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Abstract

Discrete analogue of the continuous Shanker distribution, which may be called a discrete
Shanker distribution, has been introduced. The probability mass function and probability
generating function of the distribution have been obtained. Zero truncated form of the
distribution has been investigated. Certain recurrence relations for probabilities and
moments have been also derived. The parameters of Zero- truncated discrete Shanker
distribution have been estimated by using Newton- Raphson method. The distributions
have been fitted to eight numbers of well- known data sets, which are used by other authors.
A comparative study has been made among ZTP, ZTPL and ZTDS distributions, using the
same data set based on the goodness of fit test. It has been observed that in most cases ZTPL
gives much closer fit than ZTP distribution. While ZTDS gives very closer fit to ZTPL and

Volume 5 Issue 6 - 2017

Munindra Borah, Krishna Ram Saikia
Department of Mathematical Sciences, Tezpur University, India

Correspondence: Krishna Ram Saikia, Department of

Mathematical Sciences, Tezpur University, Napaam, Tezpur, Assam,

India, Email krishnaramsaikia@gmail.com

Received: March 10,2017 | Published: May 16,2017

‘ ") CrossMark

in some cases ZTDS gives better fit than ZTPL distribution.

Keywords: discrete shanker distribution,

zero-truncated discrete shanker

distribution, zero- truncated Poisson- lindley distribution, recurrence relations,

survival function

Abbreviations: DS: Discrete Shanker; ZTP: Zero—Truncated
Poisson; ZTPL: Zero—truncated Poisson Lindley; ZTDS: Zero—
Truncated Discrete Shanker; PDF: Probability Density Function;
pmf: probability mass function; S(x): survival function; r(x

: failure hazard rate, ,*(y) : reversed failure rate; f), x;Q : pmf
of DS distribution, f, (x;6): pmf of ZTDS distribution; ' i
factorial moment of ZTDS distribution; ﬂ[,] : " raw moment of
DS distribution; P : " Probability of DS distribution; PZr: P
Probability of ZTDS distribution

Introduction

It is sometimes inconvenient to measure the life length of a device,
on a continuous scale. In practice, we come across situation, where
lifetime of a device is considered to be a discrete random variable. For
example, in the case of an on off switching device, the lifetime of the
switch is a discrete random variable. If the lifetimes of individuals in
some populations are grouped or when lifetime refers to an integral
numbers of cycles of some sort, it may be desirable to treat it as a
discrete random variable. When a discrete model is used with lifetime
data, it is usually a multinomial distribution. This arises because
effectively the continuous data have been grouped. Such situations may
demand another discrete distribution, usually over the non negative
integers. Such situations are best treated individually, but generally
one tries to adopt one of the standard discrete distribution. Some of
those works are by Nakagawa and Osaki,' where the discrete Weibull
distribution is obtained; Roy? studied discrete Rayleigh distribution;

distribution obtained from the generalized exponential distribution of
Marshall and Olkin.® Borah et al.,”® studied on two parameter discrete
quasi- Lindley and discrete Janardan distributions respectively. Borah
and Saikia’ introduced discrete Sushila distribution. Dutta and Borah'®
studied zero- modified Poisson- Lindley distribution.

Derivation of the proposed distribution

One parameter continuous Shanker distribution introduced by
Shanker'" with parameter € is defined by its probability density
function (pdf)

f(x:0)= f (6+x)e” x>0.0>0. (2.1)

0" +1

Discretization of continuous distribution can be done using
different methodologies. In this paper we deal with the derivation
of a new discrete distribution which may be called discrete Shanker
(DS) distribution. It takes values in {0, 1, 2, . . .,}. This distribution
is generated by discretizing the survival function of the continuous
Shanker distribution

0" +1+06x —fx

Kemp?® derived discrete Half normal distribution. Krishna and Pundir* 5 e ,x>0.0>0. (2.2)
investigated the discrete Burr and the discrete Pareto distribution. 0" +1
Gomez-Deniz® derived a new generalization of the geometric
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0’ +1+0(x+1) —o(x+1)
EEe—
0> +1

S(x+1)= ,x>0.0>0. (2.3)
Where f (x; 9) denotes the pdf of Shanker distribution.

The pmf of discrete Shanker distribution f, (x;&) may be

obtained as
fD (x;@) = S(x)—S(x+1)

©° +1+Hx)(1—e_a)—6’e_0 y
= e ,x=0,1,2,3....

