both LO® and LO by SI and S and then the two

perturbative terms V1 " (r,@,a,b) and V2pmiph (r,@,a,b) for the spin symmetric case and the pseudo—spin spin—symmetry, respectively

pert—pi

can be rewritten to the equivalent new form for MPH potential:

v (r.®,a,b) =©® (“—bj SL and V. (r.®,a.b) =® [”—b] ST (39)
1 pert—ph r4 2?‘3 2 pert—ph r4 2r3

Furthermore, the above perturbative terms Vv (r,0,a,b) and vV (r,0,a,b) can be rewritten to the following new equivalent

. 1 pert—ph 2 pert—ph
form for MPH potential >>*

~ 1 —_) = = ~ 1 —_n Z, =

y (r@.ab) = ~0| -l || 7-1*-F| and ¥ (r@ab)=~0| 4l || 7-2-F (40)
1 pert—ph 2 #A0,3 2 pert—ph 2 M 03

To the best of our knowledge, we just replaced the coupling spin—orbital (pseudo spin—orbital) SL and ST by the two expressions:
1({=y -2 =2 1> 2, =2 ) . . . A 1) L2 =2
0 -L -S | and 7 J -L"=S |, respectively, in relativistic quantum mechanics. The set ( H — ( p,-,x,-) J,L ,S and J Z) forms a

complete of conserved physics quantities and the spin—orbit quantum number k(k) is related to the quantum numbers for spin symmetry /
and p—spin symmetry / as follows.®

fy==1 if (j+1/2),(510, 325t ), j=1 —%, aligned spin (k(0)
k=1 O . (41)
k25+(l +1) if (j:l +2),(p1/2,d3,2,etc),j=l o unaligned spin (k)0)
ky=—(1+1) if -(j+1/2),(s)5 ,p3/2,etc),j:l+%, aligned spin (k(0)
k= 1 1 42)
ky=+l if [j=l+2),(p1,2,d3/2,etc),j=l—2, unaligned spin (k)0)
With ]g(lg—l) = i(i‘l'l) and k (k1) = /({/+1) , which allows us to form two diagonal (3x3) matrixes I‘Afw_ph (kl,kz) and Iifm_ph (lgl,lgz),
for MPH potential, respectively, in (NC: 3D-RS) symmetries as:
2 Sy~ b | . . T .
(Hmfph )” (kl) = k1® [;—2”] if -(J+1/2),(sm,pm,etc),J =/- 7 aligned spin (k(O)
2 ~ 0\~ a b . =1 R . .
(Hw_p,,) (ke )=k0| === | if ( j=I +7J,(p1/2 dy 5 etc), j=I +—, unaligned spin (k)0) (43)
2 23 2 2
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(Flwph)”(kl)zkl(a[i—zl)}] if - (§+12),(s10.p30etc) j:l+%, aligned spin (k(0)
r r

(), (K )k@(—b] if (j:z%j,(pm,dm,etc),j:zg, unaligned spin (k)0) (44)
r

2
([:lsofph )33 =0 B

The exact relativistic spin-orbital spectrum for MPH potential symmetries for " excited states for one-
electron atoms in (NC: 3D- RSP) symmetry

In this subsection, we are going to study the modifications to the energy levels (Enc_per: 4 (G’E‘)’Enc Der (®,];2)) for (-( j+1/2),
(51/27173/27910) si=1+ %, aligned spin k{0 and spin-down) and ( ; = +% ,(p]/z’d3/278tc) sj=1 _%, un aligned spin k)0 and spin up),

th
respectively, at first order of infinitesimal parameter ® | for 7 excited states, for the spin symmetric and the pseudo—spin spin-symmetry
obtained by applying the standard perturbation theory, using Eqs. (20) and (35) as:

[ ‘P,,k(r ¢9¢)[ (E,_ ph)Vlpe,,,ph(r,®,a,b)+9(—Enc,p,,)Vzl,m,ph](r,@,a,b)\y,,k(r,9,¢)r2drd9

~ * ~
- 9( ne— ph)jF nk( )leertfph(r7®7aﬂb)l7nk(r)dr_a(Encfph)-[Gnl:' (r)V2pert7ph(rﬂ®>a7b)GnI;(r)dr

(45)

The first part represents the modifications to the energy levels for the spin symmetric while the second part represent the modifications to

the energy levels (Enc_per y (97121) JE (@),/;2) ) for the pseudo—spin spin—symmetry, then we have explicitly:

nc—per:u

Enkper:d (@,/El) = —9( . ph)k IGnk ( )[Cz—bJGn,;(r)dr

rt 2r
b (46)
£ (0R) =0l RS et
r r

Now, we use egs. (20), (40), (41) and (42) to obtain the explicit expressions for modified energy eigenvalues ( Enciper. y (®J€1) s Em Deru (®,k2)
) for MDE with MPH potential under the pseudo spin symmetry conditions obtained as:

3 . 2
- r V+5 00 3 (v+*) a b
E (0.k)= —9( e— ph)k® Nnl——=2 | [ 232740 | L 2 (rz) [—Jdr (47)
" r n+v+—j 0 oo
2
2
F(V%j " 2 (l) b
E . (0.4)= *9( e— ph)k S N'l'iS [ P22ty 2 (rz) [aJdr (48)
" F(n+v+—j 0 o
2
And using the transformation X =, we have:
3 : 2
| F(W—EJ - 1 (Hl) b
I 5 - a
ne—per:d (®’k1) = _50( ne= ph) k© Nn'i:; -[ X 2t L, : (X) 2 3 dXx (49)
’ 2 0 X hd
T n-H/+2 2%
2 2
F[V'f' J (V‘F*)
- 1 2 400 ~ b
e (0) = =5 0(<E, ) 0 Nt | X T2 1y M) ﬁ_ﬁ ax (50)
= 0 2
F(n+v+2J 2X3

A direct simplification gives:
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2

F(vl+§)

~ 1 2

£ (0h)= —59( e ) KO Nl A 22 (T3 (Do )+ Ty (Dy oty )
r n+vl+5j

(51
2

I v+=

)= ( 1 2)

Enc_per:u (®,k2) 5_59( ne- ph)k S N""i:; (Ll—ph(Do”’o7"2J’l)"'Lz—ph(Do»”o»Vz,”))
r n+vl+—)

Where, the four terms Tl_ph (DO,VO,Vl ,I’l), T2—ph (DO,V(),Vl,n) , Ll_ph (DO,VO,VZ ,n) and L2_ph (DO,I’O,VZ,H) are given by, respectively:

oo () T . () ]
00 Vl — 00 2 Vl —
Tliph (Do,ro,vl, )—ai X e 1 L) 2 (X) dX,T%ph (Do,ro,vl,n)_ 5 ({ xV1T4gHX L 2 (X) dX
(52)
5 ( 1 2 1 2
+o0 = v2+7) b _ (v2+7)
L, (Dyryn)=a | X 2eHX| [V 2)(x) | ax and L, (Dyoryovyon) = -5 v 2gux| )\ 2) )| ax
0 0
Now we apply the special integral.*®
o I(l+a+p)C(1+a+k) | q* F(1+O;+ﬂj’ 01“253 l+a; 72
)
[e —X(S+ 5 )x“*ﬂLk (alx) LY (azx)dx — B (53)
0 k!k!r(1+0[) dhk (l_h)1+a Bl+a+[f
h=0
a+a
Where 4° — 4a17az}21’ B=s+ alJrTaz i+z R( 12 2)>0 , a1>0 , 612>0 and R (a+/)) -1, which allow us to obtaining Tl_ph (DO,FO,VI ,n)
(1-h)

and T2—ph (DO,VO,Vl ,ﬂ) as

_ _ 2
o) o 232
(Do,ro,vl, ) =D B

— (54
1-ph 00 > (3 an" 3
n! F(Eﬂ/lj (1—h)V1+EBIV‘_3/2

h=0
2
Do r("l)r(%‘wl‘”’j J" F[%} +V171;V1+%,A2
’
T, (Do”’o"’l’") =-=0 B (55
2=ph 2 '2 3 dhn 3
n!" T 5+v1 (1 h)v1 5%
h=0
Here v, (V1+1) = Igl (];1 +1)+ (M+E—C) Doro2 R 4% = ah S and B=pu—1+ % , thus, the new factors
(1-h) -

Ll,ph (DOs”OsVza") = 7Lph (Do,ro,‘ﬁ—"’z,n) and L}pﬁ (DoJ”o,Vz ,n) = T27ph (DO,VO,V1—>V2,H) are determined by the following results:

1"(1/2 7%JF[%+VZ+/1] an F(%m),]Jr%;szr% A 56

2 B2

L h (D" To2V2> ") =Dy%, e 3 an" 3 ( )
n!" T §+V2 (l*h)v2+EBlv273/2

szph (Doa’”u,"zgrl) =—-

2 [
2 S (3 . 3
" F(EWJ ah (1-h)V2+5 BY>

h=0
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Where, v, (vz +1) = lgz (];2 +1)+ (M+E—C) Doro2 , substituting Eqgs. (54), (55) and (56) into Eq. (51), we obtain the modifications to the

energy levels ( Enc_per " (97121) JE (@,122) ) produced by relativistic spin—orbital effect under the pseudo—spin symmetry conditions. Now,

nc—per:u

the energy levels (Enc_pe’“ ; (@,kl) JE (@,kQ) ) produced by relativistic spin—orbital effect under the spin symmetry conditions, can be

ne—per:u

determined by means of same procedures as before, and to avoid repetition we just make the following steps:

NN kb >k and 0(-E, ) > -0(E, ) (57)

This implies that (Enc_per ; (@,kl) JE (@,kz) ) can be expressed as, respectively:

ne—per:u

2

F(v(kz )J%)

r W(kz)%)

F[v(k] )%j

I n-H/(k1 )+%j

1
(04) =0 (Eve )k ©] Nt (73 b (Dosry (k) T (Dyory (ks )ov.m))

ne—per:d

(58)

(0s) = 5 0(E,. ) £, 0| Nn! (L (Dot (b )n )+ Lo pi( Dyt on))

ne—per:u

The negative and positive signs of the coefficients 8 (—E,,c, ph) and 6 (Enc, ph) are necessary to ensure that the modifications to the energy

levels under the pseudo spin symmetry conditions and spin symmetry conditions are negative and positive, respectively.
th

The exact relativistic magnetic spectrum for MPH potential for ” excited states for one-electron atoms in
(NC:3D- R S) symmetries
Having obtained the exact modifications to the energy levels (Emviper‘d (9,151) ,EWPM (®J€2)) and (Enciper‘d (®,k1),Em7W,u (G,kz))

under the pseudo spin symmetry conditions and spin symmetry conditions, respectively, for n[h exited states, produced by NC spin—orbital
Hamiltonian operator, we now consider another interested physically meaningful phenomena, which also produced from the perturbative
terms of PH potential related to the influence of an external uniform magnetic field, it’s sufficient to apply the following two replacements to
describing these phenomena:

r—2 }’+2 L r—2 }’+2 = r—2 }’+2 o
D | =" |LO — yD | ="~ |BL or yD |~ -~"|BL and © - 15 (59)
o o2 o2

Here [ is infinitesimal real proportional’s constants, and we choose the magnetic field ‘B =Bk , which allow us to introduce the modified

new magnetic Hamiltonian 1:1 (r,a,b, V4 ) in (NC: 3D-RS), as:

mag—ph

nont J{ BL for pseudo spin symmetry

(60)
P23

mag—ph (DO’VO’}'/) = ZDO {

BL  for spin symmetry
Here (—SB) denote to the ordinary Hamiltonian of Zeeman effect. To obtain the exact NC magnetic modifications of energy

g ( ;(,n,lﬂ,DO,I’O) and Emag_ph ( X ,n,m,Do,Vo) for modified PH potential, under the pseudo spin symmetry conditions and spin symmetry

conditions, respectively, which produced automatically by the effect of H m—ph (” Do.rys ), we make the following two simultaneously
replacements:

li—)ﬁq ,k1—>m and O©->yB (61)

- th
(;(,n,m,Do,ro) and Erna (Z,n,m,Do,ro) corresponding 7 excited states, in (NC-3D:

Then, the relativistic magnetic modification £
mag-ph g-ph

RS) symmetries, can be determined from the following relation:
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mag-ph

i | . F(vﬁfj i
(zmi,Dyny) = =5 O(<Epe_ ) 1 B Nt n=Lo (Lt )
r n+V1+5J

1"(\/(k1 )4%] ~
F(nﬂ/(kl )%]

Where, 711 and ,,, denotes to the angular momentum quantum numbers —I <m <+l and -1 <m <+, which allow us to fixing (2i +1
)and (27+1) values, respectively.

1
Emag_ph (;(,n,m,DO,ro) =5 H(Em,fph);( B| Nn! (Llfph+L27ph)m

The exact modified global spectrum for mph potential in (nc-3d: rs) symmetries for one-
electron atoms

th . 5 - 3
Let us now resume the 7 excited states eigenenergies (Encfpd (@,kl,;(,n,m,ro,Do),E (@,kz,}(,n,m,ro,DO)) and (

nc—pu
E v —d (@, kl s 1>, 1, D() ), Encriu (@,kz ¥4 ,n,m,rO,Do) ) of MDE corresponding the pseudo spin symmetry conditions and spin symmetry

conditions, respectively, at first order of two parameters (®,y) for MPH potential in (NC: 3D-RS) symmetries, on based to the obtained

results (51), (58), and (62), in addition to the original results (18) and (20) of energies in commutative space, we obtain the following original
results:

2

| F(vﬁfj
—E -~ 0(-E,_,)| Nnt 220

ne—pd nk. 2 3 (Tl—ph+TZ—ph)(]€1®+Z B}’h)
! F(m—v] +5J
(63)
2
1 y F(vl +f) )
Encfp;u = En]g + E 0 (_Em‘fph ) Nn '73 (Ti,ph +T27ph ) (k2®+;( Blf;l)
? 1"[n+v1 +7J
2
2
1 1"(1/1 +5)
Enc—d = Enkl - E 0 (E”"‘Ph) Nn '73 (L]—ph +L2—ph ) (k|®+}{ Bm)
F[nﬂ/, +—j
2
(64)
2
1 F(vl +%)
E_ , =E, +30 (Epeeps)| Nt 220