5 (2.4)
g +1

Proposition 1: The probability generating function (pgf) of DS
distribution is given by
Q(I—eg)

)
A e ()=

Proposition 2: The cumulative distribution of DS distribution is given
by

(6’2 + 1) - (6’2 +1+ H(x + 1)) )
(02 + 1)

The survival function of DS distribution has obtained as

F(x):

(92 +1+9(x+1))e_9(“])
s (x)=
D (92 +1)

The failure hazard rate may be obtained as

(6‘2+1+0x)(1—e_6)—49e_9

» ()=

(02 +1+6 x)
The reversed failure rate

[(«92 +1+6x) (1 —e’ ) _ ge—O]e-ox
(02 + 1) — (02 +1+ 9(x + 1)) e*(?(xﬂ)

7 (+) =

The second rate of failure is obtained as

v (x) =log| ——~
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(02 +1+t9(x+l))

=1
% e—H (492 +1+9(x+2))

The Proportions of probabilities is given by

ol 1-¢"’
fpy(x+n0)

=e |1+

1p (x:0)

(92+1+9x)(1—e’6)—9e"9

Probability recurrence relation:

Probability recurrence relation of DS distribution may be obtained
as

P, ="’ (2}3,+l —e’p )r ~1,2,3,... (2.5)
@ +1)(1—e"9)—9e"9
Where F, = 3 ,
6 +1
and (02+1+6’)(1—e6)—066
-0

P = e
' 0 +1 (26
Here Pr denotes Pr(X=r).

Factorial moment recurrence relation

Factorial moment generating function (fmgf) may be obtained as
(67 +1)(1-c")-0 o(1-¢")
Mbp (t = 7 P + 7"
2 - - —
(0 +1)(l—e —¢ t) (0+l)(l—e 0—67671)
First four factorial moments may be obtained as

e [(92 +1)(1-e’5)+9]

e

(2.7)

. 27 [(92 +1)(1—e")+20}
T (ea)i-e)

ﬂ[;] 6e ™’ [(92 +1)(l—e “’)+39]
(92 + 1)(1 —e"’)“
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Probability recurrence relation ZTDS distribution may obtained as

40 (2 -0
o 24e [(9 + 1)(1 -e )* 49} pPo=e’ I:ZPZH —e""PZH]r =2,3,4,....
Ha = 2 0\
(6 1)(1-e")
Proposition 3: The general form of factorial moment may also be O +1+6) 1—e? —ge™?
written as
Where P°| = and

@ +6+1)

- re” [(92 + 1)(1 —eia) + Hr]
(Gs)(1-¢7)

@ +1+ 29)(1—e‘”)—9e‘”

-0,
Hence, mean and variance may be obtained as P, 2 e (3.3)
@ +6+1)
e’ [(02 + 1) (1 e’ ) + 9}
Mean = , and Proposition 4: The cumulative distribution of ZTDS distribution is
(92 + 1)(1—({9 )2 given by
, , ( ) (92+9+1)—(92+9+0x+1)e7€x
0| (2 -0 2 -0 -0,2 _
e (6" +1) (1-¢") +(0 +1)(1-¢")0-c "0 F\x)=
e Y oo -
ariance = ;
2 -0
(0 * 1) (1 -¢ ) The survival function of ZTDS distribution is given by
respectively. ,
. (9 +0+0x+ 1))679)(
Zero truncated discrete shanker (ZTDS) s.(x)= -
distribution: (9 +9+1)

Zero- truncated distributions are applicable for the situations when

e . . The Failure hazared rate may be obtained as
the data to be modeled originate from a generating mechanism that

structurally excludes zero counts. The discrete Shanker distribution P( X = x)
must be adjusted to count for the missing zeros. Here the zero- r, (x) =
truncated discrete Shanker distribution has been derived. P (X zZx- 1)
Th f ; f Zero-t ted DS distribution h - -
_The pm fz(x,H) of Zero-truncated DS distribution has been (92+1+9x)(1—e 0)_96 0
derived as _
(.92 +1+ 49x)
P
1. (X; 9) = _p (3.0) The reversed failure rate
Yo
. o \ P(x =x)
Where P denotes the pmf of discrete Shanker distribution. - ( x) 7
: P(x <x)

ICa +1+9x)(17e’”)79e’”

Hence, f, (x; 6‘) = eie(kl),x =1,2,3,... (3'1)

(6" +1+0x) (1 —e’e) —pe %1 Y

@ +6+1)

(92 +9+1)—(92 +9+1+9x))e’”" '
Probability recurrence relation for ZTDS distribution

The pgf G (t) of zero-truncated DS distribution may be obtained The second rate of failure is obtained as
as

6.(0)- 551" (0). 0w O

s x+l)

J{(0 ) (- *) 00} (1) wo (i) I G
- [{ } } (3.2) e’9(92+9+1+9(x+1))

((92 +0+ 1) (1 —te’ )2
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The proportions of probabilities is given by

6’(1—@_9)

& +1+9x)(1—e’6’)—9e’9

£.(x:0)

Factorial moment recurrence relation for ZTDS
distribution

Factorial moment generating function M (¢) of ZTDS
distribution may be obtained as

i (1+z)|:{(02 +1)(1—e’”)—ae’”}(1-z-te’”)+.9(1—e’“)}

: ((92+0+1)(1—t—ze’g)2

(3.4)

Factorial moment recurrence relation of ZTDS distribution may
be obtained as

T )]

(3.5)

,7[] ) [(92 +1)(1—e€)+0:|
(92 +0+1)(1—e5)
277 [(92 +1)(17e"’)+29]

M = ; (36)
(92 +0+1)(1—e7g)
Variance azz of ZTDS distribution may be obtained as

> [(92 + 1)2 (1 . )2 + 5(«92 + 1)(1 - e’g)e""e + 4926’9}

7 (€2+H+1)2 (1_6,9)4

Proposition 5: The general form of factorial moment may be written
as
. r!e_g(r_l) I:(HZ +1)(1—e76)+0ri|
= ] :
(92 +9+1)(1—e"’)

Method of estimation

(3.7)

The parameter 0 of ZTDS distribution has been estimated using
Newton-Rapson iterative method, selecting appropriate initial guest
value 6 for & , where the function of & may be written as
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e’ 0 +20" +0-1

AN
ro)=e"s (6 +0+1)

based on relative

frequency f, .

Similarly, function of & may be written as

0e”’

-0
r(6)=1-¢"- -

() 0’ +0+1

’ Py e9(03+292+9—1)

value.

Replacing 6, by ¢, and repeating the process till it converse.
(Balagurusamy.'?)
Goodness of fit

In this section, an attempt has been made to test the suitability of
ZTDS distribution. Eight data sets, which are used by Shanker et. al.,'
have been used for a comparative study (Tables 1-8).

Table | Number of mothers in rural area having at least one live birth and
neonatal death

Expected frequency

No. of Observed

neonatal no. of

death mothers ZTDS ZTP ZTPL

| 409 399.7 399.7 408.1

2 88 102.3 102.3 89.4

3 19 17.5 17.5 19.3

4 5 22 22 4.1

5 | 0.3 0.3 1.1
522 522 522.2 522
Estimate 0 1.7914 0.512047 4.199697

Total x? 0.181 3.464 0.145
df. 2 | 2
p- value 0.9137 0.0627 0.9301
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Table 2 The number of estate area having at least one live birth and one  Table 5 Number of literate mothers with at least one live birth by the

neonatal death number of infant deaths.
No. of Observed Expected frequency No. of neonatal Observed no.
neonatal no. of death of mothers Expected frequency
death mothers ZTDS ZTP ZTPL
| 71 71 66.5 723 ZTDs ZTP ZTPL
2 o) 29.43 35| 28.4 | 683 683.04 659 674.4
2 145 150.81 177.4 154.1
3 7 12.3 10.9 10.9
3 29 31.36 31.8 34.6
4 4.11 . 4.1
> 33 4 Il 6.27 43 7.7
5 3 2.2 0.8 2.2 5 5 122 29
118 118 118 118 873 873 873 873
i 1.2053 1.055102 2.049609
Estimate 0 Estimate 0 2 0.538402 4.00231
2
Total x 2.289 0.696 2.274 Total 2 10,022 8718 530
df. 3 | 2 df. 3 | 2
p- value 0.5147 0.4041 0.3208 p- value 0.0184 0.0031 0.0703

Table 3 Number of mothers in urban area with at least two live births by the  Table 6 Number of mothers having experienced at least one child death
number of infant and child deaths