(Lo + Lo ) (ky©+ 7 Bm)
F(n+v1 +5J

Now, it is important to constructing the Hamiltonian operator A ne—ph for MPH potential on based to previously obtained results. Naturally,
to consider the first term in the modified Hamiltonian operator represents the kinetic energy and the potential energy in ordinary commutative

space H oh of the fermionic particle which presented by eq. (9), the second term H so-ph (kl :k2) or ﬁso (lg1 ,lgz) represents, the induced

—ph
spin—orbital parts for the pseudo spin symmetry conditions and spin symmetry and the last term is the modified new magnetic Hamiltonian
mag—mt (r,a,b,;() :
S - r—2 r+2 -
H .mfph(kl ey )+ D, 0—4—% BL for pseudo spin symmetry
~ N r r
=M (65)
nc—ph ph . r_2 r+2 o
H,_ ph(kl,kz )+ D, O——ﬁ BL for spin symmetry
r r

In this way, one can obtain the complete energy spectra for MPH potential in (NC: 3D-RS) symmetries. Know the following accompanying
constraint relations:
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a. The original spectrum contains two possible values of energies in ordinary three dimensional spaces which presented by Eqs. (16) and
(18),
As mentioned in the previous subsection, the quantum numbers 772 and ,,, satisfied the two intervals: I <m<+ and - <m<H+],

thus we have (21~ +1)and (27+1) values, respectively,
We have also two values for ( ;=7 +% and j=7 _%) and (=7 +% and ;=7 _%) for pseudo spin symmetry conditions and spin

symmetry. Allow us to deduce the important original results: every state in usually 3—dimensional spaces will be replacing by 2 (21 +1) and

2 (2/+1) sub-states.

n-1
Then the degenerated state can be take 2% (2/+1) = 2n” values in (NC: 3D-RS) symmetries. Finally, we resume our original results in
i=0 n o R
this article, the first one is the induced pseudo—spin—orbital and spin—orbital Hamiltonian operators (ﬁ - (kl ,kz) and H so—ph (k1 sy )) and

(@,kl) JE (@,kz) ), respectively as:

—per:d ne—per:u

corresponding eigenvalues (Ewper‘d (@,lgl) JE

ne—per:iu (®’]€2) ) and (EV!C

() )i E L 00) (0] % 0|
A, (kk)7, (r09)= (ﬁsup,,)n(,;z)[,.(?ni(r)yj; (@,¢)}E,”m( o.Q )[ G, ,;r( Yyl ("*”)j (66)
() <k1>(fG"'; ”Y,fmw,m]:o

00 et U1 09)

]"}w,p,, (kl’kz)l}'nk (ro.4)= (ﬁso—ph)zz(k )(F (r ) (‘9’¢)j - (o) (67)

( . ph(kl’k )) [Fnk(r)

VY
£
—
~
~
o
3
—
)
S
~—~
——

r

104) o

The second original results are the induced the modified new magnetic Hamiltonian operator Hmagimt (r,a,b, }() and corresponding

eigenvalues Emag_ph ( X ,H,M,DOJO) and Emag_ph ( Z,n,m,Do,l”o) , respectively as:

Fnk(r) 1
(09)

(r,a,b,;() v . (r,0,¢) =

mag—mt n r

i = (68)
r

7D, [ ] BL 0 || Fulr)¥(09) | | Ewem(zmmDyy)
4 7. I - -
r 0 BL lGnlg(r)ngm(g’(b) Eppagpn (217,017 )i G”;(r)Y;m(H,qﬁ)

It is worth to mention that (in the limit ® — 0 ) we obtain the commutative result of the relativistic negative energy eigenvalues and positive
energy eigenvalues under pseudo spin symmetry and spin—symmetry in addition to the relativistic Hamiltonian operator for PH potential.

Concluding remarks

In this paper we have performed the exact analytical bound state solutions: the energy spectra and the corresponding NC Hermitian
Hamiltonian operator for three dimensional MDE in spherical coordinates for MPH potential by using Bopp’s Shift method and standard

perturbation theory. It is found that the energy eigenvalues depend on the dimensionality of the problem and new atomic quantum numbers

(j= [+1/ 2,j=1+x1/2,5§=%1/2,1, I,m and ,,, ) in addition to the two infinitesimal parameters( ® and 1), and we also showed

that the obtained energy spectra degenerate and every old state will be replaced by 2 (2] +1) and 2(2/+1) sub-states under the pseudo spin
th

symmetry and spin symmetry conditions, respectively, for 77 exited states.
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