Expected frequenc
No. of Observed  Expected frequency No. of Observed P k Y
neonatal no. of neonatal no. of
death mothers  ZTDS zTP ZTPL death mothers ZTbs ZTP ZTPL
| 176 176 164.3 171.6 | 89 89 76.8 83.4
2 44 50.13 612 513 2 2 3126 399 323
3 16 13.35 15.2 15 3 : 102 138 122
4 6 3.18 3.6 4.5
4 6 341 2.8 4.3 5 3 0.96 07 16
5 2 .11 0.5 1.7 6 | 0.4 0.2 0.9
244 244 244 244 135 135 135 135
Estimate 0 15,499 0.744522 2.209422 Estimate 0 1.3568 1.038289 2.089084
Total 2 2852 7301 | 882 Total . 3912 7.90 3.428
df. 2 | 2
df. 2 | 2
p- value 3912 79 3.428

Table 4 Number of mothers in rural area with at least two live birth by the

numbers of infant and child deaths Table 7 Number of mothers having at least one neonatal death

No. of Observed Expected frequency No. of Observed Expected frequency
neonatal no. of neonatal no. of
death mothers ZTDS ZTP ZTPL death mothers ZTDS ZTP ZTPL
2 212 215.02 255.1 214.8 2 135 138.37 162.5 139.7
3 0 58.01 612 613 3 28 31.71 32.3 342
4 21 15 Il 17.2
4 Il 6.98 4.8 8.2
5 7 3.77 1.6 4.8
5 5 1.9 0.6 2.6
6 3 1.33 0.2 1.8
746 746 746 746
1038 1,038 1038 1038
Total
Total 2 825  37.046 4773 6227 26855 3839
df. 3 2 2
df. 4 2 3
p-value 0.1012 0 0.1467
p-value 0.0826 0 0.1892

Citation: Borah M, Saikia KR. Zero- truncated discrete shanker distribution and its applications. Biom Biostat Int J. 2017;5(6):232-237.
DOI: 10.15406/bbij.2017.05.00152


https://doi.org/10.15406/bbij.2017.05.00152

Zero- truncated discrete shanker distribution and its applications

Table 8 Number of european red mites on apple leaves, reported by german

No. of Observed Expected frequency
neonatal no. of
death mothers ZTDS ZTP ZTPL
| 38 38 28.7 36.1
2 17 21.32 25.7 20.5
3 10 10.9 15.3 11.2
4 9 5.28 6.9 3.1
5 3 2.47 2.5 1.6
6 2 1.13 0.7 0.8
7 | | 0.2
0.8
8 0 0.39 0.1
80 80 80 80
Estimate 0 0.9316 1.791615  1.185582
Total 2 3.753 9.827 2467
df. 3 2 3
p- value 3 2 3
Conclusion

The discrete Shanker distribution has been introduced by
discretizing the continuous Shanker distribution. Zero- truncated
discrete Shanker (ZTDS) distribution have also been investigated.
The parameter of the distribution has been estimated using Newton
— Raphson iterative method. The application of ZTDS distribution to
eight sets of data covering demography, biological sciences and social
sciences have been studied. A comparative study has been made with
ZTP and ZTPL distributions of Shanker et al.,13 It is observed that
in most cases ZTPL gives much closer fits than ZTP distribution. It
is also observed that ZTDS gives very closer fit to ZTPL and in some
cases ZTDS gives better fit than ZTPL distribution.'*'®

Acknowledgement

None.

Conflict of interest

None.

References

1. Nakagawa T, Osaki S. The discrete Weibull distribution. /EE Trans

Reliab.1975;24(5):300-301.

Copyright:
©2017 Borah etal. 237

. RoyD. Discrete Rayleigh distribution. /EE Trans Reliab. 2004;53(2):255—

260.

. Ghitany ME, Atiech B, Nadarajah S. Lindley distribution and

its applications. Mathematics and Computers in Simulation.
2008a;78(4):493-506.

. Krishna H, Pundir PS. Discrete Burr and discrete Pareto distributions.

Stat Methodol. 2009;6:177—-188.

. Gomez-Deniz. Another generalization of the geometric distribution.

2010;19(2):399-415.

. Marshall AW, Olkin I. A new method for adding a parameter to a family

of distributions with application to the exponential and Weibull families.
Biometrika. 1997;84(3):641-652.

. Borah M, Saikia KR, Hazarika J. A study on two parameter discrete quasi-

Lindley distribution and its derived distributions. International Journal of
Mathematical Archive. 2015;6(12):149-156.

. Borah M, Saikia KR, Hazarika J. Discrete Janardan distribution and Its

Applications. (Accepted for publication in the Journal of the Ethiopian
Statistical Association). 2016.

. Borah M, Saikia KR. Certain properties of discrete Sushila distribution

and its applications. International Journal of Scientific Research.
2016;5(6):490-498.

. Dutta P, Borah M. Zero-Modified Poisson-Lindley distribution, (Accepted

for publication). 2014b.

. Shanker R, Fesshaye H, Selvaraj S. On Zero-Truncation of Poisson and

Poisson-Lindley Distributions and Their Applications. Biom Biostat Int
J. 2015;2(6):00045.

. Balagurusamy E. Numerical Methods, Tata Mc Graw — Hill Education

Private Limited, New Delhi, India. 1999.

. Shanker R. Shanker distribution and its Applications, International

Journal of Statistics and Applications. 2015;5(6):338-348.

. Ghitany ME, Al-Mutairi DK. Estimation methods for the discrete

Poisson-Lindley distribution. J Stat Comput Simul. 2009;79(1):1-9.

. Lindley DV. Fiducial distributions and Bayes’ theorem. Journal of the

Royal Statistical Society, Series B. 1958;20(1):102—107.

. Sankaran M. The discrete Poisson-Lindley distribution. Biometrics.

1970;26(1):145-149.

. Shanker R, Mishra. A two parameter Poisson- Lindley distribution.

International journal of Statistics and Systems. 2014;9(1):79-85.

. Shanker R, Sharma, S, Shanker R. A discrete two-parameter Poisson-

Lindley distribution. Journal of the Ethiopian Statistical Association.
2012;21:15-22.

Citation: Borah M, Saikia KR. Zero- truncated discrete shanker distribution and its applications. Biom Biostat Int J. 2017;5(6):232-237.

DOI: 10.15406/bbij.2017.05.00152


https://doi.org/10.15406/bbij.2017.05.00152
http://ieeexplore.ieee.org/document/5214915/
http://ieeexplore.ieee.org/document/5214915/
http://ieeexplore.ieee.org/document/1308670/
http://ieeexplore.ieee.org/document/1308670/
http://dl.acm.org/citation.cfm?id=1377430
http://dl.acm.org/citation.cfm?id=1377430
http://dl.acm.org/citation.cfm?id=1377430
http://www.sciencedirect.com/science/article/pii/S157231270800052X
http://www.sciencedirect.com/science/article/pii/S157231270800052X
http://link.springer.com/article/10.1007/s11749-009-0169-3
http://link.springer.com/article/10.1007/s11749-009-0169-3
https://www.jstor.org/stable/2337585?seq=1#page_scan_tab_contents
https://www.jstor.org/stable/2337585?seq=1#page_scan_tab_contents
https://www.jstor.org/stable/2337585?seq=1#page_scan_tab_contents
http://www.ijma.info/index.php/ijma/article/view/4023
http://www.ijma.info/index.php/ijma/article/view/4023
http://www.ijma.info/index.php/ijma/article/view/4023
http://medcraveonline.com/BBIJ/BBIJ-02-00045.php
http://medcraveonline.com/BBIJ/BBIJ-02-00045.php
http://medcraveonline.com/BBIJ/BBIJ-02-00045.php
http://article.sapub.org/10.5923.j.statistics.20150506.08.html
http://article.sapub.org/10.5923.j.statistics.20150506.08.html
http://www.tandfonline.com/doi/abs/10.1080/00949650701550259?journalCode=gscs20
http://www.tandfonline.com/doi/abs/10.1080/00949650701550259?journalCode=gscs20
https://www.jstor.org/stable/2983909?seq=1#page_scan_tab_contents
https://www.jstor.org/stable/2983909?seq=1#page_scan_tab_contents
https://www.jstor.org/stable/2529053?seq=1#page_scan_tab_contents
https://www.jstor.org/stable/2529053?seq=1#page_scan_tab_contents

	Title
	Abstract
	Keywords
	Abbreviations
	Introduction
	 Derivation of the proposed distribution 
	Probability recurrence relation:  
	Factorial moment recurrence relation  

	Zero truncated discrete shanker (ZTDS) distribution: 
	Probability recurrence relation for ZTDS distribution 
	Factorial moment recurrence relation for ZTDS distribution  

	Method of estimation 
	Newton- raphson iterative method 
	Goodness of fit 

	Conclusion
	Acknowledgement
	Conflict of interest 
	References
	Table 1
	Table 2
	Table 3
	Table 4
	Table 5
	Table 6
	Table 7
	Table 8

